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PREPACK 



The following summary view of the first principles of al- 
gebra is intended to be accommodated to the method of in- 
struction generally adopted in the American colleges. 

The books which have been published in Great Britain on 
mathematical subjects, are principally of two classes. — One 
consists of extended treatises, which enter into a thoro;igh in- 
vestigation of the particular departments which are the ob- 
jects of their inquiry. Many of these are excellent in iheir 
kind ; but they are too volmtiinous for the use of the body 
of students in a college. 

The other class are expressly intended for beginners ; but 
many of them are written in so concise a manner, that im- 
portant proofs and illustrations are excluded. They are 
mere text-books^ containing only the outlines of subjects 
which are to be explained and enlarged upon, by the pro- 
fessor in his lecture room, or by the private tutor ii| his 
chamber. 

In the colleges in this country, there is generally put into 
the hands of a class, a book from which they are expected oj 
themselves to acquire the pinciples of the science to which 
they are attending : receiving, however, from their instructor, 
any additional assistance which may be found necessary. An 
elementary work for such a purpose, ought evidently to con- 
tain the explanations which are requisite, to bring the sub- 
jects treated of within the comprehension of the body of 
the class. 

If the design of studying the mathematics were merely to 
obtain such a knowledge of the practiced parts, as. is required 
for transacting business ; it might be Sufficient to commit to 
memory some of the principal rules, and to make the opera- 
tions familiar, by attending to the examples. In this me- 
chanical way, tha accountant, the navigator, and the land 
surveyor, may be qualified for their respective employments, 
with very little knowledge of the principles that lie at the 
foundation of the calculations which they are to make. 

But a higher object is proposed, in the case of those wl»o 
are acquiring a liberal education. The main design should 
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be to call into exercise, to discipline, and to invigorate the 
powei£( of the niind. It is the logic of the mathematics which 
constitutes their principal value, as a part of a course of col- 
legiate instruction. The time and attention devoted to them, 
is for the purpose of forming sound reasonersy rather than ex- 
pert mathematicians. To accomplish this object it is neces- 
sary that the principles be clearly explained and demonstra- 
ted, and that the several parts be arranged in such a manner, 
ajs to show the dependence of one upon another. The whole 
shoidd be so conducted, as to keep the reasoning powers in 
continual exercise, without greatly fatiguing them. No 
other subject aflfords a better opportunity for exemplifying the 
rules of correct thinking. A more finished specimen of clear 
and exact logic has, perhaps, never been produce<^ than the 
Elements of Geometry by EucUd. 

It may be thought, by some, to be unWise to form our gen- 
eral habits of arguing, on the model of a science in which 
the inquiries are accompanied with absolute certainty; while 
the common business of life must be conducted upon probable 
evidence, and not upon principles which admit of complete 
demonstration. There would be weight in this objection, if 
the attention were confined to the pure mathematics. But 
when these are connected with the physical sciences, astro- 
nomy, chemistry, and natural philosophy, the mind has opr 
portunity to exercise its judgment upon all the various de- 
grees of probability which occur in the concerns of life. 

So far as it is desirable to form a taste for mathematical 
studies, it is important that the books by which the student is 
first introduced to an acquaintance with these subjects, should 
not be rendered obscure and forbidding by their conciseness. 
Here is no opportunity to awaken interest, by rhetorical ele- 
gance, by exciting the passions, or by {uresenting images to 
the imagination. The beauty of the mathematics depends 
on the distinctness of the objects of inquiry, the S3rmmetry of 
their relations, the luminous nature of the arguments, and the 
certainty of the conclusions. But how is this beauty to be 
perceived, in a work which is so much abridged, that the 
chain of reasoning is often interrupted, important demonstra- 
tions omitted, and the transitions from one subject to another 
so abrupt, as to keep their connections and* dependencies out 
of view 1 

It may not be necessary to state every proposition and its 
proof, with all the formality which is so strictly adhered to 
by Euclid ; as it is not essential to a logical argument, that 
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it be expressed in regular and entire syllogisms. A step of 
a demonstration may be safely omitted, when it is so simple 
and obvious, that no one possessing a moderate acquaintance 
with the subject, could fau to supply it for himself. But thii* 
liberty of omission ought not to be extended to cases in 
wliich it will occasion obscurity and embarrassment. If it 
be desirable to give opportunity for the mind to display and 
enlarge its powers, by surmounting obstacles; full scope 
may be found for this kind of exercise, especially in the 
higher branches of the Mathematics, from difficulties whic|i 
will unavoidably occur, without creating new ones for the 
sake of perplexing. 

Algebra requires to be treated in a more plain and diffuse 
manner, than some other parts of the mathematics; because 
it is to be attended to, early in the course, while the mind of 
the learner has not been habituated to a mode of thinking so 
abstract, as that which will now become necessary. He has 
also a new language to learn, at the same time he is settling 
the prmciples upon which his future inquiries are to be con- 
ducted. These principles ought to be established, in' the 
most clear and satisfactory manner which the nature of the 
case will admit of. Algebra and geometry may be consider, 
ed as lying at the foundation of the succeeding branches of 
the mathematics, both pure and mixed. Euclid and others 
have given to the geometrical part a degree of clearness and 
precision which would be very desirable, but is hardly to be 
expected, in algebra. 

For the reasons which have been mentioned, the manner 

in which the following pages are written, is not the most 

concise. But the work is necessarily limited in extent of 

subject. It is far from being a complete treatise of algebra. 

It is merely an introduction.' It is intended to contain as 

much matter, as the student at college can attend to, with 

advantage, during the short time allotted to this particular 

study. There is generally but a small portion of a class, 

who have either leisure or inclination, to pursue mathemati. 

cal inquiries much farther than is necessary to maintain an 

honorable standing in the institutioa of which they are 

members. Those few who have an unusual taste for this 

science, and aim to become adepts in it, ought to be refer* 

red to separate and complete treatises, on the different 

branches. No one who wishes to be thoroughly versed in 

mathematics, should look to compendiums and elementary 

bookd for any thing more than the first principles. As soon 

1 
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as these axe acquired, he should be guided in his inquiries by 
the genius and spirit of original authors. 

In the selection of materials, those articles have been 
taken which have a practical application, and which are pre- 
paratory to succeeding parts of the mathematics, philosophy, 
and astronomy. The object has not been to introduce orv- 
girud matter. In the mathematics, which have been cultivs^- 
ted with success from the days of Pythagoras, and in which 
the principles already established are sufficient to occupy the 
^ost active mind for years, the parts to which the student 
ought ^r^t to attend, are not those recently discovered. Free 
use has been made of the works of Newton, Maclauriuj 
Saunderson, Simpson, Euler, Emerson, Lacroix, and others, 
but in a way that rendered it inconvenient to refer to them, 
in particular instances. The proper field for the display of 
mathematical genius^ is in the region of invention. But 
what is >requisite for an elementary work, is to collect, ar- 
range and illustiate, materials already provided. However 
humble this employment, he ought patiently to submit to it, 
whose object is to instruct, not those who have made consid- 
erable progress in the mathematics, but those who are just 
commencing the study. Original discoveries are not for the 
benefit of hegjmners^ though they may be of great importance 
to the advancement of science. 

The arrangement of the parts is such, that the explanation 
of one is not made to depend on another which is to follow. 
The addition, multiplication, and division of powers, fpr in- 
stance, is placed after involution. In the statement of gen- 
eral rules, if they are reduced to a small number, their ap* 
plications to particular cases may not, always, be readily un- 
derstood. On the other hand, if ihey are very numerous, 
they become tedious and burdensome to the memory. The 
rules given in this introduction, are most of them compre- 
hensive ; but they are explained and applied, in subordinate 
articles. • 

A particular demonstration is sometimes substituted for a 
general one, when the apfdication of the principle to other 
cases is obvious. The examples are not often taken from 
philosophical subjects, as the learner is supposed to be fa- 
miliar with none of the sciences except arithmetic. In treat- 
mg of negative quantities, frequent references are made to 
mercantile concerns, to debt, and credit, &c. These are 
merely for the purpose of illustration. The whole doctrine 
of negatives is made to depend on the single principle, that 
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they are quantities to be subtracted. But the student, at 
this early period, is not accustomed to abstraction. He re- 
quires particular examples, to catch his attention, and aid his 
conceptions. 

The section on propdrtioriy will, perhaps, be thought use- 
less to those who read the fJlh Book of Euclid. That is suf- 
ficient for the purposes of pure geometrical demonstration. But 
it is important that the propositions should also be presented 
under the algebraic forms. In addition to this, great assis- 
tance may be derived from the algebraic notation, in demon- 
strating, and reducing to system, the laws of proportion. The 
subject instead of being broken up into a multitude of dis- 
tinct propositions, may be comprehended in a few general 
principles. 
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INTRODUCTORY OBSERVATIONS 



ON THE 



MATHEMATICS IN GENERAL. 



Art. 1. Mathematics is the science of quantitf. 

Any thing which can be miMpliedy divided, or mecisuredy is 
called quantity. Thus, a Une is a quantity, because it can 
be doubled, trebled, or halved ; and can be measured, by 
applying to it another line, as a foot, a yard, or an elL 
Weight is a quantity, which can be measured, in pounds, 
. ounces, and grains. Time is a species of quantity, whose 
measure can be expressed, in houis, minutes, and seconds. 
But color is not a quantity. It cannot be said, with propri- 
ety, that one color is twice as great, or half as great, as 
another. The operations of the mindy such as thought^ 
choice, desire, hatred, &c. are not quantities. They are in- 
capable of mensuration.* 

2. Those parts of the Mathematics, on which all the 
others are founded, are JhithmetiCy JLlgebrOy and Geometry, 

3. Arithmetic is the science of mmibers^ Its aid is 
required to complete and apply the calculations, in almost 
every other department of the mathematics. 

4. Algebra is a method of computing by Utters and other 
symbols. Fluxions, or the Difierential and Integral Cal- 
culus, may be considered as bdonging to the higher branches 
of algebra, t 

5. Geometry is that part of the mathematics, which treats 
of magnitude. By magnitude, in the appropriate sense of 
the term, is meant that species of quantity, which is extend^ 
ed; that is, which has one or more of the three dimensions, 
lengthy breadthy and thickness. Thus a line is a magnitude, 
because it is extended, in length. A swrface is a magnitude, 
having length and breadth. A solid is a magnitude, having 

* See Note A. f See Note B. 
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lengthy breadth, and thickness. But motiofiy though a quan- 
tity, is not, strictly speaking, a magnitude. It has neither 
length, breadth, nor thickness.* 

6. Trigonometry and Conic Sections arc branches of 
the mathematics, in which the principles of geometry are 
applied to trianglesy and the sections of a cane. 

7. Mathematics are either pure or mixed. In pure mathe- 
matics, quantities are considered, independently of any sub- 
stances actually existing. But, in mixed mathematics, tlie 
relations of quantities are investigated, in connection with 
some of the properties of matter, or with reference to the 
common transactions of business. Thus, in Surveying, 
mathematical principles aie applied to the measuring of 
land ; in Optics, to the properties of light ; and in Astrono- 
my, to the motions of the heavenly bodies. 

8. The science of tjie pure mathematics has long been 
distinguished, for the clearness and distinctness of its princi- 
ples ; and the irresistible conviction, which they carry to the 
mind of every one who is once made acquainted with them. 
This is to be ascribed, partly to the nature of the subjects, 
ftnd partly to the exactness of the definitions, the axioms, 
and the demonstrations. 

9. The foundation of all mathematical knowledge must 
be laid in definitions. A definition is an explanation of wiiai 
is meant, by any w(»rd or phrase. Thus, an equilateral tri- 
angle is defined, by saying, that it is a figure bounded by 
three equal sides. 

It is essential to a complete definition, that it perfectly dis* 
tlnguish the thing defined, firom every thing else. On many 
subjects it is difl^cult to give such precision to language, thai 
it shall convey, to every hearer or reader, exactly the same 
ideas. But, in the mathematics, the principal terms may be 
so defined, as not to leave room for the least difierence of 
apprehension, respecting their meaning. All must be agreed, 
as to the nature of a circle, a square, and a triangle, when 
they have once learned the definitions of these figures. 

Under the head of definitions, may be included explana* 
tions of the characters which are used v to denote the relations 
of quantities. Thus the character \/ is explained or defined, 
by saying that it signifies the same as the words square root. 

10. The next step, after becoming acquainted with the 
meaning of mathematical terms, is to bring them together, in 

* Some writers, however, use magnitude as synonymous with quantity. 
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the form of propositions. Some of the relations of quantities 
require no process of reasoning, to render them evident. To 
be imderstood, they need only to be proposed. That a 
square is a different figure from a circle ; that the whole of a 
thing is greater than one of its parts ; and that two straight 
lines cannot enclose a space, are propositions so manifestly 
true, that no reasoning upon them could make them more 
certain. They are, therefore, called self-evident truths, or 
axioms. 

11. There are, however, comparatively few mathematical 
truths which are self-evident. Most require to be proved by 
a chain of reasoning. Propositions of this nature are denom- 
inated theorems; and the process, by wtiioh they are shown 
to be true, is called demonstroHon. This is a mode of argu- 
ing, in which, every inference is immediately derived, either 
from definitions, or from principles which have been previ- 
ously demonstmted. In this way, complete certainty is made 
to accompany every step, in a long course of reasoning. 

12. Demonstration is either direct or indirect. The for- 
mer is the common, obvious mode of conducting a demon- 
strative argument. But in some instances, it is necessary to 
resort to indirect demonstration ; which is a method of es- 
tablishing a proposition, by proving that to suppose it not 
true, would lead to an absurdity. This is frequently called 
reduetio ad abswrdum. Thus, in certain cases in geometry, 
two lines may be proved to be equal, by showing that to sup- 
pose them unequal, would involve an absurdity. 

13. Besides the principal theorems in the mathematics, 
there are also Lemmas and CoroUarks. A Lemma is a pro- 
position which is demonstrated, for the purpose of using it, in 
the demonstiation of some other proposition. This prepara- 
tory step is taken to prevent the proof of the principal theo- 
rem from becoming complicated and tedious. 

14. A Corollary is an inference from a preceding proposi- 
tion. A Scholimn is a remark of any kind, suggested by 
something which has gone before, though not, like a corolla- 
ry, immediately depending on it. 

15. The immediate object of inquiry, in the mathematics, 
IS, frequently, not the demonstration of a general truth, but 
a method of performing some operation, such as reducing a 
vulgar fraction to a decimal, extracting the cube root, or 
inscribing a circle in a square. This is called solving a prob- 
lem. A theorem is something to be proved, A problem is 
something to be done. 
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16. When that which is required to be done, is so easy, as 
to be obvious to every one, without an explanation, it is call- 
ed a postulate. Of this nature is the drawing of a straight 
line, from one point to another. 

17. A quantity is said to be giveny when it is either sup- 
posed to be already knovm^ or is made a condition^ in the 
statement of any theorem or problem. In the rule of pro- 
portion in arithmetic, for instance, three terms must be given 
to enable us to find a fourth. These tl^ee terms are the 
data^ upon which the calculation is foimded. If we are re- 
quired to find the number of acres, in a circular island ten 
miles in circiunference, the circular figure, and the length of 
the circumference are the data. They are said to be given 
by supposition^ that is, by the conditions of the problem. A 
quantity is also said to be given, when it may be directly and 
easily inferred fi'om something else which is given. Thus, if 
two numbers aie given, their sum is given ; because it is ob- 
tained, by merely adding the numbers together. 

In Geometry, a quantity may be given, either in position, 
or magnitudey or both. A line is given in position, when its 
situation and direction are known. It is given in magnitude, 
when its length is known. A circle is given inpositiony when 
the place of its centre is known. It is given in magnitude^ 
when the length of its diameter is known. 

18. One proposition is contrary , or contradictory to another, 
when, what is afiirmed, in the one, is denied, in the other. 
A proposition and its coiitrary, can never both be true. It 
cannot be true, that two given lines are equal, and that they 
are not equal, at the same time. 

19. One proposition is the converse of another, when the 
order is inverted ; so that, what is given or supposed in the 
first, becomes the conclusion in the last ; and what is given 
in the last, is the conclusion, in the first. Thus, it can be 
proved, first, that if the sides of a triangle are equal, the an- 
gles are equal ; and secondly, that if the angles are equal, 
the sides are equal. Here, in the first proposition, the equal- 
ity of the sides is given; and the equality of the angles in- 
f erred: in the second, the equality of the angles is given, and 
the equality of the sides infened. In many instances, a pro- 
position and its converse are both true ; as in the preceding 
example. But this is not always the case^ A circle is a 
figure bounded by a curve ; but a figure bounded by a curve 
.8 not of cowse a circle. 
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. 20. The practical applications of the mathematics, in the 
common concerns of business, in the useful arts, and in the 
various branches of physical science are almost innumerable. 
Mathematical principles are necessary in Mercantile transac- 
tionsy for keeping, aiTanging, and settling accounts, adjusting 
the prices of commodities, and calculating the profits of trade ; 
ill JVaviga^ton, for directing the course of a ship on the ocean, 
adapting the position of her sails to the direction of the wind, 
finding her latitude and longitude, and determining the bear- 
ings and distances of objects on shore : in Surveying, for 
measuring, dividing, and laying out grounds, taking the eleva- 
tion of hills, and fixing the boundaries of fields, estates, and 
public territories : in Civil Engineerings for constructing 
bridges, aqueducts, locks, &c. : in Mechanics^ for understand- 
ing the laws of motion, the composition of forces, the equih- 
brium of the mechanical powers, and the structure of ma- 
chines : in Architecture^ for calculating the comparative 
strength of timbers, the pressure which each will be required 
to sustain, the forms of arches, the proportions of columns, &c. : 
in Fortification^ for adjusting the position, lines, and an- 
gles, of the several parts qf the works : in Gunnery, for regu- 
lating the elevation of the cannon, tjie force of the powder, 
•and the velocity and range of the shot : in Optics, for tracing 
the direction of the rays of light, understanding the forma- 
tion of images, the laws of vision, the separation of colors, the 
nature of the rainbow, and the construction of microscopes 
and telescopes : in Astronomy, for computing the distances, 
magnitudes, and revolutions of the heavenly bodies ; and the 
influence of the law of gravitation, in raising the tides, dis- 
turbing the motions of the moon, causing the return of the 
comets, and retaining the planets in their orbits : in Geogra- 
phy, for determining the figure and dimensions of the earth, 
the extent of oceans, islands, continents, and countries ; the 
latitude and longitude of places, the courses of rivers, the 
height of mountains, and the boundaries of kingdoms : in /iw- 
tory, for fixing the chronology of remarkable events, and 
estimating the strength of armies, the wealth of nations, the 
value of their revenues, and the amount of their population : 
and, in the concerns of Government, for apportioning taxes, 
arranging schemes of finance, and regulating national ex- 
penses. The mathematics Imve also important applications 
to Chemistry, Mineralogy, Music, Painting, Sculpture, and 
indeed to a great proportion of the whole circle of arts and 
sciences. 2 
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21. It is true, that, in many of the branches which have " 
been mentioned, the ordinary business is frequently trans- 
acted, and the mechanical operations performed, by persons 
who have not been regularly instructed in a course of mathe- 
matics. Machines are framed^ lands are surveyed, and ships 
are steered, by men who have never thoroughly investigated 
the principles, which lie at the foundation (rf their respective 
arts. The reason of this is, that the methods of proceeding, 
in their several occupations, have been pointed out to them, 
by the genius and labor of others. The mechanic often 
works by rules, which men of science have provided for his 
use, and of which he knows nothing more, than the practical 
application. The mariner calculates his longitude by tables, 
for which he is indebted to mathematicians and astronomers 
of no ordinary attainments. In this manner, even the ab- 
struse parts of the mathematics are made to contribute their 
»id to the common arts of life. 

22. But an additional and more important advantage, to 
persons of liberal education, is to be foimd, in the enlarge- 
ment and improvement of the reasoning powers. The mind, 
like the body, acquires strength by exertion. The art of 
reasoning, like other arts, is learned by practice. It is per- 
fected, only by long continued exercise. Mathematical stu- 
dies are peculiarly fitted for this discipline of the mind. 
They are calculated to form it to habits of fixed attention ; 
of sagacity, in detecting sophistry ; of caution, in the admis- 
sion of proof ; of dexterity, in the arrangement of arguments ; 
and of skill, in making all the parts of a long continued pro- 
eess tend to a result, in which the truth is clearly and firmly 
established. When a habit of close and accurate thinking 
is thus acquired, it may be applied to any subject, on which 
a man of letters or of business may be called to employ his 
talents. " The youth," says Plato, " who are furnished with 
mathematical knowledge, are prompt and quick, at all other 
sciences.'* 

It is not pretended, that an attention to other objects of 
inquiry is rendered unnecessaiy^ by the study of the mathe- 
matics. It is not their office, to lay before us historical facts ; 
to teach the principles of morals ; to store the fancy with 
brilliant images ; or to enable us to speak and write with 
Aetorical vigor and elegance. The beneficial effects which 
they produce on the mind, are to be seen, principally, in the 
regulation and increased energy of the reasoning powers 
These they are calculated to call into frequent and vigorous 
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exercise. At the same time, mathematical studies may be 
so conducted, as not often to require excessive exertion and 
fatigue. Beginning with the more .simple subjects, and as- 
cending gradually to those which are more complicated, the 
mind acquires strength as it advances; and by a succession 
of steps, rising regularly one above another, is enabled to 
surmount the obstacles which lie in its way. In a course of 
mathematical the parts succeed each other in such a con- 
nected series, that the preceding propositions are preparatory 
to those which follow. The student who has made himself 
master of the former, is qualified for a successful investiga- 
tion of the latter. But he who has passed over any of the 
ground superficially, will find that die obstructions to his 
fiitme progress are yet to be removed. In mathematics as in 
waf^ it should be made a principle, not to advance, while any 
thing is left unconquered behind. It is important that the. 
student should be deeply impressed with a conviction of the 
necessity of this. Neither is it sufficient that he understands 
the nature of one proposition or method of operation, before 
proceeding to another. He ought also to make himself /a- 
mUiar with every step, by careful attention to the examples. 
He must not expect to become thoroughly versed in the sci- 
ence, by merely reading the main principles, rules, and obser- 
vations. It is practice only, which can put these completely 
m his possession. The method of studying here recom- 
mended, is not only that which promises success, but that 
which will be found, in the end, to be the most expeditious, 
and by far most pleasant "While a superficial attention oc- 
casions perplexity and consequent aversion; a thorough 
investigation is rewarded with a high degree of gratification. 
The peculiar entertainment which mathematical studies are 
calculated to furnish to the mind, is reserved for those who 
make themselves masters of the subjects to which their 
attention is called. 



Note. — ^The principed definitions, theorems, rules, &c. which it is necessary 
t<» commit to memory, are disting^hed by beir^ put in Italics or Capitals. 
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SECTION I. 

NOTATION, NEGATIVE aUANTITDES, AXIOMS, &c 

Art. 23. ALGEBRA may be defined, a general method 
OP investigating the relations op quantities, by let- 
ters, AND OTHER SYMBOLS. This, it Diust bc acknowlcdffed, 
is an imperfect account of the subject; as every accSunt 
must necessarily be, which is comprised in the compass of a 
definition. Its real nature is to be learned, rather by an 
attentive examination of its parts, than from any summary 
((escription. 

The solutions in Algebra, are of a more general nature 
than those in common Arithmetic. The latter relate to par- 
ticular numbers ; the former to whole classes of quantities. 
On this account. Algebra has been tenned a kind of universal 
Jlrithmetic. The generality of its solutions is principally 
owing .to the use of letters^ instead of numeral figures, to 
express the several quantities which are subjected to calcula- 
tion. In Arithmetic, when a problem is solved, the answer 
is limited to the particular numbers which are specified, in 
the statement of the question. But an Algebraic solution 
may be equally applicable to all other quantities which have 
the same relations. This important advantage is owing to 
the difference between the customary use of figures, and the 
manner in which letters are employed in Algebra. One of 
the nine digits, invariably expresses the same number: but a 
letter may be put for any number whatever. The figure 8 
always signifies eight ; the figure 5, five, &c. And, though 
one of the digits, in connection with others, may have a local 
value, different from its simple value when alone ; yet the 
same combination always expresses the same number. Thus 
263 has one uniform signification. And this is the case with 
every other combination of figures. But in Algebra, a letter 
may stand for any quantity which we wish it to represent. 
Thus b may be put for 2, or 10, or 50, or 1000. It must no^ 
be understood from this, however, that the letter has no do 
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lenninate value. Its value is fixed for the .occasion. Foi 
the present purpose, it remains unaltered. But on a different 
occasion, the same letter may be put for any other number. 
A calculation may be greatly abridged by the use of let- 
ters; especially when very large numbers are concerned. 
And when several such numbers are to be combined, as in 
multiplication, the process becomes extremely tedious. But 
a single letter may be put for a large number, as well as 
for a small one. The numbers 26347297, 68347823, and 
27462498, for instance, may be expressed by tlie letters, 6, c, 
and rf. The multiplying them together, as will be seen 
hereafter, will be nothing more than writing them, one after 
another, in the form of a word, and the product will be sim- 
ply bed. Thus in Algebra, much of the labor of calcula- 
tion may be saved, b}^ the rapidity of the operations. Solu- 
tions are sometimes effected, in the compass of a few lines, 
which, in common Arithmetic, must be extended through 
many pages. 

24. Another advantage obtained from the notation by let- 
ters instead of figures, is, that the several quantities which 
are brought into calculation, may be preserved distinct from 
each other ; though carried through a nmnber of complicated 
processes ; whereas, in arithmetic, they are so blended to- 
gether, that no trace is left of what they were, before the 
operation began. 

25. Algebra differ^ farther from arithmetic, in niakii^ use 
of unknown quantities, in carrying on its operations. In 
arithmetic, all the quantities which enter inlo a calculation 
must be known. For they are expressed t» wumbers. And 
every number must necessarily be a determinate quantity. 
But in Algebra, a letter may be put for a quantity, before 
its value has been ascertained. And yet it may have such 
relations to other quantities, with which it is connected, as 
to answer an important purpose in the calculation. 

NOTATION. 

26. To facilitate the investigations in algebra, the several 
steps of the reasoning, instead of being expressed in words^ 
are translated info the language of signs and symbols, which 
may be considered as a species of short-hand. This serves 
to place the quantities and their relations distinctly before 
the eye, and to bring them all into view at once. They are 
thus more readily compared and- understood, than when re* 

2* 
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moved at a distance from each other, as in the common 
mode of writing. But before any one can avail himself of 
tins advantage, he must become perfectly familiar with the 
new language. 

27. The quantities in algebra, as has been already ob- 
served, are generally expressed by letters. The first letters of 
the Alphabet are used to represent knoton quantities ; and 
the last letters, those which are unknoton. Sometimes tlie 
quaritities, instead of being expressed by letters, are set down 
in figures, as in common arithmetic. 

28. Besides the letters and figures, there are certain char- 
acters used, to indicate the relations of the quantities, or the 
operations which are perfonned with them. Among these 
are the signs -{- and — , which are read plus and minus, or 
more and less. The fonner is prefixed to quantities which 
are to be added ; the latter, to those which are to be sub- 
tracted. Thus a-\-b signifies that 6 is to be added to a. It 
is read a plu? 6, or a added to b, or a and 6. If the expres- 
sion be a-&> i. e. a minus b; it indicates that 6 is to be sub- 
tracted fiom a. 

29. The sign -]- is fH'efixed to quantities which are con- 
sidered as (iffirmative or positive ; and the sign — ^ to those 
which are supposed to be negative. For the natme of this 
distinction, see art. 54. 

4^1 the quantities which enter into an algebraic process, 
are considered, for the puiposes of calculation, as either posi- 
tive or negative. Before the first^ one, unless it be negative, 
the sign is generally omitted. But it is always to be under- 
stood. Thus o-j-i^v^ ^^'^ same as -|-a-|-fr. 

30. Sometimes both -|- c^nd — are prefixed to the same 
letter. The sign is then said to be amAigujous. Thus 0+6 
signifies that in certain cases, comprehended in a general so- 
lution, 6 is to be added to a, and in other cases subtracted 
from it. 

31. When it is intended to express the differenre between 
two quantities without deciding which is the one to be sub- 
tracted, the character </> or -w is used. Thus a^b, or acui 
denotes the difference between a and 6, without determining 
whether a is to be subtracted from 6, or b from a. 

32. The equality between two quantities or sets of quanti- 
ties is expressed by parallel lines =. Thus a+fe=rf sig- 
nifies that a and b together are equal to d. And a4-({=e 
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r=b^g=h signifies that a and d equal c, wjiich is equal to 
6 and g, which are equal to h. So 84-4=16-4=104-2=* 

74.24-3=12. 

33. When the first of the two quantities compared, is 
greaUer than the other, the character^ is placed between 
them. Thus a^fr signifies that a is greater than 6. 

If the first is less than the other, the character <^ is used ; 
as a<^b ; i. e. a is less than h. In both cases, the quantity 
towards which the character apenSy is greater than the other. 

34. A numeral figure is often prefixed to a letter. This 
is called a ca-efficierU. It shows how often the quantity ex- 

ressed by the letter is to be taken. Thus 26 signifies twice 
; and 96, 9 times 6, or 9 multiplied into b. 

The co-efiicient may be €iither a whole number or a fi'ac- 
tion. Thus §6 is two-thirds of 6. When the co-efiicient is 
not expressed, 1 is always to be understood. Thus a is the 
same as la; i. e. once a. 

35. The co-efiicient may be a letter^ as well as a figure. 
In the quantity m6, m may be considered the co-efiicient of 
b ; because 6 is to be taken as many times as there are units 
in m. If m stands for 6, then mb is 6 times 6. In 3a6c, 3 
may be considered as the co-efBcient of abc; Sa the co-efii- 
cient of 6c; or 3a6, the co-efiicient of c. Sea art. 42. 

36. A simple quantity is either a single letter or number, 
or several letters connected together without the signs 4- 
and-. Thus a, a6, cAd and Qb are each oi them simple 
quantities. A compound quantity consists of a number of 
simple quantities connected by the sign 4- or - . Thus a4- 
bjd-yyh- d-\-^h^ are each compound quantities. The mem- 
bers of which it is composed are called terms, 

37. If there are two terms in a compound quantity, it is 
called a binomial. Thus a4-6 and a - 6 arehinomials. The 
latter is also called a residual quantity, because it expresses 
the difference of two quantities, or the remainder, after one is 
taken from the other. A compound quantity consisting of 
three tenns, is sometimes called a trinomial; one of four terms, 
a quadrinomialy &c. 

38. When the several members of a compound quantity 
are to be subjected to the same operation, they are frequent- 
ly connected by a line called a vinculum. Thus a - b-{-c 
shows that the sum of 6 and c is to be subtracted from a. But 
a - 64-c signifies that 6 only is to be subtracted from a 
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while c is to l^ added.. The sum of c and d^ suhtracted 

from the sum of a and by is a-^b - c-^d. The marks used 
for parentheses, ( ), are often substituted instead of a line, for 

a vinculum. Thus x - {a^c) is the same as a; - a-f-c. The 
equality of two sets of quantities is expressed, without umug 
a vinculum. Thus 04-^=^+^ signifies, not that b is equal 
to c ; but that the sum of a and b is equal to the siun of c 
and d, 

39. A single letter, or a number of letters, representing any 
quantities with their relations, is called an algebraic express 
sion; and sometimes a formula. Thus a'^b-{'Sd is an 
algebraic expression. 

40. The character X denotes multiplication. Thus ax 6 
is a multiplied into b: and 6x3 is 6 times 3, or 6 into 3. 
Sometimes a point is used to indicate multiplication. Thus 
a. 6 is the same as axi- But the sign of multiplication is 
more commonly omitted, between sunple quantities; and 
the letters are connected together, in the form of a word or 
syllable. Thus ab is the same as a.fc or ax^« And bcde 
is the same asfex^X^X** When a compound quantity is 
to be multiplied, a vinculum is used, as in the case of sub- 
traction. Thus the sum of a and b multiplied into the sum 

of c and rf, is a+6 X c+rf, or (a-f-t) X (c-^d). And 
(6+2) X 5 is 8 X 5 or 40. But 6 + 2x5 is 6+10 or 16. 
When the marks of parentheses are used, the sign of multi- 
plication is frequently omitted. Thus {x-\-y) {x - y) is {a:+y) 

X (a?-y.) 

41. When two or more quantities are multiplied together, 
each of them is called a factor. In the product afc, a is a 

factor, and so is b. In the product d?x«+i», ^ is one of the 
factors, and a'\-mi the other. Hence every co-efficient may be 
considered a factor. (Art. 35.) In the product Sy, 3 is a 
factor as well as j/. 

42. A quantity is said to be resolved tntofactorsy when any 
factors are taken, which, being multiplied together, will pro- 
duce the given quantity. Thus Sab may be resolved into 
the two factors 3a and /», because 3ax^ is 3a6. And 6amn 
may be resolved into the three factors da, and w, and n. 
And 48 may be resolved into the two factors 2 X 24, or 3 X 1 6, 
or 4x12, or 6x8 ; or into the three factors 2x3x8, or 4 X 
6x2, &c. 
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43. The character -f- is used to show that the quantity 
which precedes it, is to be divided, by that which followsL 

Thus a-i-c is a divided by c : and a-|-6-7-c-f-^ is the sum 
of a and 6, divided by the sum of c and d. But in algebra, 
division is more commonly expressed, by writing the divisor 
under the dividend, in the form of a vulgar fraction. Thus 

, is the same as a-f-ft : and , . , is the difference of c and 6 
b d-\-h 

divided by the sum of d and h, A character prefixed to the 

dividing line of a fractional expression, is to be understood 

as referring to all the parts taken collectively ; that is to the 

b-i-c 

whole value of the quotient. Thus a ;— signifies that 

»n-|-n 

the quotient of b-\-c divided by m-{-n is to be subtracted fi:om a. 

c "^ d h, \ ti 
And —7 — X --^— denotes that the first quotient is to be 
a-f-tn x-y ^ 

multiplied into the second. 

44. When four quantities are proportional^ the proportion 
is expressed by points, in the same manner, as in the Rule of 
Three in arithmetic. Thus a:b::c\d signifies that a has to 
6, the same ratio which c has to d. And ab:cd:: a-|-m : 
b-^tiy means, that ah is to cd; as the sum of a and m, to the 
sum of b and n. 

45. Algebraic quantities are said to be alikey when they 
are expressed by the same letters^ and are of the same power: 
and urUike, when the letters are different, or when the same 
letter is raised to different powers.* Thus o6, Sab, -ab, 
and -6a6, are like quantities, because the letters are the 
same in each, although the signs and co-efl5cients are differ- 
ent. But 3a, Sy, and Sbx, are unlike quantities, because 
the letters are unlike, although there is no difference in the 
signs and co-efficients. 

46. One quantity is said to be a multiple of another, when 
the former contains the latter a certain number of times with- 
out a remainder. Thus 10a is a multiple of 2a; and 24 is 
a multiple of 6. 

47. One quantity is said to be a measure of another, when 
the fonner is contained m the latter, any number of times, 
without a remainder. |^us 36 is a measure of 156; and 7 
is a measure of 35. 5/ 
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* For the notation of powers and roots, see the sections on those subjects. 
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48. The value of an expression, is the number or quantity, 
for which the expression stands. Thus the value of S-f-4 is 
7; of 3x4 is 12; of ^ is 2. 

49. The RECIPROCAL of a quarUih/i is the quotient ioiHng 
from dividing a unit by that qiumiity. Thus the reciprocsu 

of a is - ; the reciprocal of o-j-ft is — rr ; the reciprocal of 4 

. 1 

60. The relations of quantities, which in ordinary language, 
are signified by toordsy are represented in the algebraic nota- 
tion, by signs. The latter mode of expressing these rela- 
tions, ought to be made so familiar to the mathematical 
student, that he can, at any time, substitute the one for the 
other. A few examples are here added, in ^hich, words 
are to be converted into signs. 

1. What is the algebraic expression for the following 
statement, in which the letters a, '&, c, &c. may be supposed 
to represent any given quantities 1 

The product of a, 6, and c, divided by the difference of C 
and d, is equal to the sum of b and c added to 15 times A. 

Ans. — -T=J-fc-j-16A. 

2. The product of the difference of a and h int|> the sum 
of 5, c, and d, is equal to 37 times m, added to the quotient 
of b divided by the sum of h and b. Ans. 

3. The sum of a and 6, is to the quotient of b divided by 
c; as the product of a into e, to 12 times h, Ans. 

4. The sum of a, 6, and c, divided by six times their pro- 
duct, is equal to four times their sum diminished by d. Ans. 

5. The quotient of 6 divided by the sum of a and 6, is 
equal to 7 times rf, diminished by the quotient of 6, divided 
by 36. Ans. 

61. It is necessary also, to be able to reverse what is done 
in the preceding examples, that is, to translate the algebraic 
signs into common language. 

What will the following expressions become, when words 

are substituted for the signs ? 

a-l-b , a 

1. — r— =a6c-6m+ — r—. 
h ^ a-^-c 

An3. The sum of a and b divided by A, is equal to the 

Eroduct of a, d, and c diminished by 6 times m, and increased 
y the quotient of a divided by the sum of a and c. 
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aA-c 



x+y 6+6 

S. a+7 {h+x)-^= {a+h) (6 - c). 

4. a-.6:ac::l:if :3x^+^+y- 

m 

3_|_6- c 2m '"'am A+dm 

52. At the close of an algebraic process, it is frequently 
necessary to restore the numJberSy for which letters had been 
substituted, at the beginning. In doing this, the sign of mul- 
tiplication must not be omitted, as it generally is, between 
factors, expressed by letters. Thus, if a stands, for 3, and b 
for 4 ; the product ab is not 34, but 3x4, i. e. 12. 

In the following examples, 

Let a=3 And rf=:6. 

6=4 m=8. 

c=2 , n=10. 

Then, 1. -J^+'j^^Pl^i^r^' 

c^dm oab 

8.6inif+^^-^^^iL^-^+A== ^ 

^ edm 4a+Scd^ a 

53. An algebraic expression, in which numbers have been 
substituted for letters, may often be rendered much more 
simple, by reducing several terms to one. This cannot 
generally be done, while the letters remain. If a+6 is used 
for the sum of two quantities, a cannot be united in the same 
fjerm with 6. But if a stands for 3, and 6 for 4, then a-|-6 
1=34-4=7. The value of an expression, consisting of many 
terms may thus be found, by actually performing, with the 
numbers, the operations of addition, subtraction, multiplica- 
tion, &c. indicated by the algebraic characters. 

Find the value of the following expressions, in which the 
letters are supposed to stand for the same numbers, as in the 
preceding article. 

1. i!^4.a+mn=§>i^4-34-8xl0=9+3+80=92. 

C A 
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2. a 6m.4-^i^+ 2n--=3 X 4 X 8+|ili+ 2 X 10= 
m ~ o o — 

m-b 



3. a-Y-cXn-m-A -a X n-m= 



.1 «Xrf+c .,J„f.^_ c+fexm-rf _ . 

n-d n-bc 

2n+3 ^ • ^ « 

POSITIVE AND NEGATIVE QUANTITIES.* 

54. To one who has just entered on the study of algebra, 
there is generally nothing more perplexing, than the use of 
what are called negative quantities. He supposes he is about 
to be introduced to a class of quantities which are entirely 
new ; a sort of mathematical nothmgSy of which he can form 
no distinct conception. As positive quantities are real, he 
concludes that those which are negative must be imaginary. 
But this is owing to a misapprehension of the terra negative, 
as used in the mathematics. 

55. A NEGATIVE quantity is one which is required 
TO BE StiBTRACTED. When several quantities enter into 
a calculation, it is frequently necessary that some of them 
should be added together, while others are subtracted. The 
former are called affimiative or positive, and are marked with 
the sign + ; the latter are termed negative, and distinguished 
by the sign - . If, for instance, the profits of trade are the 
subject of calculation, and the gam is considered positive ; 
the loss will be negative ; because the latter must be subtracted 
from the former, to determine the clear profit. If the sums 
of a book account are brought into an algebraic process, the 
debt and the credit are distinguished by opposite signs. If a 
man on a journey is, by any accident, necessitated to return 
several miles, this backward motion is to be considered nega- 
tive, because that, in determining his real progress, it must 
be subtracted from the distance which he has travelled in 
the opposite direction. If the ascent of a body from the earth 
be called positive, its descent will be negative. These arc' 
only different examples of the same general principle. In 

* On the subject of negative quantities, see Newton^s Universal Arithmetic, 
Maseres on the Negative -Sign, Mansfield's Mathematical Essays, and Mao 
Uiurin*8| Simpson's, Euler's, Saunderson's, and Ludlam's Algebra. 
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each of the mstances, one of the quantities is to be subtractwi 
from the other. 

56. The terms positive and negative, as used in the mathe- 
matics, are merely rdoJlm. They imply that there is, either 
in the nature of the quantities, or in their circumstances, or 
in the purposes which they are to answer in calculation, 
some such opposUion as requires that one should be subtracted 
from the other. But thi^ opposition is not that of existence and 
non-existence, nor of one thing greater than nothing, and 
another less than nothing. For, in many cases, either oi 
the signs may be, indifferently and at pleasure, applied to 
the very same quantity; that is, the two characters may 
change places. In determining the progress of a ship, for 
instance, her easting may be marked -|- , and her westing - ; 
or the westing may be 4- 9 tuid the easting - . All that is 
necessary is, that the two signs be prefixed to the quantities, 
in such a manner as to show, which are to be added, 
and which subtracted, tn different processes, they ma} 
be differently applied. On one occasion, a downward mo- 
tion may be called positive, and on another occasion negative. 

57. In every algebraic calculation, some one of the quan- 
tities must be fixed upon, to be considered positive. All 
other quantities which will increase this, must be positive also. 
But those which will tend to ditrnmsh it, must be negative. 
In a mercantile concern, if the stock is supposed to be positive, 
the prefys will be positive ; for they increase the stock ; they 
are to be added to it. But the losses will be negative ; for 
they dinifbdsk the stock ; they are to be subtracted from it. 
When a boat, in attempting to aseend a river, is occasionally 
driven back by the cumnt ; if the progress up the stream, to 
Any particular point, is considered positive, every succeeding 
instance of forward motion will be positive, while the bat^ 
ward motion will bfe negative. 

58. A negative quantity is firequently greaterj than the 
positive one with which it is cormected. But how, it may 
be asked, can the fomicr be subtracted from the latter? The 
greater is certainly not contained in the less : how then can 
it be taken out of it? The answer to this is, that the greater 
may be supposed first to exhaust the lesa^ and then to leave 
a remainder equal to the difference between the two. If a 
man has in his possession 1000 dollars, and has contracted a^ 
debt of 1500; the latter subtracted from the former, not 
only exhausts the whdie of it, but leaves a balance of 500 

S 
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against him. In common language, he is 500 dollars worse 
than nothing. 

59. In this way, it frequently happens, in the course of an 
algebraic process, that a negative quantity is brought to stand 
alone. It has the sign of subtraction, without being con- 
nected with any other quantity, from wliich it is to be sub- 
tracted. This denotes that a previous subtraction has left a 
remainder, which is a part of the quantity subtracted. If 
the latitude of a ship which is 20 degrees north of the equator, 
is considered positive, and if she sails south 25 degrees ; her 
motion first diminishes her latitude, then reduces it to noth-' 
tftg, and finally gives her 5 degrees of south latitude. The 
sign - prefixed to the 25 degrees, is retained before the 5, 
to show that this is what remains of the southward motion, 
after balancing the 20 degrees of north latitude. If the mo- 
tion southward is only 15 degrees, the remainder must be 
+5, instead of - 5, to show that it is a part of the ship's 
northern latitude, which has been thus far diminished, but not 
reduced to nothing. The balance of a book account will be 
positive or negative, according as the debt or the credit is the 
greater of the two. To determine to which side the remain- 
der belongs, the sign must be retained, though there is no 
other quantity, from which this is again to be subtracted, or to 
which it is to be added. 

60. When a quantity continually decreasing is reduced to 
nothing, it is sometimes said to become afterwards less than 
nothing. But this is an exceptionable manner of speaking.* 
No quantity can be really less than nothing. It may be di- 
minished, till it vanishes, and gives place to an opposite quan- 
tity. The latitude of a ship crossing the equator, is first 
made less than nothing, and afterwards contrary to what it 
was before. The north and south latitudes may therefore 
oe properly distinguished, by the signs -|- and — ; all the 
positive degrees being on one side of 0, and all the negative, 
m the other ; thus, 

+6, +5, +4, +3, +%y+l, 0, - 1, ^ 2, - S, - 4, - 5, &c. 

The numbers belonging to any other series of opposite 
quantities, may be arranged in a similar manner. So that 

i) may be conceived to be a kind of dividing point between 

^  I II  I . — '  " —    ,  

* The expression « less than nothing;'^ may not be wholly improper ; if it is 
ifaitended'to DO understood, not literally, but merely as a convenient phrase 
Adopted for the sake of avoiding a tedious circumlocution ; as we say " the sun 
rises," instead of saying **the earth rolls round, and brings the sun mtoview.'* 
The use of it in this manner, is warranted by Newton, fiuler and oth^rp, 
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positive and negative numbers. On a thermometer, the de- 
grees abof)e may be considered positive, and those below 0, 
negative. 

61. A quantity is sometimes said to be subtrctcted from 0. 
By this is meant, that it belongs on the negative side of 0. 
But a quantity is said to be cMtd to 0, when it belongs on 
the positive side. Thus, in speaking of the degrees of a 
thermometer, 6-|-6 means 6 degrees above 0; and 0-6, 6 
degrees bdow 0. 

AXIOMS. 

62. The object of mathematical inquiry is, generally, to 
investigate some unknown quantity, and discover how great 
it is. This is effected, by comparing it with some other 
quantity or quantities already known. The dimensions of 
a stick of timber, are found, by appljring to it a measuring 
rule of known length. The weight of a body is ascertained, 
by placing it in one scale of a balance, and observing how 
many pounds in the opposite scale, will equal it. And any 
quantity is determined, when it is foimd to be equal to some 
Imown quantity or quantities. 

Let a and h be known quantities, and y, one which is un« 
known. Then y will become known, if it be discovered tc 
be equal to the sum of a and h : that is if 

y=a+b. 

An expression like this, representing the equality between 
one quantity or set of quantities, and another, is called an 
eqfiation, ft will be seen hereafter, that much of the business 
of algebra consists in finding equations, in which some un- 
known quantity is shown to be equal to others which are 
known. But it is not often the fact, that the first compari- 
son of the quantities, furnishes the equation required. It 
will generally be necessary to make a number of additions, 
subtrax^tions, multiplications, &c. before the unknown quanti- 
ty is discovered. Butin all these changes, a constant equality 
must be preserved, between the two sets of quantities com- 
pared. This will be done, if, in making the alterations, we 
are guided by the following axioms. These are not inserted 
here, for the purpose of being proved ; for they are self- 
evident. ^Art. 10.) But as they must be continually intro- 
duced or unplied, in demonstrations and the solutions of 
problems, thev are placed together, for the convenience ot 
reference 
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63. Axiom 1. If the same quantity or equal quantities be 
added to equal quantities, their nans will be equal. 

2. If the same quantity or equal quantities be 8%Atr€kCUd 
from equal quantities, the remainders will be equal. 

3. If equal quantities be mult^ied into the same, or equal 
quantities, the products will be equal. 

4. If equal quantities be divided by the same or equal 
quantities, the quotients will be equal. 

5. If the same quantity be both added to and subtraetea 
from another, the value of the latter will not be altered. 

6. If a quantity be both muUipUed and divided by another, 
the value of the former will not be altered. 

7. If to unequal quantities, equals be added, the greater 
will give the greater sum. 

8. If from unequal quantities, equals be subtracted, the 
greater will give the greater remainder. 

9. If unequal quantities be multiplied by equals, the 
greater will give the greater product. 

10. If unequal quantities be divided by equals, the greater 
will give the greater quotient. 

11. Quantities which are respectively equal to any other 
quantity are equal to each other. 

12. The whole of a quantity is greater than a part. 

This is, by no means, a complete list of the self-evident 
propositions, which are furnished by the mathematics. It is 
not necessary to enumerate them all. Those have been 
selected, to which we shall have the most frequent occasion 
to refer. 

64. The investigations in algebra are carriecT on, princi- 
pally, by means of a series of equations and proportions. But 
mstead of entering directly upon these, it will be necessary 
to attend in the first place, to a number of processes, on 
which the management of equations and proportions de- 
pends. These preparatory operations are similar to the cal- 
culations under the conunon rules of aiithmetic. We have 
addition, multiplication, division, involution, &c. ia algebra, 
as well as in arithmetic. But this application of a common 
name, to operations in these two branches of the mathemat- 
ics, is often the occasion of pei*plexity and mistake. The 
learner naturally expects to find addition in algebra the same 
as addition in arithmetic. They are in fact the same, in 
many respects : in aU respects perhaps, in which the steps of 
the one will admit of a direct comparison, with those of the 
other But addition in. algebra is more extensive^ than in 
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arithmetic. The sanie obserratioa may be made concerDing 
several other operations in algebra. They are, in many 
points of view, the same as those which bear the same names 
m arithmetic. But they are frequently extended farther, and 
OHiifNrehend processes wbich are unknown to arithmetic. 
This is commonly owing to the introduction of negative 
quantities. The management of these requires steps which 
are unnecessary, where quantities of one class only are con* 
cemed. It will be important, therefore, as we pass along, to 
mark the d^erence as well as the refemUonce, between arith* 
metic and algebra ; and, in some instances, to give a new 
definition, accommodated to the latter. 



SECTION II. 



ADDITION. 

Ajit. 65. ^In entering on an algebraic calculation, the fifst 
thing to be done, is evidently to coUect the nuOerials. Seve- 
ral distinct quantities are to be concerned in the process. 
These must be brought together. They must be connected 
in some form of expression, which will present them at once 
to our view, and show the relations which they have to each 
other. TUs collecting of quantities is what, in algebra, is 
called ADDiTioif. It may be defined, the connecting of 

SEVERAL QUANTITIBS, WITH THEIR 8IONS, IN ONE ALOBBBAIO 
EXPRESSION. 

66. It is common to include in the ddinition, ^* uniting in 
one term, such quantities, as will admit of being united.*' 
But this is not so much a part of the addition itself, as a 
reductiohy which accompanies or follows it. The addition 
may, in all cages be performed, by merely connecting the 
quantities by their proper signs. Thus a added to fc, is evi- 
dently a and b : that is, according to the algebraic notation, 
a^b. And a added to the sum of 6 and c, is a-4-&+^* And 
a-f-ftj added to c-f-rf, is a+^+c+rf. In the same manner, if 
the sum of any quantities whatever, be added to tlie sum o/ 

3* 
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any others, the expression for the whole, will contain ail 
these quantities connected by the sign -f*- 

67. Again, if the difference of a and b be added to c; the 
sum will be a--6 added to c, that is a-64-^. And if a-6 
be added to c-d, the sum will be a-6-f-c-(2. Inone(tf 
the compound quantities added here, a is to be diminished 
by by and in the other, c is to be diminished by d ; the sum 
of a and c must therefore be diminished, both by 6, and by 
dy that is, the expression for the sum total, must contain - 6 
and - d. On the same principle, all the quantities which, in 
the parts to be added, have the negative sign, must retain this 
sign in the amoimt. Thus a-|-2b-c, added Xx> d—h m, is 
a-4-26-c+d-A-m. 

68. The sign must be retained also, when a positive quan- 
tity is to be added, to a single negative quantity. If a be 
added to - 6, the sum will be - b-^-a. Here it may be object- 
ed, that the nerative sign prefixed to 6, shows that it is to be 
svhtracted. What propriety then can there be in adding it ? 
In reply to this, it may be observed, that the sign prefixed 
to b wtule standing alone, signifies that 6 is to be subtracted, 
not from o, but from some other quantity, which is not here 
expressed. Thus - b may represent the loss^ which is to be 
subtracted from the stock in trade. (Art. 6b,) The object 
of the calculation, however, may not require that the value 
of this stock should be specified. But the loss is to be con- 
nected with a vrofit on some other article. Suf^iose the 
profit is 2000 dollars, arid the loss 400. The inquiry then, is 
what is the value of 2000 dollars profit, when connected with 
400 dollars loss 1 

The answer is evidently 2000-400, which shows that 
2000 dollars are to be added to the stock, and 400 subtracted 
from it ; or which will amount to the same, that the difference 
between 2000 and 400 is to be added to the stock. 
^ 69. Quantities are added, then, by writing them one 

AFTER ANOTHER, WITHOUT ALTERING THEIR SIGNS ; observ- 
ing always, that a quantity, to which no sigti is prefixed, is 
to be considered positive. (Art. 29.) 

The smn of a4-m> and 0-8, and 2&-3m-{-(2, and A-n 
and r-f-3m— y, is 

o+m+t - 8-4-2fc - 3m+d+^ - »i+r4-3m - y. 

70. It is immaterial in what order the terms are arranged. 
The sum of a and b and c is either o+fc-l-^j ^^ a-\-<^-\-^y or 
04-6+a. For it evidently makes no diifference, which of the 
quantities is added first. The sum of 6 and 3 and 9, is the 
same as 3 and 9 and 6, or 9 and 6 and 3. 



ADDITION. 2S 

Aiid <»-f-w-n, is the same as a- n-f-w. For it is plainly 
of no consequence, whether we first add m to a, and after- 
wards subtract n; or first subtract n and then add m. 

71. Though connecting quantities by their signs is all 
which is essential to addition ; yet it is desirable to make the 
expression as simple as may be, by reducing several terms to 
one. The amount of Sa, and 66, and 4a, and 56, is 

Sa+eb+4a+5b. 
But this may be abridged. The first and third terms may 
be brought into one; and so may the second and fourth. 
For 3 times a, and 4 times a, make 7 times a. And 6 times 
6, and 5 times 6, make 1 1 times 6. The sum when reduced 
is therefore 7a+l 1 6. 

For making the reductions connected with addition, two 
rules are given, adapted to the two cases, in one of whicb, 
the quantities and signs are alike, and in the other, the quan- 
tities are alike, but the signs are unlike. Like quantities 
are the same powers of the same letters, (XrU 45.) But 
as the addition of powers and radical quantities will be con- 
sidered in a future section, the examples given in this place, 
will be all of the first power. 

72. Case I. To reduce several terms to one, when 

THE QUANTITIES ARE ALIKE, AND THE SIGNS ALIKE, ADD THE 
co-efficients, annex the common LETTER OR LETTERS, 
AND PREFIX THE COMMON SIGN. 

Thus to reduce 36-J-76, that is -f.36-4-76 to one term, add 
the co-efficients 3 and 7 ; to the sum 10, annex the common 
letter 6, and prefix the sign -f-. The expression will then 
be -f-106. That 3 times any quantity, ana 7 times the same 
quantity, make 10 times that quantity, needs no proof. 



be Sxy 76- 



Examples. 
xy ry-\-3abh cdxy- 



26c 7rF2/ Sb^Sxy 3ry-[- ^^ 2cdxy-]~ mg 
96c xy 2b-{'2xy 6ry-j-4a6^ Scdxy-^-lmg 



36c 2xy 664-5a^ 2ry- 



abh Jcdxy- 



•3mg 



8mg 



156c 236-flla;j/ I5cdxy+I9mg 

The mode of proceeding will be the same, if the signs are 
negative. 

Thus - 36c - 6c - 56c, becomes, when reduced, - 96c, 
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And - oar - Sax - 2aar=- Qax. Or thus, 

-36c - ax -2afr~ my -SacA-8fc(fy 

- 6c - 3(KP — a6 - imy — ac^ - 6dy 

-obc -2(M? -7a6-8my --Sach-lbdy 



-96c -10a6-12my 



73. It may perhaps be asked here, as in art. 68, what pro- 
priety there is, in addmg quantities, to which the negative 
sign is prefixed ; a sigir which denotes subtraction ? The an- 
swer to this is, that when the negative sign is applied to sev- 
eral quantities, it is intended to indicate that th^se quantities 
are to be subtracted, not from each other^ but from some otJier 
quantity marked with the contrary sign. Suppose that, in 
estimating a man's property, the sum of money in his pos- 
session is marked +, and the debts which he owes are mark- 
ed -. If these debts are 200, 300, 500 and 700 dollars, and 
if a is put for 100; tliey will together be -2a -3a -5a -7a. 
And the several tenns reduced to one, will evidently be 
- 17a, that is, 1700 dollars. 

74. Case II. To reduce several terms to one, when 

THE QUANTITIES ARE ALIKE, BUT THE SIGNS UNLIKE, TAKE 
THE LESS CO-EFFICIENT FROM THE GREATER; TO THE DIF- 
FERENCE, ANNEX THE COMMON LETTER OR LETTERS, AND 
PREFIX THE SIGN OF THE GREATER CO-EFFICIENT. 

Thus, instead of 8a -6a, we may write 2a. 

And instead of 76 - 26, we may put 56. 

For the simple expression, in each of these instances, is 
equivalent to the compound one for which it is substituted. 
To +66 +46 56c 2hm -dy+6m 3A- dx 

Add -46 -66 -76c -9/im 4^1/- m 5h+4dx 



Sum+26 - 26c Sdy+5m 



75. Here again, it may excite surprise, that what appears 
to be subtraction, should be introduced under addition. But 
according to what has been observed, (Art. 66.) this subtrac- 
tion is strictly speaking, no part of the addition. It belongs 
to a oonsequent reduction. Suppose 66 is to be added to 
a - 46. The sum is a - 46+66. (Art. 69.) 

But this expression may be rendered more simple. As it 
now stands, 46 is to be subtracted from a, and 66 added. 
But the amount will be the same, if, without subtracting any 
thing, we add 26, making the whole a+26. And in all sim* 
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ilar instaucesjiy the balance of two or more quantities, may l>e 
substituted for the quantities themselves. 

77. If two equal quantitieif have corOrary signs, they de- 
stroy each other, and may be cancelled. Thus 4-66 ^ 6b 

=0 : And 3x6 - 18=0 : And 7bc - 76c=0. 

Let there be any two quantities whatever, of which a is 
the greater, and b the less. 

Their sum will be a^b 

And their difference a - 6 



The sum and difference added, will be Sa-4-0, or simply 
2a. That is, if the sum and difference of any two quantities 
be added together, the w?iole will be twice the greater quan- 
tity. This is one instance, amon^ multitudes, of the rapidity 
with which general truths are discovered and demonstrated 
in algebra. (Art. 23.) 

78. If several positive, and several negative quantities are 
to be reduced to one term ; first reduce those which are posi- 
tive, next those which are negative, and then take the aiffer' 
enee of the co-efficients, of the two terms thus found. 

Ex. 1. Reduce 186+664 6 - 46 - 66 - 76, to one term. 

By art. 72, 136+66+ 6= 206 > 
And -.46-56-76=:-1665 

By art. 74, 206-1 66=46, which is the value 

of alJ the given quantities, taken together. 

Ex. 2. Reduce Say - afy+2ay - 7ay+4a:y - Qxy-^-lxy - 6xy. 

The positive terms are Sxy The negative terms are - xy 

2xy - Ixy 

Axy "^xy 

7xy -6xy 

And their sum is 16a:y '-2Sxy 

Then lexy - 23a:y = - 7ai/ 

Ex. 3. Sad-ead+ad+7ad-2ad+9ad-Sad'-4ad=0. 

4. 2a6m-a6m+7a6m-3a6Tn+7a6m= 

5. axy - 7aa:y+8airy - axy - Saxy-]-9axy = 

79. If the lettersy in the several terms to be added, are 
different, they can only be placed after each other, with their 
oroper signs. They cannot be united in one simple term 
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If 46, and - Gv, and Sx, and 17 hj and - 5dy and 6, be added ; 
tkeir sum will be 

46 - 6y+S«+17A - 5cI+6. (Art. 69.) 

Diflferent letters can no more be united in the same term, 
than dollars and guineas can be added, so as to make a 
single sum. Six guineas and 4 dollars are neither ten guineas 
nor ten dollars. Seven hundred and live dozen, are neither 
12 hundred nor 12 dozen. But, in such cases, the algebraic 
signs serve to show how the different quantities stand related 
to each other ; and to indicate future operations, wliich are 
to be performed, whenever the letters are converted into 
numbers. In the expression a+C, the two terms cannot be 
united in one. But if a stands for 15, and if, in the course 
of a calculation, this number i^ restored ; then a-|-6 will be- 
come 15+6, which k equivalent to the single term 21. In 
the same manner, a - 6, becomes 15-6, which is equal to 9. 
The signs keep in view the relations of the quantities till an 
opportunity occurs of reducing several terms to one. 

.80. When the quantities to be added contain several terms 
which are alike, and several which are unlike, it will be con- 
venient to arrange them in such a manner, that the similar 
terms may stand one under another. 

To 36c - 6d+26 - 3y ) These may be arranged thus : 

Add - 36c+ar - Sd+bg [ 36c - 6d+2b - 3y 

And 2d+y+Sx+b ) -36c-3(i + ^c+bg 

2d + y+^x +6 

The sum will be - 7d + 26 - 2y+4a:+6g+ 6. 

Examples. 

1. Add and reduce ab+S to c(J-3 and 5a6-4m+2. 
The sum is 6a64-7+c J - 4m. 

2. Add ar+3y - da:, to 7 - a: - S+hm. 
Ans. Sy - dx - l-^-hm. 

3. Add a6m-3a;-f-6m, to y-ar+7 and 5a:-6y+9. 

4. Add Sam+e-7xy-Sy to 10a:y-94-5am. 

5. Add 6ahy+7d'-l+mxy, to 3aAi/ -7^+17 -ma:i/ 

6. Add 7ad - h+Sxy - ad, to 5ad-{-h - 7xy. 

7. Add 3a6 - 2ay+a;, to ab - ay-\-hx - h. 
8 Add 26y - Siix+2a, to 36a? - by+a. 
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SUBTRACTION. 

Art. 81. ADDITION is bringing quantities together, to 
find their amount. On the contrary, SUBTRACTION is 

FINDING THE DIFFERENCE OF TWO QUANTITIES, OR SETS 
OF QUANTITIES. 

Barticular rules might be given, for the several cases in 
subtraction. But it is more convenient to have one general 
rule, founded on the principle, that to/cmg away a podtive 
quantity, from an algebraic expression, is the same in effect, 
as annexing an equal negative quantity ; and taking away 
a negative quantity is the same, as annexing an equal posi- 
tive one. 

Sup^e -{-b is to be subtracted from a-^-b 

Talcing away -f-*> from a-f-6, leaves a 

And annexing - 6, to o-fft, gives a+ft - b 

But by axiom 5th, a-{'b^b is equal to a 

That is, taking away a pasitioe term, from an olpehraie 
expression, is the same in effect, as annexing an equal tie^^o- 
tks term. 

Again, suppose - 6 is to be subtracted from a - 6 
Taking away - b, from a - 6, leaves a 

And annexing -}-&» to a- b, gives a- &4~^ 

But a- 6-|-6 is equal to a 

That is, taking away a negative term, is equivalent to an^ 
nexing a positive one. If an estate is encumbered with a 
debt ; to cancel this debt is to add so much to the value of 
the estate. Subtracting an item from one side of a book ac- 
count, will produce the same alteration in the balance, as 
adding an equal sum to the opposite side. 
To place this in another point of view. 
If in is added to i, the sum is by the notation b+m > 
But if m is subtracted from b, the remainder is 6 - m J 
So if m and h are each added to 6, the sum is b'\-m--^h ^ 
But if m and h are each subtracted from 6, the ^ 

remainder is 6-m-A ) 
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The only difference then between addhig a positive quan- 
tity and subtracting it, is, that the sign is changed from -f- 
to -, 

Again, if m-n is subtracted from 6, the remainder is, 

6— w+n. 
For tlie less the quantity subtracted, the greater will be the 
remainder. But in the expression m - n, m is diminished by 
n ; therefore, fc - m must be increased by n ; so as to become 
6-m-|-n: that is, nt'-n is subtracted from fe, by changing 
+m into -m, and -n into +n, and then writing them after 
6, as in addition. The explanation will be the same, if there 
are several quantities which have the negative sign. Hence, 

82. To PERFORM SUBTRACTION IN ALGEBRA, CHANGE THE 
SIGNS OF ALL THE QUANTITIES TO BE SUBTRACTED, OR. SUP- 
POSE THEM TO BE CHANGED, FROM -|- TO ~, OR FROM - TO 4*9 
AND THEN PROCEED AS IN ADDITION. 

The signs are to be changed, in the subtrahend only. 
Those in the minuend are not to be altered. Although tlie 
rule here given is adapted to every case of subtraction ; yet 
there may be an advantage in giving some of the examples 
in distinct classes. 

83. In the first place, the signs may be ctLike^ and the min- 
uend greater than the subtrahend. 

Prom +28 16& 14da -28 -16i -14rfa 

Subtract -fl6 126 ^da -16 -12& -6cfa 
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Difference -fl2 46 Sda -12 -46 ^Ma 

Here, in the first example, the + before 16 is supposed 
to be changed into -, and then, the signs being unliKe, the 
two terms are brought into one, by the second case of re- 
duction in addition. (Art. 74.) The two next examples 
are subtracted in the same way. In the three last, the - in 
the subtrahend, is supposed to be changed into +. It may 
be well for the learner, ait fiist, to write out the examples ; 
and actually to change the signs, instead of merely con- 
ceiving thehi to be changed. When he has become familiar 
with the operation, he can save himself the trouble of tran- 
scribing. , ^ 

This case is the same as subtraction in arithmetic. The 
two next cases do not occur in common qjithmetic. 

84. In the second place, the signs may be alike, and the 
minuend less than the subtrahend. 
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Prom +166 126 6da -16 -126 - 6rfa 
Sub. +286 166 144a -28 -166 -14dfa 



Dif. -126 -46 --Sdip +12 46 8da 

Tlue same quantities are given here, as in the preceding 
article, for the purpose of comparing them together. But the 
minuend and subtrahend are made to change places. The 
mode of subtracting is the same. In this class, a greater 
quantity is taken from a less : in the preceding, a less from a 
greater^ By comparing them, it will be seen, that there is no 
difference in the answers, except that the signs are opposite. 
Thus 166- 126 is the same as 126-166, except that one is 
+46, and the other -46: That is, a greater quantity sub- 
tracted from a less, gives the same result, as a less subtracted 
from a greater, except that the one is positive, and the other 
negative. See Art. 68 and 59. 

85. In the third place, the s^ns may be unlike. 

From +28 +166 +14Ai -28 -166 -l4da 
Sub. -16 -126 - 6da +16 +126 + Gda 

Dif.' +44 286 20da -44 -286 -20(ia 

From these examples, it will be seen that the difference 
between a positive and a negative quantity, may be greater 
than either of the two quantities. In a thermometer, the dif- 
ference between 28 degrees above cypher, and 16 below, is 
44 degrees. The difference between gaining 1000 dollars in 
trade, and losing 500, is equivalent to 1500 dollars. 

86. Subtraction msLy he proved, as in arithmetic, by adding 
the remainder to the subtrahend. The sum ought to be equcd 
to the minuend, upon the obvious principle, that the difference 
of two quantities added to one of them, is equal to the other 
This serves not only to correct any particular error, but to 
verify the general rule. 

From 2x1/ -1 &+36a? Ay- ah nd^lby 

Sub. -^xy+l Sh-Mx 5hy-6ah • Snd-- by 

Dif. Say "8 ' ' -4Ay+5GA 

From Sa6m- xy -17+4aap ar+ 76 SoA+oj^ 

Sub. -7a6wv+6ai/ -20- ax -4aar+15* -7aA+aay 

Rem. 10a6m-7ay m Box-- 86 
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87. When there ar« several terms oiifce, they may be re* 
duced as in addition. 

1. From ab subtract Sam-\'am-\'7am-\'2am^6am, 

Ans. a6-3aw-am-7am-2afn-6am=a6-19ani. (Art. 72.) 

2/ From y, eubtract-a-a-a-a. 

Ans. y-t"H-H-^^=y+4^' 

8. From aa:-6c4-3(M?4-76c, subtract 4bC'^2ax-{-bc-^4ax. 

Ans. (IX - 6c4-3ap+76c - 4bc-<(-2aa; - 6c - 4arrr 2aa;-|-6c. 
(Art. 78.) 

4. From a^+Sdc-bxj subtract S<id+7bx^dC'^ad. 

88. When the letters in the minuend are different from 
those in the subtrahend, the latter are subtracted, by first 
changing the signs, and then placing the several terms one 
after another, as in addition. {Art. 79.) 

From ScUf-^-^my-^-dk, subtract x-<lr-|-4%-fcmx. 

Ans. Sab-\'8'^my'\-dh'^x-^it'^4hy-{'bmx. 

88. b. The sign-, placed before the marks of parenthesis^ 
which include a number of quantities, requires, that when 
these marks are removed, the signs of aU the quantities thus 
included, should be changed. 

Thus a- (b^c-^-d) signifies that the quantities 6^ •*£, «nd 
^dy are to be subtracted from a. The eacpression vnSL then 
become a - 6-(-c - d. 

2. 13a<l+ay4-rf-(7arf-ay4-d+Aifi--ry)==6ad4-2xy-fe» 

8. 7o6c - 8-|-7x - (Sabc - 8 - dx+r) = Aabc+7x+dx - r. 

4. 3a<iffc-2y-(7y+3A-tna?+4aJ-Ay-ad) = 

5. 6ani-(ly+8-(16+3rfy-84-am-c+r) = 

6. 7cy^2x+5--{4+h^ay+s>+Sb)=z 

88 c. On the other hand, when a number 0f quantities are 
mtroduced within the marks of parenthesis, ivrith*- immedi- 
ately preceding; the signs must be changed. 

Thus -fii-f-6^ dx+Shzzz - (m - b+dr- SA.) 
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MULTIPLICATION.* 

Art. 8% In addition, one quantity is connected with an- 
other. It is frequently the case, that the quantities brought 
together are equal; that is, a quantity is added to k9elf. 

As a^a=2a a^a'\-a-^a=:4a 

a4-a-|-a=Sa a-j-a-j-a-j-a-f a=da, &c. 

This rej^ated addition of a quantity to itself, is what was 
originally called mulHplication. But the term, as it is now 
used, has a more extensive signification. We have frequent 
occasion to repeat, not only the whole of a quantity, but a 
certain porHon of it. If the stock of an incorporated com- 
pany is divided into sliares, one man may own ten of them, 
another five, and another a part only of a share, say two- 
fifths. "When a dividend is made, of a certain sum on a 
share, the first is entitled to ten times this sum, the second to 
five times, and the third to only two-JiftlU of it As the ap- 
portioning of the dividend, in each of these instances, is 
upon the same principle, it is called muhiplication in the 
last, as well as in the two first. 

Again, suppose a man is obligated to pay an annuity of 100 
dollars a year. As this is to be subtructed horn his estate, it 
may be represented by -a. As it is to be subtract^ year 
after year^ it will become, in four years, -a-^a-a- a= - 4a. 
This repeated subtraction is also called multipUcation. Ac- 
cording to the view of the subject; 

90. MULTIPLTING BY A WHOLE NITMBER IS TAKING THE 
MULTIPLICAND AS MANT TIMES, AS THERE ARE UNITS IN THE 
MULTIPLIER. 

Multiplying by 1, is taking the multiplicand once, as a. 
Multipljdng by 2, is taking the multiplicand twkey as o-f-tf. 

!'■'■■ II. ■! 1 

* Newton's Uniyenal Arithmetic, jp. 4w Maseres on the Negative Sign, 
Sec II. Camus' Arithmetic, Book 11. Chap. 3. Eider's Algeora. Sec I 
n. Chap. S. Simpson's AJgebra, Sec lY. Maclaurin, Saunderson, Ti*»^j'"% 
Ludlam. 
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Multiplying by 3, is taking the multiplicand three timesy as 

o+a-f-a, &c. 

Multiplying by a FRACTION is taking a certain 
PORTION OF THE multiplicand as many times, as there 
' are like portions of a unit in the multiplier.* 
Multiplying by J, is taking ^ of the multiplicand, once^ as |a. 
Multiplying by |, is taking ^ of the midtiplicand, twkey as 

Multiplying by |, is taking \ of the multiplicand, three times. 
Hence, if the multiplier is a utdt^ the product is equal to 
the multiplicand : If the multiplier is greater than a miit, the 
product is greater than the multiplicand : And if the multipli- 
er is less than a unit, the product is less than the multiplicand. 

Multiplication by a NEGATIVE quantity, has the 

SAME RELATION TO MULTIPLICATION BY A POSITIVE QUANTITY, 

WHICH SUBTRACTION has to addition. In the one, the 
^. sum of the repetitions of the multiplicand is to be added, to 
the other quantities with which this multiplier is connected. 
In the other, the sum of these repetitions is to be svhtracted 
from the other quantities. This subtraction is performed at 
the time of multiplying, by changing the sign of the pro- 
duct. See Art. 107 and 108. 

91. Every multiplier is to be considered a number. We 
sometimes speak of multiplying by a given weight or measure, 
a sum of money, &c. But this is abbreviated language. If 
construed literally, it is absurd. Multiplying is taking either 
the whole or a part of a quantity, a certain number of tmes. 
To say that one quantity is repeated as many times, as an- 
other is heavy, is nonsense. But if a part of the weight of a 
body be fixed upon as a unit, a quantity may be multiplied 
by a numbei' equal to the number of these parts contained 
in the body. If a diamond is sold by weight, a particulai 
price may be agreed upon for each grain, A grain is here 
the unit ; and it is evident that the value of the diamond, is 
equal to the given price repeated as many times, as there are 
giains in the whole weight. We say concisely, that the price 
is multiplied by the weight : meaning that it is multiplied by 
a number equal to the number of grains in the weight. In a 
similar manner, any quantity whatever may be supposed to 
be made up of parts, each being considered a unit, and any 
number of these may become a multiplier. 

* Sm Note C. 
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92. As multiplying is taking thc^ whole or a part of n 
quantity a certain number of times, it is eyident that the 
product^ must be of the same nature as the multiplicand. 

If the multiplicand is an abstract number; the product will 
be a number. 

If the multiplicand is weighty the product will be weight. 
If the multiplicand is a Kne, the product will be a line. JRe- 
peating a quantity does not alter its nature. It is frequently 
said, tnat the product of two Unes is a surface^ and that the 
product of three lines is a solid. But these are abbreviated 
expressions, which if interpreted literally are not correct. 
See Section xxi. 

93. The multiplication of fractions will be the subject of 
a future section. We have first to attend to multiplication 
by positive whole numbers. This, according to the defini* 
don (Art. 90.) is taking the multiplicand as many times, as 
there are units in the multiplier. Suppose a is to be multi- 
plied by 6, and that b stands for 3. There are then, three 
units in the multiplier b. The multiplicand must therefore 
be taken three times ; thus, a^-o-j-a^Sa, or ba. 

So that, mtdtiplying tioo letters together is nothing more^ 
than wriHng them om after the other ^ either with, or without 
the sign of multiplication between them. Thus b multiplied 
into c IS bx<^9 or be. And x into y, is a;Xy> or ar.y, or sy, 

94. If more than two letters are to be multiplied, they 
must be connected in the same manner. Thus a into 6 and 
<?, is cba* For by the last article, a into 6, is 6a. This mo* 
duct is now to be multiplied into c, U t stands for S, then 
ba is to be taken five times thus, 

ba^ba^ba^ba^bazx^She^ or cha. 

The same explanation may be applied to any number of 
letters. Thus, am into xy^ is amxy. And bh into mrx^ is 
bhmrx, 

95. It is immaterial in i^Aat order the letters are arranged 
The product ba is the same as ab. Three times five is equal 
to five times three. Let the number 5 be represented by as 
many points^ in a horizontal line ; and the number 3, by aa 
many points in a perpendicular line. 



Here it is evident that the whole number of points is equal, 
either to the nimiber in the horizontal row three times repeat- 

4* 



I 



34 ALQEBRA. 

cd, or to the uumbei* in the perpendicular row five tinies re- 
peated ; that IS, to 5 X 3) or 3 X d* This explanation may be 
extended to a series of factors consisting of any numbers 
whatever. For the product of two of the factors may be 
considered as one number. This may be placed before or 
after a third factor : the product of three, before or after a 
fourth, &c. 

Thus 24=4x6 or 6x4=4x3x2 or 4x2x3 or 2x3x4. 

The prooUct of a, 6, c, and d, is abcdy or acdh^ or dcha^ or iadc. 
It will generally be convenient, however, to place the letters 
in alphabetical order. 

96. When the letters have numerical CO-EFFI- 
CIENTS, THESE MUST BE MULTIPLIED TOGETHER, AND 
PREFIXED TO THE, PRODUCT OF THE LETTERS. 

Thus, 3a into 26, is Qab, For if a into h is a&, then 3 times 
a into i, is evidently 3a6 : and if, instead of multiplying by 
i, we multiply by twice 6, the product must be twke as great; 
that is 2x3afc or 6a6. 

Mult. da6 \2hy Sdh 2ad 7bdh Say 

Into dxy 2rx my IShmg x Smx 

Prod. 21ahxy idfimy 7bdhx 

--97. If either of the factors consists of figures ordy^ these 
must be multiplied into the conefficients and letters of th« 
other factors. 

Thus Sab into 4, is 12a6. And 36 into 2:r, is 72:tr. And 
24 into hy, is 24%. 

98. If the multiplicand is a compound quantity, each of its 
terms must be multiplied into the multipUer. Thus 6-|-c-j-d 
into a is ab-^-ac-^-ad. For the whole of the multiplicand is 
to be taken as many times, as there are units in the multi- 
plier. If then 0, stands for 3, the repetitions of the multipli- 
cand are, 

b+c+d 

^ b+c+d 
b+c+d 

And their smn is 36-f-3c-f-3(i, that is, oi-f ac-forf. 
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Malt. d-\-2xy SA+m SJd+l SAm+Sf* 

Into 36 6dy my 46 

Prod Sbd-\-6bxy Shlmy-\'my 



99. The preceding instances must not be confounded 
with those in which several factors are connected by the 
sign X 9 or by a point. In the latter case, the multiplier la 
to be wntten before the other factors vntl^out beh^ repeated. 
The product of bxd into a, is a6 x c^, and not abx(^- For 
6x^ is bd^ and this into a, is abd, (Art. 94.) The expression 
6xd is not to be considered, like 6+d, a compound quantity 
consisting of two terms. Different terms are always separ^v- 
ted by+or-. (Art. 36.) The product of bx^Xf^Xy i»^- 
to a, is axbX^X^Xy or abhmy. But b-{-h-\-m'\-y into a, 
is ab-\-ahr^am-\-ay. 

100. If both the factors are compound quantities, each 
term in the multiplier must be multiplied into each in the mvlti- 
plicand. ' 

Thus a-|-6 into c-fd is ac-^ad-^-bc-^bd. 

For the units in the multiplier a-f-6 are equal to the units 
in a added to the units in 6. Therefore the product produ* 
ced by a, must be added to the product produced by 6. 
The product of c-{-d into a is ac-\-ad > a -♦ Oft 
The product of c+d into 6 is bc+bd J ^^^' ^^* 
The product of c-j-d into a-|-6 is therefore ac-4-ad-|-6c-|-6({l 

Mult. Sx+d 4as+26 o-j-l 

Into 2a-\-hm ' 3c -\-rx Sx-\-4 



Prod. 6ax+2ad+Shmx+dhm 3ax+Sx+4a+4 

Mult. 2h+7 into 6d+l. Prod. l2dh+i2d+2h+7. 
Mult. dy'{-rx'{'h into 6mr^4-\-7y. Prod. 
Mult. 7+664-(Mi into Sr+4+2^ Prod. 

101. When several terms in the product are alikSf it will 
be expedient to set one under the other, and then to unite 
them, by the rules for the reduction in addition. 



36 ALGEBRA. 

Mult b+a b+c+2 a+ y+1 

Into b+a b+c+S Sb+2x+7 

bb+ab ' bb+bc+2b 

4-a6+oa be -|-ec+2c 

4-36 -I-3C+6 



Prod. bb-^2ab+aa bb+2bc+5b+(x+5c+e 



Mult. Sa+d+4 into 2a+3(i+ 1 . Prod. 
Mult. b+€d+2inioSb+4cd+7. Prod. 
Mult. Sb+2x+h into ax^X^^- Prod. 

103. It will be easy to see that when the multiplier and 
multiplicand consist of any quantity repeated as a factory this 
factor will be repeated in the product, as many times as in 
the multiplier and multiplicand together. 

Mult ax^X^ Here a is repeated three times as a factor. 
Into . ax^ Here it is repeated twke. 

Prod. ax<»X«XaXfl- Here it is repeated five times. 

The product of bbbb into bbby is bbbbbbb. 
The {product of 2a:x3a:X4« into 5a:x6ar, is 2xXSa?x4a?X 
5xX^^- 

104. But the numeral co-efficients of several fellow-factonr 
may be brought together by multiplication. 

Thus 2ax36 into 4ox56 is 2ax36x4ax56, or 120aa65. 

For the co-efficients oxefactorsy (Art 41.) and it is imma- 
terial in what order these are arranged. (Art. 95.) So thai 
2ax36x4ax56=2x3x4x5Xaxax6x6=120aaW. 

The product of 3ax46A into 5»ix6y, is 360abhmy. 

The product (rf 46 xM into 2x+\y is 4Sbdx+24bd. 

105. The examples in multiplication thus far have been 
confined to positive quantities^ It will now be necessary to 
consider in what manner the result will be affected^ by mul- 
tiplying positive and negative quantities together. We shall 

That + into -f- produces -j- 

- into + - 
-f- into — - 

- into - 4" 
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All these may be comprised in one general rule, which it 
will be important to have always familiar. If the signs of 

THE factors are ALIKE, THE SIGN OF THE PRODUCT WILL 
BE AFFIRMATIVE ; BUT IF THE SIGNS OF THE FACTORS ARE 
UNLIKE, THE SIGN OF THE PRODUCT WILL BE NEGATIVE. 

106. The first case, that of + into -|-> needs no farther 
illustration. The second is - into -f-> that is, the multipli- 
cand is negative, and the multiplier positive. Here - a 
into -f-4 is - 4a. For the repetitions of the multiplicand are, 

-a-a-a-a=-4a. 
Mult. 6-Sa 2a-m • A-S(i-4 a-2-.7d-« 

Into Qy Sh+x 2y Sb+h 



Prod eby-lSay 2%-6(2y-8y 



107. In the two preceding cases, the afiSrmative sign pre- 
fixed to the multiplier shows, that the repetitions of the mul- 
tiplicand are to be added to the other quantities with which 
the multiplier is connected. But in the two remaining cases^ 
the negative sign prefixed to the multiplier, indicates that 
the sum of the repetitibns of the multiplicand are to be ^- 
tracted from the other quantities. (Art. 90.) And this sub- 
traction is performed, at the time of multiplying, by making 
the sign of the product opposite to that of the multiplicand. 
Thus +a into -4 is -4a. For the repetitions of the multi- 
plicand are, 

-|-a-|-a-{-a-{-a= -f-4a. 

But this sum is to be subtracted^ firom the other quantities 
with which the multiplier is connected. It will then become 
-4a. (Art. 82.) 

Thus in the expression 6-(4x^) it is manifest that4x<> 
is to be subtracted from b. Now 4x» is 4a, that is +4a. 
But to subtract this from 6, the sign + ninst be changed 
into -. So that 6-(4xa) is 6 -4a. And ax -4 is there- 
fore - 4a. 

Again, suppose the multiplicand is a, and the multiplier 
(6-4.) As (6-4) is equal to 2, the product will be equal 
to 2a. This is less than the product of 6 into a. To obtain 
then the product of the compound multiplier (6-4) into a, ^ 
we must subtract the product of the negative part, from tliai 
of the positive part. 
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Multiplying • ^ i^ the same as i Multiplying a 
Inta 6-4 J '^ *'*® ^°^^ ^ i Into 2 

And the product 6a -40^ is the same as the product 2a. 

Therefore a into - 4, is - 4a. 

But if the multiplier had been (6-|-4,) the two products 
must have been added. 

Multiplying f^ I is the same as J M^l^iplj^g « 

Into. 6+4 5 ^ "^® ^^^ ^^ Unto 10 

And the prod. 6a-f-4a is the same as the product 10a. 

This shows at once the difference between multiplying by 
?i posUioe factor, and multiplying by a negative one. In the 
former case, the sum of the repetitions of the multiplicand is 
to be added to, in the latter, subtracted from, the other quan^ 
titles, with which the multiplier is connected. For every 
negative quantity must be supposed to have a reference to 
some other which is positive; though the two riKiy not 
always stand in connection, when the multiplication is to be 
performed. ^ 

Mult, o-fi Sdy+hx+2 Sh+S 

Into b-x wr-ab ad"- 6 



Prod, ab+bb --ax-bx Sadh+Sad - 18A - 18 

108. If ttoo negatives be multiplied together, the product 
will be affirmative : - 4x-«=+4a. In this case, as in the 
preceding, the repetitions of the multiplicand are to be sTib- 
tracted, because the multiplier has the negative sign. These 
repetitions, if the multiplicand is -a, and the multiplier -4, 
are -a-a-a-a=-4ja. But this is to be subtracted by 
changing the sign. Jt then becomes •4-4a. 

Suppose -a is multiplied into (6-4.) As 6~4r=2,.the 
product is, evidently, tioice the multiplicand, that is, -2a. 
But if we multiply - a into 6 and 4 separately ; - a into 6 
is - ^a, and - a into 4 is - 4a. (Art. 106.) As in the multi- 
plier, 4 is to be subtracted from 6 ; so, in the product, - 4a 
must be subtracted from - 6a. Now - 4a becomes by sub- 
traction +4a. The whole product then is - 6a-4-4a which is 
equal to - 2a. Or thus, 

Multiplying - a ) . , < Multiplying - a 

Into 6-45^®^^® ^^"^^^ ^ i Into 2 

And the prod. - 6a-{-4a, is equal to the product - ^ 
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It is often considered a great mystery, that the product of 
two negatives should be affirmative. But it amounts to no- 
thing more than this, that the subtraction of a nega|ive quan- 
tity, is equivalent to the addition of an affirmative one; 
(Art. 81.) and, therefore, that the repeated subtraction of a 
negative quantity, is equivalent to a repeated addition of an 
affirmative one. Taking off from a man's hands a debt of 
ten doUai's every month, is adding ten dollars a month to the 
value of his property. 

Mult. a-4 Sd-'hy^2x Say-b 

Into 36-6 46-7 6ar-l 



Prod. Sab - 126 - 6a+24 ISaxy - 66a? - 3ay4.6 

Multiply Sad - aA - 7 into 4 - dy - Ar. 
Multiply 2hy+&m - 1 into 4d - 2a:+3. 

1 09. As a negative multiplier changes the sign of the quan- 
tity which it multiplies ; if there are several negative factors 
to be multiplied together. 

The two first will make the product positive; 
The third will make it negadve; 
The fourth will make it posOi/vey &c. 

Thus »- ax - 6=4-^ 1 ftyto factocHk 

+a6cc(X - e= - a6ccfc J [ fa^' 

That is, the product of any even number of negative fac* 
tors 18 positive; but the^product of any odd number oif nega- 
tive factors is negfm»e. 

Thus-ax -a=3aa And-ax-^X-^X-a=aa«a 

-ax -ax -a=:~aaa -ax -^X -flX-flX-a=-fl<waa 
The product of several factors which are eAlposUvvef is in- 
variably positive. 

110. Positive and negative terms may frequently balance 
each other, so as to disappear in the product. (Art. 77.) A 
star is sometimes put in the place of a deficient tenn. 
Mult, a- 6 mm- 2^ aa^ab-^-bb 

Into a-f-6 mm'\-yy a- 6 

aa-a6 aaa-{-aa64-a66 

+a6 - 66 - aa6 - a66 - 666 



Prod.aa * -66 aaa * * -666 
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111. For many purposes, it is suficient merely to mdkatfi 
the multiplication of compound quantities, without actually 
multiplyi|ig the several/terms. Thus the product of 

«-|-6-j-c into ft-f-m-fy, is («+fc+c) x (^+w*+y-) (Art. 40.) 
The product of 
a-f-w* into h-^-x and rf+y> is (o+ws) X (^+^) X (^+y') 

By this method of representing mulj;iplication, an important, 
advantage is often gained, in preserving the factors distinct 
from each other. ^ 

When the several terms are multiplied in fonn, the expres 
sion is said to he expanded. Thus, 

(a+6) X (<^+^) becomes when expanded ac-{'ad'\'bc-^bd 

112. With a given multiplicand, the less the multiplier, 
the less will be the product. If then the multiplier be 
reduced to nothings the product will be nothing. Thus axO 
=0. And if be one of any number of fellow-factors, the 
product of the whole will be nothing. 

Thus, a6xcx3(JxO=3a6ccIxO=0. 

And (a4-6)x(c+d)x(A-m)xO=0. 

113. Although, for the sake of illustrating the different 
points in multiplication, the subject has been drawn out into 
a considerable number of particulars ; yet it will scarcely be 
necessary for the learner, after he has become familiar with 
the examples, to burden his memory with any thing moie 
than the following general rule. 

Multiply the letters and co-efficients of each term 

fN THE MULTIPLICAND, into THE LETTERS AND CO-EFFICIENTS 
of each term in THE MULTIPLIER; AND PREFIX TO EACH TERM 
OF THE PRODUCT, THE SIGN REQUIRED BT THE PRINC IPLE, THAT' 
LIKE SIGNS PRODUCE-f-> AlfD DIFFERENT SIGNS - . 

1, Mult, 04-36 - 2 into 4a - 66 - 4. 

2. Mult. 4a6xa?X2into 3wiy-l+A. 

& Mult. (7aA-y)x4into4a:x3x5x<t 

4. Mult. (6a6-W+l)x2into(8+4a?-l)x<i. 

5. MulU 3ay+2/-4+Ainto ((i4-a:)x('i4-yO 

6. Mult. 6aa?-(4A-rf) into (64.1)x(A+l.)» 

7. Mult. 7ay-l+fcx(<i-«)into -(r+3-4m.) 
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DIVISION. 



Art. 114. IN multiplication, we have two factors given, 
and are required to find their product. By multiplying the 
factors 4 and 6, we obtain the product 24. But it is fre- 
quently necessary to reverse this process. The number 24, 
and one of the factors may be given, to enable us to find the 
other. The operation by which this is effected, is called 
Division. We obtain the number 4, by dividing 24 by 6. 
The quantity to be divided is called the dividend ; the given 
factor, the divisor ; and that which is required, the quotient. 

115. DIVISION IS FINDING A QUOTIENT, WHICH MULTI- 
PLIED INTO THE DIVISOR WILL PRODUCE THE DIVIDEND.* 

In multiplication the multiplier is always a number. (Arti 
91.) And the product is a quantity of the same kind, as the 
multiplicand. (Art. 92.) The product of 3 rods into 4, is 12 
rods, '^^lien we come to division, the product and either of 
the factors may be given, to find the other : that is. 

The divisor may be a number, and then the quotient will 
be a quantity of the same kind as the dividend ; or. 

The divisor may be a quantity of the same kind as the 
dividend ; and then the quotient will be a number. 

Tluis 12 rods'^4=:3 rods. But 12 rods-^rods^i. 

And 12 rods-^24=jrod. And 12 rods'i'24 rod8c=:\ 

In the fiist case, the divisor being a number, shows into 
how many parts the dividend is to be separated ; and the quo- 
tient shows what these parts are. 

If 12 rods be divided into 3 parts, each will be 4 rods long. 
And if 12 rods be divided into 24 parts, each will be half a 
rod long. 

In tJie other case, if the divisor is less than the dividend, 
the former shows into what parts the latter is to be divided ; 
and the quotient shows how many of these parts are contained 



* The remainder is here supposed to be included in the quotient, as is 

m(m\y the case in algebra. 

5 
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m llie dividend. In other words, division in this case con- 
sists in finding how often one quantity is contained in another. 

A line of 3 rods, is contained in one of 12 rods, four times. 

But if the divisor is greater than the dividend, and yet a 
quantity of the same kind, the quotient shows what part of 
the divisor is equal to the dividend. 

Thus one half of 24 rods is equal to 12 rods. 

116. As the product of the divisor and quotient is equal to 
the dividend^ the quotient may be found, by resolving tb« 
dividend into two such factors, that one of them shall be the 
divisor. The other will, of course, be the quotient. 

Suppose abd is to be divided by a. The factor a and bd 
will produce the dividend. The first of these, being a divi- 
sor, may be set aside. The other is the quotient. Hence, 

When the divisor is pound as a factor in the divi- 
dend, THE division 18 PERFORMED BY CANCELLING THIS 
FACTOR. 



Divide ex 
By e 


dh 
d 


drx 
dr 

• 


kmy 
km 


dhxy 


abed 
b 


oBxy 
ax 


Quot. X 




X 




hx 




h 



In each of these examples, the letters which are common 
t^ the divisor and dividend, are set aside, and the other let- 
ters form the quotient. It will be seen at once, that the pro- 
duct of the quotient and divisor is equal to the dividend. 

117. If a letter is repeated in the dividend, care must be 
taken that the factor rejected be only equal to the divisor. 

Div. aab bbx aadddx aammyy aaaaxxh yyy 
By a b ad amy aaxx yy 

a— si^n^ ,^_^,„_^ ••_^_>^^>aa_^B .•^•ai^iaBan^w mm^'^^^m.^mm^m •^■_>pB^i^ 

Quct. ab addx ahx 



In such instances, it is obvious that we are not to reject 
every letter in the dividend which is the same with one in the 

divisor. 

« 

118. If the dividend consists of any factors whatevery ex- 
punging one of them is dividing by it. 
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Div. a{b+d)a{b+d) {h+x)(c+d) {b+y)x(d'-h)w 

By a b+d b+x d-7i 

Quot. t+d a c+d (^+y) X^ 



la all these instances the product of the quotient and divi- 
sor is equal to the dividend by Art, 111, 

119. In perfomiing multiplication^ if the factors oontaut 
numeral figures^ these are multipiied into each other. {Art 
96.) Thus 3« into 76 is 21 a6. Now if this process is to be 
reversed^ it is evident that dividing the number m the product, 
by the number in one of the factors, will give the number in 
tiie other factor. The quotient of 21a&-r3a is 76. Hence^ 

In division, if there are numeral co-efficUnts prefixed to the 
letters, the co^efficient of the dividend must be divided, by the co^ 
efficient of the divisor. 

Div. 6a6 I6dxy 25dhr 12:i;y S4drx 20hm 
By 26 4dx dh 6 34 m 

Mian^^^HiBa ^am^^mma^mmmm^^m ^^^m^tmmamm^m^i^ mm^^^^t^^^mm^^^ mmm^'^^m^^^^^^ ^^mim^m^m^m^ 

QuotSa fSr drx 



120. When a simple factor is multiplied into a compound 
one, the former enters into every term of the latter. (Art. 
98. ) Thus a into b-|-d, is ab-^-ad. Such a product is easily 
resolved again into its original factors. 

Thus ^+ad=ax(A+<^. 

a6+ac+aA=ax (A+^+'^)- 

amh^amx-{-amy=amx (&+a?+y). 

4ad+ Sah+ 1 2am+4ay = 4a X (<H-2A+3m+y) . 

Now if the whole quantity be divided by one of these ^tors, 
according to Art. 118, the quotient wiU be tlie other factor. 

Thus, (a6+arf)^a=6+rf. And {iab+ud)^{b+d)=za. 
Hence, 

If the divisor is contained in every term of a compotmd divi- 
dend, it must be cancetted in each. 

Div. ab-^ac bdh-^-bdy aahr^^y drx-^^'dhx'{-dxy 

By a bd a dx 



Quot. 6+c aA-f-y 



And if there are co-efficients, these must be divided, in eadi 
term also. 
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Div. 6ab+\2ac lOdry+ied 12hx+S 
By Sa 2d 4 



S5dm"\-I4d.t 
Id 



Quot. 2h+4c 



SAa:+2 



121. On the other hand, if a compound expression contain- 
ing any factor in every term^ be divided by the other qitantities 
connected by their signs, the quotient wUl be that factor. See tlie 
first part of the preceding article. 

Div. ab^ac-^ah amh-\-amx-^amy 4ab-\-Say ahm-^ahy 
By ft+c+A A-|-a?+2/ i-f^y *^+y 



Quot. a 



4a 



122. In division, as well as in multiplication, the caution 
must be observed, not to confoimd terms with factors. See 
Art. 99. 

Thusra6+ac^-ra=6+c. (Art. 120.) 
But lahXf^j'T-^^^f^c^^^^c. 
And {ab+ac)'i'(b+c)=a. (Art. 121.) 
But labX^)'T'(bXc)=aabc^bcz=:aa. 

123. In division, the same rule is to be observed 
respecting the signs, as in multiplication ; that is, 
ip the divisor and dividend are both positive, or 
both negative, the quotient must be positive : ip 
one is positive and the other negative, the quo- 
TIENT MUST BE NEGATIVE. (Art. 105.) 

This is manifest from the consideration that the product of 
the divisor and quotient must be the same as the dividend. 



Div. 
By 



lf+ax+b=+ab 

-aX+&= -cLb 

4-aX -6= -oi 

-ax -6— +a6 

8a.-. lOay 
-2a 



+ab' 
-ab- 
-ab- 



abx 
-a 



then 

+a6-r--fe= -a 
Sax - 6ay 6am x dh 



b=+a 

5= -a 

-6=+a 



3a 



-2a 



Quot. - 6a: - 4+5y 



-Smxdh= -Shdm 
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124. If the letters of the diyisor are not to be found 
IN the dividend, the division is expressed by writing 
the divisor under the dividend, in the form of a vul* 

GAR fraction. 

xy d—x 

Thus a:y-7-a= — ; and (d - a?) -f- - A= — j 

This is a method of denoting division, rather than an actual 
perfonning of the operation. But the purposes of division 
may frequently be answered, by these fractional expressions. 
As they are of the same nature with other vulgar fraction^, 
they may be added, subtracted, multiplied, &c. See the 
next section. 

125. Wlien the dividend is a compound quantity, the divi- 
sor may either be placed under the tc/ioZc dividend, as in the 
preceding instances, or it may be repeated under each temij 
taken separately. There are occasions when it will be con- 
venient to exchange one of these forms of expression for the 
other. 

Thus 6+c divided by ar, is either-^^, or 4 — . 

a+b 
And a-|-6 divided by 2, is either "~o~, that is, half the gum 

of a and b; or^+o* ^^^^ ^^> ^^® ^"^^ ^^ ^^^ ^ ^^^ ^^^^ ^* 

For it is evident that half the awn of two or more quantities, 
is equal to the sum of their halves. And the same principle 
is applicable to a third, fomth, fifth, or any other portion of 
the dividend. 



# 



So also a - 6 divided by 2, is either ^ — ^ or - _ - . 

^ ' ^^ 2 2 

For half the difference of two quantities is equal to the dif- 
ference of their halves. 

a-26+& a %b h Sa-c, Sa c 



So 



» I  



m 



% ^m'^m'T'tn '^^^ -a? ""-«^-« 



126. If some of the letters in the divisor ore in each term 
of the dividend, the fractional expression may be rendered 
more simple, by rejecting equal factors from the numftratoi 
and denominator. -^ 
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Diy. db dkx ohm -Say (A-\-bs 2am 

By ac dy ab by 2ay 

ab b hm-Sy am 

Quot. — or- — 

, ac c b xy 



These reductions are made upon the principle, that a given 
divisor is contained in a given dividend^ just as many times, 
Jis double the divisor in double the dividend ; trijple the divi- 
sor in triple the dividend, &c. See the reduction of fractions. 

127. If the divisor is in some of the terms of the dividend, 
but not in all ; those which contam the divisor may be divi- 
ded as in Art. 116, and the others set down in the form of a 
fraction. 

Thus (a64-<Q-H* is either — ^^, or — -| — , or 6+—* 

Div. dxy-\-rx'~hd 2ah-\-ad^x bm^Sy 2my-(-({& 

By ap a -fe 2m 



quot,dy+r^- -m^-ZT' 



128. The quotient of «Cny quantity £vided by itself or its, 
equal, is obviously a unii. 

Tlius-=1. And5^- = i. And7-r-r=l. And-f-r — 51 = 1. 

a oax 44-2 a-f6-3A 

Div. ax+x Sbd-Sd 4axy-4a+Sad Sab+S-Qm 

By X 3d 4a S 

Quot 0+1 xy-\-\-2d 



Cor. If the dividend is gretxtet than the divisor, the qiio- 
uent must be greatsr than a unit : But if the dividend is less 
than title divisor, the quotient must be less t/um a umt. 
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PROMISCUOUS EXAMPLES. 

1 DWide 12aby+eabx ^ lSbbm+24b, hy db. 

2 Divide 1 6a - 1 2+8y+4 - 20adx+m, by 4. 

3. Divide (a-2A)x(Sm+y)xar, by (a-.2A)x(Sm4.y) 

4. Divide ahd - 4ad+Say - a, by Ad - 4d+9y - 1 . 

5. Divide aa: - fj/+ad - 4my - 6+o, by - a. 

6. Divide amy-^-^y - tn«y-j-am - d, by - dmy. 

7. Divide card - 6a+2r - M-f6, by 2ard. 

8. Divide 6aa: - 8+2ay+4 - 6%, by 4axy. 

129. From the nature of division it is evident, that the 
value of the quotient depends both on the divisor and the 
dividend. With a given divisor, the greater the dividend, 
the greater the quotient. And with a given dividend, the 
greater the divisor, the less the quotient. In several of the 
succeeding parts of algebra^ particularly the subjects of frac- 
tions, ratios, and proportion, it vi^ill be important to be able 
to determine what change will be produced in the quotient, 
by increasing or diminishing either the divisor or the dividend. 

If the given dividend be 24, and the divisor 6 ; the quotient 
will be 4. But this same dividend may be supposed to be 
multiplied or divided by some other number, before it is 
divided by 6. Or the dimsor may be multiplied or divided 
by some other number, before it is Used in dividing 24. In 
each of these cases, the quotient will be altered. 

130. In the first place, if the given divisor is contained in 
the given dividend a certain number of times, it is obvious 
that the same divisor is contained. 

In double that dividend, ttrice as many times ; 
In triple the dividend, thrice as many times, &c. 

That is, if the divisor remains the same, multiplying the 
dividend by any quantity, is, in effect, multiplying ihe quotienJt 
by that quantity. 

Thus, if the constant divisor is 6, then 24-7-6=4 the 
quotient 

Multiplying the diridend by 2, 2 x 24-f-6= 2x4 

Multiplying by any number »» nx24-r6=nx4 
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^ 

131. Secondly, if the given divisor is contained in the 
given dividend a certain number of times, the same divisor 
is contained, 

In half that dividend, half as many times ; 

In one third of the dividend, one third as many times, &c. 

That is, if the divisor remains the same, dmdmg the Jm- 
dend by any other quantity, is, in effect, dimdmg the qtwtient 
by that quantity. 

Thus 24-^6=:4 

Dividing the dividend by 2, }24-7-6=J24 

Dividing by n, i24-7-6 = J4 

132. Thirdly, if the given divisor is contained m the given 
dividend a certain number of times, then, in the same divi- 
dend. 

Twice that divisor is contaiixed only half as many times ; 
Three times the divisor is contained one third as many times. 

That is, if the dividend remains the same, multiplying the 
divisor by any quantity, is, in effect, ^viding the quotient by 
that quantity. ^ 

Thus 24-^6=4 

Multiplying the divisor by 2, 24-i-2 X 6 = | 

Multiplying by n, 24-7-nx6=i J 

133. Lastly, if the given divisor is contained in the given 
dividend a certain number of times, then, in the same divi- 
dend. 

Half tbjit divisor is contained tu^lce as many times ; 

One third of the divisor is contained thrice as many times. 

That is, if the dividend remains the same, dividing the divi' 
sor by any other quantity, is, in effect, multiplying the quotiem 
by that quantity. 

Thus 24-^6=4 

Dividing the divisor by 2, 24-^-^6=2x4 

Dividuig by n, 24-i-i6 =n x 4 

For the method of performing division, when the divisor 
and dividend are both conynmnd quantities^ see one of the fol* 
lowing sections. 
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FRACTIONS.* 

Art. 134. EXPRESSIONS in the form of fractions occur 
more frequently in Algebra than in arithmetic. Most in- 
stances in division belong to this class. Indeed the numera** 
tor of every fraction may be considered as a dlddend^ of 
which the denominator is a divisar. 

According to the common definition in arithmetic, the 
denominator shows into what parts an integral unit is sup- 
posed to be divided ; and the numerator shows how many 
of these parts belong to the fraction. But it makes no dif- 
ference, whether the whole of the numerator is divided by 
the denominator ; or only one of the integral imits is divided, 
and then the quotient taken as many times as the number of 
units in the numerator. Thus } is the same as }+|-{- {• 
A fourth part of three dollars, is equal to three fourths of om 
dollar. 

135. The value of a fraction, is the qtwtient of the nume- 
rator divided by the denominator. 

Thus the value of - is 3. The value of — is a. 

2 h 

Prom this it is evident, that whatever changes are made 
in the terms of a fraction ; if the quotient is not altered, the 
value remains the same. For any fraction, therefore, we 
may substitute any other fraction which will give the same 
quotient. 

Thusl=l£=^=?*I=:?±^,&c. For the quotient in 
2 5 26a 4drx 3+1 ^ 

each of these instances is 2. 

136. As the value of a fraction is the quotient of the nu- 
merator divided by the denominator, it is evident from Art. 
128, that when the numerator is equal to the denominator, the 
value of the fraction is a unit ; when the numerator is less 

'*' Horsley's Mathematics, Camus' Arithmetic, Emerson, Eulcr, Saundcrson, 
and Ludlam. 
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ihaii the denominator, the value is-less than a vmt; and when 
the numerator is greater than the denominator, the value is 
greater than a unit. 

The calculations in fractions depend on a few general 
principles, which ;svill here be stated in connexion with each 
other. 

1S7. If the denominator of a fraction remains the aame^ muU 
tiplying the numerator by any quantUyy is multiplying the 
VALUE by thai qwm^ ; and dividing the numerator^ is dimding 
the value. Fen* the numerator aikl denominator are a divi- 
dend and divisor, of which the value of the fraction is the 
quotient. And by Art, 130 and 131, multiplying the divi- 
dend is in effect multiplying the quotient, and dividing the 
dividend is dividing the quotient. 

Thus in the fmctiona ±,1^,1^^, &c 

a a a a 

The quotients or values are 6, 36, 7bd, jb, &c. 

Here it wffl be seen that, while the denominator is not 
altered, the value of the fraction is multiplied or divided by 
the same quantity as the numerator. 

Cor. With a given denominator, the greater the nrnne- 
rator, the greater will be the vaihte of the tcBctixm ; and, on the 
other hand^ the greater the value, the greater the numerator. 

138. If the numerator remains the same^ muUq>h/u^ the de- 
nominator by any quantity, is dividing the value by that quantity ; 
and dividing the denominalor, is muU^lying the value. For 
multiplying the divisor is dividing the quotient ; and dividing 
the divisor is multipl3ring the quotient. (Art. 132, 133.) 

In the fractions -— --, , --— , —_ -, &c. 

66 ' 126 36 ' 6 ' 

The values are 4a, 2a, 8a, 24a, &c. 

Cor. With a given numeratoi; the greater the denominator^ 
the less will be the value of the fraction ; and the less the 
value, the greater the denominator. 

139. From the last two articles it follows, that dividing the 
numerator by any quantity, will have the same effect on the 
value of the fraction, as multiplying the denominator by that 
quantity ; and multiplying the numerator will have the same 
effect, as dividing the denominator. 
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140. It is also evideut from the preceding articles^ that if 

THE ^^MERATOR AND DENOMINATOR BE BOTH MULTIPLIED, 
OR BOTH DIVIDED, BT THE SAME QUANTITY, THE YALUE OF 
THE FRACTION WILL NOT BE ALTERED. 

_, bx abx Sbx \bx iabx « t^ . , * 

Thus -T =—T =-^T =-iT- =~r"T" 9 &c. For in each of 
b ah 3b ib ^ab 

these instances the quotient is x. 

141. Any integral quantity may, without altering its value, 
be thrown into the form of a fraction, by multiplying the 
quantity into t}^e proposed denominator, and taking the pro- 
duct for a numerator. 

__, a ab ad~\-ah 6adh « ^i i 

Thus a=Y=-r =-Xjir ^"rST^ ' ^ quotient 

of each of these is a. v , 
Sorf+A=f?^^. And 'r+1 =^^'-. 

1 42. There is nothing, perhaps, in the calculation of alge- 
braic fractions, which occasions more peiplexity to a learner, 
than the positive and negative signs. The changes in these 
are so frequent, that it is necessary to become familiar with 
the principles on which they are made. The use of the sign 
which is prefixed to the dividing line, is to sliow whether the 
value of the whoU fraction is to be added to, or subtracted 
from, the other quantities with which it is connected. (Art. 
43.) This sign, therefore, has an influence on the several 
terms taken collectively. But in the numerator and de- 
nominator, each sign afiects only the single term to which it 
is applied. 

ab 
The value of-risa. (Art 135.) But this will become 

negative,, if the sign - be prefixed to the fraction, 

mi . «^ « «6 

Thus y-lr-g =y+a. Buty— g =y-a. 

So that changing the sign which is before the whole fra^j- 
tion, has the effect of changing the value from positive to 
negative, or from negative to positive. 

Next, suppose the sign or signs of the mmeralar to be 

changed. 

ah —ab 

By Art. 123, -r =4.0. But --^=-a. 
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. ,at-ic -^ -ab+bc 
And r — =-{-«- c. But j^ — =:-a-\'C, 

That is, by changing all the signs of the numerator, the 
value of the fraction is changed from positive to negative, or 
the contrary. 

Again, suppose the sign of the denominator to be changed. 
As before -T =+«• But — T-=-rt. 

143. We have then, this general proposition; If the 

SIGN PREFIXED TO A FRACTION, OR ALL THE SIGNS OF THE 
NUMERATOR, OR ALL THE SIGNS OF THE DENOMINATOR BE 
CHANGED ; THE VALUE OF THE FRACTION WILL BE CHANGED, 
FROM POSITIVE TO NEGATIVE, OR FROM NEGATIVE TO POSI- 
TIVE. 

From this is derived another important principle. As each 
of the changes mentioned here is from positive to negative, 
or the contrary ; if any two of them be made at the same 
time, they wiU balance edch other. 

Thus by changing the sign of the numerator, 

-. =4"^ becomes ^-rr-= - <*• 
b b 

But, by changing both the numerator and denominator, it 
becomes— --==-[-o, vsrhere the positive value is restored. 

By changing the sign before the fraction, 
y+Y =y+^ becomes y - ^ =y - «• 

But by changing the sign of the numerator also, it becomes 

y - .H-— where the quotient - a is to be subtracted from y, 
b 

or which is the same thing, (Art. 81,) +a is to be addedy 
mailing y-^-a as at first. Hence, 

144. If all the signs both of the numerator and 
denominator, or the signs of one of these with the 
sign prefixed to the whole fraction, be changed at 
the same time, the value of the fraction will not be 

ALTERED. 
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r«, 6 -6 -6 6 

Thus 2 = -g= - -2"= -12 =+S- 

-^^ -2- 2 ^"2-" -2-"^- 
Hence the quotient in division may be set down in different 
ways. Thus (a - c) -7-6, is either -r H — r-, ®^^ r " r- 

The latter method is the most common. See the exam- 
ples in Art 127. 
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145. From the principles which have been stated, are de 
rived the rules for the re«?ticfo'on of fractions, which are sub- 
stantially the same in algebra, as in arithmetic. 

A FRACTION MAT BE REDtJdED TO LOW^R TERMS, BT DIVI- 
DING BOTH THE NUMERATOR AND DENOMINATOR, BY ANT QUAN- 
TITY WHICH WILL DIVIDE THEM WITHOUT A REMAINDER. 

According to Art. 140, this will not alter the «a2t^ of the 
fraction. 

^. ah a ^ 6rfm. 3m 7m 1 

T'^"«-S=7 ^^^■§c5=4i?- ^^^7;;;:=7 

In the last example, both parts of the fraction are divided 
by the numerator. 

a4-ic ^_1 am4-ai/ a 

If a letter is in every term, both ctf -the numerator and de 
nominator, it may be cancelled, for this is dividing by that 
letter. (Art. 120.) 

Sam+ay Sm+y dry+dy _r+i 
^^^ ad+ah- d+h' dlvy^dy'^h^ 

If the numerator and denominator Be divided by the great' 
est canvnwn measure, it is evident that the fraction will be 
reduced to the lowest terms. For the method of finding thje 
greatest common measure, see Sec. xvi. 

146. Fractions of DiFFERENTy)ENOMiNATORS mat be re- 
duced TO A common DENOMIIIiCTOR, BT MULTIFLTIN6 EACH 

6 
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NUMERATOR INTO ALL THE DENOMINATORS EXCEPT ITS OWN, 
FOR A NEW NUMERATOR ; AND ALL THE D&NOHmATblld TO- 
GETHER, FOR A COMMON DENOMINATOR. 

^w ^^ AMI 

Ex. 1. Reduce --, and ^ and ~ to a common denominator. 

b d y 

axd>ty=iady ^ 

^ X i XV = ^ C ^^ three niiineratbrs. 

mxbxd=fnbd ) 

hX^Xy^idy the commoti denominator. 

The fractions reduced are _ ,^, and -2?, and —J??. 

bdy bdy bdy 

Here it will be seen, that the reduction consists in multi- 
plying the numerator and denominator of each fraetitxi, into 
all the other denominators. This does not alter the value. 
(Art. 140.) 

8. Reduce * , and ?*, and 5l. 
3m ,g y 

8. Reduce *, and -, andJ^xl. 

4. Reduce — 7-r, and *_--.. 

After the fractions have been reduced to a common de- 
nominator, they may be brought to Idwer terms, l>y the rule in 
the last article, if there is any quantity which Will Avide the 
denominator, and aU the numerators without a remainder. 

An integer and a fraction, are easily feduced to a common 
deilominator. (Art. 141.) 

Thus a and • are equal to-? and -, or — and 2L. 
^ I c c c 

And a,b,±, 1 are equal to "JUM, ^, '^ *? 
my. my my my my 

147. To REDUCE AN IMPROPER FRACTION TO A MIXED 
•QVANTITT, DIVIDE THE NUMERATOR BT THE DENOMINATOR, 

as in Art. 127. 

Tims ^+fai+d ^a^rn+j. 
b b 
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Reduce « — ^ — ^ , to a mixed q\iantit>y. 

For the reduction of a mixed quantity to an improper frae- 
tiotiy see Art^ 150. And for the reduction of a. connffound 
ir action to a simple one, see Art 160. 

ADDITION OP FRACTlONa 

148. In adding fractions, we may either write them one 
after the other, with their signs, as in the addition pf integers, 
or we may incorporate them inta a single fraction, by the fol- 
lowing rule : 

BUTBUCE THE FRACTIONS TO A COMMON DKJDrOMIKATOR, 
MAKE THE SIGNS BBFORB THEM ALL POSITIVE, AND THEN ADD 
THEIR NUMERATORS* 

The common denominat<»' shows into what parts the inte- 

Sral unit is supposed to be divided ; and the numerators show 
i^ number of tnes^ parts belonging to each of the fractions 
(ArU 134.) Therefore the numerators taken together shov 
ine whole number o^f pai:t3 in all the fractions. 

Ihus, y=ijr+i^. Andi^=y4-y+^- 

mu r ^i3 1,1,1,1,1 5 

Therefore, -+ =-.+-+--+^+j- = 
77 7777 7 7 

The numerators are added, according to the rules for the 
addition of integers. (Art. 69, &c.) It is obvious that the 
sum is to be placed over the common denominator. To 
avoid the perplexity which might be occasioned by the signs, 
it will be expedient to make those prefixed to the fractions 
uniformly positive. But in doing this, care must be taken 
not to alter the value. This will be preserved, if all the signs 
in the numerator are changed at the same time with tliat be- 
fore the fraction. (Art. 144.) 

Ex. 1. Add — and—- of a pound. Ans. :dl-.or-~. 
16 16 ^ 16 16 

It is as evident that t^, and i^ of a pound, are ^ of a 
pound, as that 2 ounces and 4 ounces, are 6 ounces. 

2. Add ?. and y. First reduce them to a common denomi 
h d 

nator. They wiU then be?l and ^, and their sum'ii^ii^. 

hd bd bd 
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S. Given ^ and - ^t^ to find their sum. 

Ana ^ and 2r-frf_SAm , 2dr+dd _ Shm ^ 2dr - da 
d " 3A ~S3A^ " 3d/* "■ Sdh 

44 and - *rl?=« + -ift+m^^-y+^to*. 

y — m — fwjf — i»y — twy iwy 

6.-JLand * =?^ZfH:^M:W^aa+66 ^j^^^ 

7. Addllto— . 8. Add lito^lli, Ans. -6. 
d ni'-r 2 7-3 

149. For many purposes, it is sufficient to add fractions in 
the same manner as integers are added, by writing them one 
after another with their signs. (Art. 69.) 

Thus the sum of?, and - and - ;r— ,is ?La- _. 

6 y 2m b y 2m 

In the same manner, fractions and integers may be added. 
The sum of a and — and 3m and - — , is a-|-3m4— - — 

y r y r 

150. Or the integer may be incorporated with the fraction, 
by converting the foimer into a fraction, and then adding the 
numerators. See Art. 141. " 

mu j^ , b . a^ b am b am+b 

The sum of a and — , is -=■ -| — = — = — !— . 

m I'm m ^ m m 

rri ^oj jiH-d . Sdm-Sdy+h+d 

The sTun of 3rf and — ^ — , is ^-^ — — • 

m-y' m-y 

Incorporating an integer with a fraction, is the same as re- ^ 
ducing a mixed quantity to an improper fraction. For a mixed 
quantity is an integer and a fraction. In arithmetic, these 
are generally placed together, without any sign between 
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them. But in algebra, they are distinct terms. Thus 2J is 
2 and i, which is the same as 2+ J. 

Ex. 1. Reduce a+~ to an improper fraction. Ans. — i— . 

b o 

2, Reduce m+rf-^*:-. Ans. hm^dm+dh^dd^r 

h—d h^d 

S. Reduce 1+f. Ans. ^ll 4 Reduce 1-A 

5. Reduce fe+ ^ . 6. Reduce S+?llIli, 

d^y Sa 



SUBTRACTION OF FRACTIONS. 

51. The methods of performing subtraction in algebra, 
depend on the principle, that adding a negative quantity is 
equivalent to subtracting a positive one ; and v. v. (Art. 81.) 
For the subtraction of fractions, then, we have the following 
simple rule. Change the fraction to be subtracted, 

FROM positive TO NEGATIVE, OR THE CONTRARY, AND THEN 

PROCEED AS IN ADDITION. (Alt. 148.) In making the re- 
quired change, it will be expedient to alter, in some instances, 
the signs of the numerator, and in others, the sign before the 
dividing line, (Art. 143,) so as to leave the latter always 
affirmative. 

Ex. 1. From ^ subtract A. 

6 m 

First change -^ the fraction to be subtracted, to — . 

m- m 

Secondly, reduce the two fractions to a common denomi- 
nator, makings — and Z^. 

bm bm 

Thirdly, the sum of the numerators am - bhy placed over 

die common denominator, gives the answer, ??!LZ . 

bm 

2. From ttl subtract t Ans. ^^+^y''K 
r d dr 

8. From ? subtract izl. Ans. «lzl^!th^. 
m y my 

6* 
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4. Prom ±t^ Bubtract ?izi^. Ans. 'i^zH?. 
4 3 12 

«. From izA subtract - 1 Ans. %-'^y+fa». 
m y my 

6. From 2+1 subtract tzl. 7. From f subtract 1. 
a m a 6 

152. Fractions may also be subtracted, like integers, by 
setting them down, after their signs are changed, without re- 
d icing them to a common denominator. 

From * subtract - *+l Ans. i+*±i 
m y my 

In the same manner, an integer may be subtracted from 
a fraction, or a fraction from an integer. 

From a subtract *. Ans. a -A 

m m 

153. Or the integer may be incorporated with the fraction, 
as in Art. 150. 

Ex. 1. From * subtract m. Ans. * - m==*ZilJ??. 

y y y 

2. From 4a+L subtract 3a - *. Ans. ^^+^^H 

c d cd 

3. From 1+^ subtract izi kas.^±^tzll. 

add 

4 From o+SA- ill subtract 3o - fc+tt* 



MULTIPLICATION OF FRACTIONS. 

154. By the definition of multiplication, multiplying by a 
fraction is taking apart of the multiphcand, as many times as 
there are like parts of an unit in the multiplier. (Art. 90.) 
Now the denominator of a fraction shows into what parts the 
integral unit is supposed to be divided ; and the nmnerator 
shows how many of those parts belong to the given fraction. 
In multiplying by a fraction, therefore, the multiplicand is 
to be divided into such parts, as are denoted by the denom- 
mator ; and then one of these parts is to be repeated, as 
many tunes, as is required by the numerator. 
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Suppose a is to be multiplied by — 

4 

A fourth part of a is -7-- 

4 

This taken S tunes is ± . ?. i 1=?1 (Art. 148 ) 

4 '4 4 4 

Again, suppose ^ is to be multiplied by j« 

One fourth of r is -4-. (Art. 138.) 

ri^i . , ft . a . a , a 8a 

This taken 3 tunes is 7^4-7i4-tl= 7i> 

4o ' 4o ' 46 46 

the product required. 

In a similar manner, any fractional multiplicand may be 
divided into parts, by multiplying the denominator ; and one 
of the parts may be repeated^ by multiplying the mimerator. 
We have then the following rule : 

155. To MULTIPLY FRACTIONS, MULTIPLY THE NUMERA« 
TORS TOGETHER, FOR A NEW NUMERATOR, AND THE DENOMI- 
NATORS TOGETHER, FOR A NEW DENOMINATOR. 

Ex. 1. Multiply — into--. Product^: — 

c zm iicm 

2. Multiply --^-- into — ^. Product !-^ — 

3. Multiply 5^±3^— into ^-^. Product \fLi__. 

*• *''^*- 5+5 ^^''S- *• ^"^*- "i; ^'4- 

156. The metliod of multiplying is the same, when there 
are more than tVo fractions to be multiplied togetlier. 

Multiply together r-> j> and — Product g^-. 

For %X^i8, by the last article f?., and this into H^ is ^-£??. 
6 rf "^ 6rf' y bdy 

2. Multiply^,*zi, * , and -i-. Product ?£L*-"J£^. 
my c r-l cmry-cmy- 
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S. Mult. ?+*, \ and 4^. 4. Mult. ^, ^^ and |. 

157. The multiplication may sometimes be shortened, by 
rejecting equal factors, from the niimerators and denomina- 
tors. 

<». A i^T»ix^A 

1. Multiply - into - and -. Product-. 

Here a, behig in one of the numerators, and in one of the 
denominators, may be omitted. If it be retained, the product 

will be _. But this reduced to lower terms, by Art. 145, 
ary 

dh 

will become — as before. 

2. Multiply ^ into ^ and ^. Product ?*. 

^^ m Sa 2d 6 

It is necessary that the factors rejected from the numera- 
tors be exactly equal to those which are rejected from the 
denominators. In the last example, a being in two of the 
numerators, and in only one of the denominators, must be re- 
tained in one of the numerators. 

3. Multiply ^ into !?^. Product ^^^^^. 

y ah ok 

Here, though the same letter a is in one of the numerators, 
and in one of the denominators, yet as it is not in every term 
of the numerator, it must not be cancelled. 

4. Multiply ?!?tl:^ into* and??:. 

A m 5a 

If any diflficulty is found, in making these contractions, it 
Aviil be better to perform the multiplication, without omitting 
any of the factors ; and to reduce the product to lower terms 
afterwards. 

158. When a fraction and an integer are multiplied to- 
gether, the numerator of the fraction is multiplied into the 
integer. The denominator is not altered ; except in cases 
where division of the denominator is substituted for multipli- 
cation of the numerator, according to Art. 139. 
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Thu3aX-=-. Pora=i!; aiid«X-=-. 

y y 1 1 » » 

So rX§X^=^5J^ And oxl=?. Hence, 
a o^ oa 

159. A FRACTION IS MULTIPLIED INTO A QUANTITY EQUAL 
TO ITS DENOMINATOR, BT CANCELLING THE DENOMINATOR. 

Thu8ix6=a. For?.x6=— . But the letter 5,' being 
b ' b 

in both the numerator and denominator, may be set aside. 
(Art. 145.) 

a-y 3-|-m 

On the same principle, a fraction is multiplied into any 
factor in its denominator, by cancelling that factor. 

160. From the definition of multipUcation by a fraction, it 
follows that what is commonly called a cofnpovnd fraction^* 

is the proiuct of two or more fractions. Thus ~ of _ is 

4 b 

-Xr* For, _ of f, is- of ^ taken three times, that is, 
4 6 4 b 4 b 

—+-.+—. But this is the same as — multiplied by-. 
46 46 46 6 4 

(Art. 154.) 

Hence, reducing a compound fraction into a simple one^ is the 
same as multiplying fractions into each other. 

Ex. 1. Reduce ?. of Jl^. Ans. ^^ . 

7 6+2 76+14 

2. Reduce ^ofiofi±^. Ans. Jtt^. 

3 5 2a-m 30a -15m 

3. Reduce i of i of — —^ Ans. ^ 



3 8-(i 168-21el 



* By a compound fraction is meant a fraction of a. fraction, and not a fraction . 
whose numerator or denominator is a compound quantity. 
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161. The expression ia, ib, 4y, &c. are equivalent to 

?2, *, ^, Foriofcfof a,whichiseqnalto^xa=*^ 
357 Si 9 

(Art 168.) So i4=ixi=*. 
^ 5 



DIVISION OF FRACTIONS. 



162. To DIVIDE ONE FRACTION BT ANOTHER, INVERT THE 
DIVISOR, AND THEN PROCEED AS Uf MULTIPLICATION. (Art. 
155.) 

Ex. 1. Divide ?Lbyi. Ans. ?X-=?^. 

b d b c be 

To understand the reason of the rale, let it be prenused, 
that the product of any firaetion into the same fmcticHi inverted*, 
is always a unit. 

Thus f x*-=?J=l. And-l_x^=l. 
b a ab h+y d 

But a quantity is not altered by multiplyfaig- it by a unit. 
Therefore, if a dividend be multiplied, first into the divisor 
inverted, and then into the divisor itself, the last product will 
be equal to the dividend. Now, by the definition, (art. 115,) 
" division is finding a quotient, which multipUed into the di- 
visor will produce the dividend." And as the dividend mul- 
tiplied into the divisor inverted is such a quantity, the quo- 
tient is truly foimd by the rule. 

This explanation will probably be best understood, by at^ 
tending to the examples. In several which follow, the proof 
of the division will be given, by multiplying the quotient into 
the divisor. This will present, at one view, the dividend 
multiplied into the inverted divisor, and into the divisor itself. 

2. Divide HL by ^. Ans. "1 X-L=-?^. 
2d ^ y 2d Sh 6dh 

Proof. ^ X— =— the dividend. 
6dh y 2d 



S. Divide ^ by ^. Ans. f±^x ^=^+^. 
r y r 5d oar 



Proof. Sthf^X^=^. 
5dt y r 
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4. Divide ^ by f^. Ans. ^x-^=^ 
X a X Akr rx 

Proof. f^X—=— the dividend. 

rx a X 

6. Divide ^yd by 2*-JL 7. Divide *I^ by J~ 

163. When a fraction is divided by an tnUger^ <iie Atnimi'- 
tiotor of the fraction is mult^ed into the integer. 

Thus the quotient of f divided by m, is JL. 

b om 

For m=5 ; and by the last article, ?^!!!=:f X-=— • 
1 6 1 6 m 6m 

So J-.^/i= * xl=— ir-. And ?-^6l^l=l. 

In fractions, multiplication is made to perfoV|n-Hte office 
of division ; because aivision in the usual form often leaves a 
troublesome remainder : but there is no remainder in raulti- 
plication. In many casee, there are methods of shortening 
the operation. But these will be suggested by .practice 
without the aid of particular rales. 

^ 164. By the definition, (art. 49,) ''the reoi^>rocal of a 
quantity, is the quotient arising from dividing a unit by tliat 
quantity." 

it -n  ik h 

Therefore the reciprocal of — is l-j-— = 1 X -"•=-- That is, 

6 h a -a 

The reciprocal of a fraction is the fraction inverted. 

Thus the reciprocal ef is !'*'^ ; the reciprocal of 

^ f»+y b ^ 

_ is -if or 3y ; the reciprocal of r is 4. Hence the recip- 
3y 1 

rocal of a fraction Wlxose numerator is 1, is the denominator 
of the fraction. 

Thus the reciprocal of _ is a ; of , is a-f 6, &c. 

a 0+6 
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65. A fraction sometimes occurs in the numerator or de^- 
nominator of another fraction, as 1.. It is often convenient^ 



ill the course of a calculation, to transfer such a fraction, 
from the numerator to the denominator of the principal^ frac- 
tion, or the contrary. That this may be done without alter- 
ing the value, if the fraction transferred be inv^ed^ is evi- 
dent from the following principles : 

First, Dividing by a fraction, is the same as multq>lyihg by 
the fraction inverted. (Art. 162.) 

Secondly, Dividing the numerator of a fraction has the 
same effect on the value, as multiplying the denommator; and 
multiplying the numerator has the same effect, as dividing 
the denommator. (Art. 139.) 

Thus in the expression L the numerator of . is multiplied 

into §. But the value will be the same, if, instead of multi- 
plying the numerator, we divide the denominator by ^ that is, 
multiply the denominator by |. 

Thewfore 1"= «. So ^=!*. 

X ix im. tn 

And Jl=_i_=-i— And f5f:5=illJ^. 

166. Multiplying the numerat(n'i is in eflect .multiplying tli^ 
value of the fraction. (Art.137.) On this principle, a frac- 
tion may be cleared of a fractional co-efficient which occurs 
m its numerator. 



Thus l?=lx?-=??. Ai«li?=lxi=l 
b 5 5b y 5 y 6y 

And i*±if=lx*±?=*±l An4 if=il. 
m S m Sm 6a iOa 

On the other hand, ^^=-X-=^. 

IX 1 X X 

And ?L=lx^=^ And _i?L_= J?L. 
3y 3 y y 5d-|-5x d^x 

167. iBut multiplying the denominatoTy by another fraction, 
a in effect dividing the value ; (Art. 138.) that is, it is mvlti- 
plying the value by the fraction inverted. The principal frac- 
tion may therefore be cleared of a fractional co-efficient, 
which occurs in its denominator. 



1 
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• Thus ,^=J-?4x|=g. And^=p. 

Andf±^=?^91 And5^=?LA. 

- * iy Sy • 4m 4m 

On the other hand, — = — . 

Sx '^x 

And ^y+^dx^ y+dx - _ ^^^ ?f = A. 

%m \m ' y iy 

67. 6. The numerator or the denominator of a fraction, 
may be itself a fraction. The expression may be reduced to 
a more simple form, on the principles which have been applied 
in the preceding cases. 
a 



Thus-=r- 

C 


c ad 


d 




X 




y ^ 





n 



SECTION VII. 



SIMPLE EaUATIONS. 

Art. 168. The subjects of the preceding sections are in- 
trochictory to what may be considered the peculiar province 
of algebra, the investigation of the values of unknown quaa- 
tities, by means of equations. 

An equation is a proposition, expressing in algebraic 
characters, the equality between one quantity or set 
op quantities and another, or between different ex- 

7 
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FRESSI0N8 FOR THE SAME QUANTITY.* ThuS jr+arri-f-C, is 

an equation, in which the sum of a? and a, i& equal to the sum 
of b and c. Tlie quantities on the two sides of the sign of 
equality, are sometimes called the members of the equation ; 
the several terms on the left constituting the first member, 
and those on the rights the second member. 

1 69. The object aijned at, in what is called the resolution 
or reduction of an equation, is to find the value of the unknown 
quantity. In the first statement of the conditions of a problem,- 
the known and unknown quantities are frequently thrown 
(promiscuously together. To find the value of that which is 
required, it is necessary to bring it to stand by itself, while 
all the others are on the opposite side of the equation. But 
in doing this, care must be taken not to destroy the equation, 
by rendering the two members unequal. Many changes 
may be made in the arrangement of the temos, without af- 
fecting the equality of the sides. 

170. The reduction op an equation consi^ts^ then, 
in bringing the unknown qt^antity bt itsex.f, on one 
side, and all the known quantities on the other side, 
without destroying the equation- 

To effect this, it is evident that one of the members must 
be as much increased or diminished as the other. If a quan- 
tity be added to one, and not to the other, the equality will 
be destroyed. But the members will remain equal ; 

If the same or equal quantities be added to each. Ax. 1. 
If the same or equal qusu^tittesbe mfrtroetedfrom each. Ax. 2. 
If each be multiplied by the same or equal quantities. Ax. 3. 
if each be divided by the same or equal quantities. Ax. 4. 

171. It may be farther observed that, in general, if the 
unlaiown quantity is connected with others by addition, mul- 
tiplication, division, &c. the reduction is made by a contrary 
process. If a known quantity is added to the unknown, the 
equation is reduced by subtraction. If one is multiplied by 
the other, the reduction is effected by division^ &c. The 
reason of this will be seen, by attending to tlie several cases 
in the following articles. The known quantities may be ex- 
pressed either by letters or figures. The unknown quantity 
is represented by one of the last letters of the alphabet, gen- 
erally a?,2/,, Qrz. (Art. 27.) The principal reductions to 



* See Note D. 
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* . / 

, / • . 

be conadered in this ^ctioi^ are thode which are effected by 

tranafo^mk^ mvi&j^oXwn^ and dUp^imn. These ought to be 

made perfectly faiYiiliai'y as one (^ m(»:e of th^^n will be do* 

cessary, in the resolntioii of almost every equation^ 

TRANSPOSITION. 

172. In the equation 

ar-7=9, 
the number 7 being connected with the unknown quantity « 
by the sign -, the one is^ subtrticted from the other. To re- 
duce the equation by a conttaty process, let 7 be eddied to 
both sides. It then becomes 

iir- 74-7=9+7. 

The equality of the members is preserV^ed, bfecaufle one is 
as much increased as the other. (Asdoiii 1.) Bat on one 
side, we have - 7 and 4- ''• -^s these are equal, and have 
contrary i^gns, they Mokce Mck o/Aer^ mad may Idg cancel- 
led. (Art. 77.) The equation will then be 

«±t9uf7. 
Here the vahie of » is focmd.. It is diicD^om to be equal to 
9+7, that is to 16. The eqiiialioii is therefore reduced. 
The unknown quantity is on one side by itseU^ atkd aii the 
known ^{uantkies on the other side» 

In the same manner, if »— ir=« 

Adding h to both sides x - ih-^b = o+fr 

And cancelling ( - 6+6) osso+fr. 

Here it will be seen that the last equation is the same as 
l^e first, except that 6 is on the opposite side, with a contra- 
ry sign. 

Next suppose y+c=d. 

Here c is iidded to the unknown quantity jf« To reduce the 
equation by a contrary process, let c be subtracted from both 
sides, that is, let - c, be applied to both sides. We then have 

y+C — Casd-^, 

The equality of the members is not affected, because wae 
is as much diminished as the other. When (+c -c) is can- 
celled, the equation is reduced, and is 

y=d-.c. 

This is the same as y+c=d, except that c has been trans- 
posed, and has received a contrary sign. We hence obtain 
the following general rule : 
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17S. When known quantities are connected with the 

UNKNOWN quantity BY THE SIGN + OR - , THE EQUATION IS 
REDUCED BY TRANSPOSING THE KNOWN QUANTITIES TO 
THE OTHER SIDE, AND PREFIXING THE CONTRARY SIGN. 

This is called reducing an ^'^iiation by addition or subtract 

Hafij because it is, in effect, adding or subtracting certain 

quantities, to or from, each of the members. 

Ex. 1. Reduce the equation X'\-Sh"m=zh^d 

Transposing-f-36, we have a:-m=A-ci-S6 

And transposing - m, a:= h^-d- 36-|-w. 

174. When several terms on the same side of an equation 
are oZtfce, they may be united in one, by the rules for reduc- 
tion m addition. (Art. 72 and 74.) 

Ex. 2. Reduce the eq\iation x-\-5h - 4/1=76 

Transposing 56 - 4A a?= 76 - 56-[-4^ 

Uniting 76 - 66 in one term ar=26+4/i. 

175. The unkiMWfi quantity must also be transposed, 
whenever it is on both sides of the equation. It is not mate- 
rial on which side it is finally placed. For if :r=:3, it is evi- 
dent that 3=:r. It may be well, however, to bring it on that 

, where it will have the affirmative sign, when the equa- 
on is reduced. 

Ex. 3. Reduce the equation 2:r-f-2&=A-|-c2+3:v 

By transposition ^ 2A - A - d= 3ar - 2af 

Ajnd h-'d=x, 

176. When the same temiy with the same sign, is on oppo^ 
nte sides of the equation, instead of transposing, we may ex- 
punge it from each. For this is only subtracting the same 
quantity from equal quantities. (Ax. 2.) 

Ex. 4. Reduce the equation X'{-Sh'{-d=zb-\-Sh'^7d 

Expunging 3A x-\-d=b^7d 

And a:=6-{-6(i{. 

177. As all the terms of an equation may be transposed, 
or supposed to be transposed; and it is immaterial wliich 
member is written first ; it is evident that the signs of all the 
terms may be changed^ without affecting the equality. 

Thus, if we have ar - 6= <i - a 

Then by transposition - d-\-a=: -x 4-6 

Or, inverting the members - x-^-b^ - d-^-a. 

1 78. If all the terms on one side of an equation be trans-^ 
posed^ each member will be equal to 
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Thus, if x-^-b = d, then x-\-b - d= 0. 

It is frequently convenient to reduce an equation to this 
form, in which the positive and negative terms balance each 
other. In the example just given, x-\'b is balanced by - d. 
For in the first of the two equations, x-{'b is equal to d, 
Ex. 5. Reduce a+2a: - 8=6 - 4-f-<r4-<*« 

6. Reduce y-\-ab - hm=a^2y - ab-\'hm, 

7. Reduce A+30+7a=8 - 6A-f 6« - d+6. 

8. Reduce 6A+21 - 4x+d=: 12 - Sx+d - 76A. 

REDUCTION OF EQUATIONS BY MULTIPUCATION. 

179. The unknown quantity, instead of b^ing connected 
with a known quantity by the sign -4- or -, may be divided 

by it, as in the equatiofi ^ =6. 

a 

Here the reduction cannot be made, as in the preceding 
instances, by transposition. But if both members be multU 
plied by a, (Art. 170,) the equation will become, 

xz=iab, 

Fw a fraeHon is rmdHplied into U$ denominator^ by removing 
the denominator. This nas been proved from the properties 
of fracticms. (Art. 159.) It is also evident from the sixth ^ 
axiom. 

Thus ^^ax_^_ {a+b)xx jx+5x^ ^^ p^^ ^ ^^.^ 

a '^ 3 0+6 d+5 

of these instances, x is both multipUed and divided by the 
same quantity; and this makes no alteration in the value. 
Hence, 

180. When the unknown quantity is DIVIDED by* a 

KNOWN QUANTITY, THE EQUATION IS REDUCED BY MULTI- 
PLYING EACH SIDE BY THI|» KNOWN QUANTITY, 

The saiQe transpositions are to be made in this case, as in 
the preceding .e:^amples. It must be observed also, that every 
term of the equation is to be multiplied. For the several 
tcxma in each ixijember constitute a compound multipli':/and, 
which is to be multiplied according to Art. 98. 

Ex. J. Reduce the equation £-|-a=6+^ 

Multipljing both sides by 'c 

The pix>duct is a;-}-ae=6c-4-crf 

And ^^ x=b€-\'Cd -^ oc. 
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2. Reduce the equation £lll-{-5=:20 

Multipl3dng by 6 x- 4+30 = 1 20 

And a?= 1 20+4 - 30= 94. 

3. Reduce the equation ^ + rf— A 

a+6 

Multiplying by a+6 (Art. 100.). ar+ad+6rf=a&+6A. 
And a?=a/i+6/i - ai - 6A 

181. When the unknown quantity is m the denominator of 
a fraction, the reduction is made in a similar manner, by mul- 
tiplying the equation by this denominator. 

Ex. 4. Reduce the equation . .+7=8 

lO-ar 

Multiplying by 1 - a: 6+70 - 7a:= 80 - 8ar 

And xicz4, 

182. Though it is not generally necessary, yet it is often 
convenient, to remove the denominator from a fiaction con- 
sisting of knovm quantities only. This may be done, in the 
oame manner, as the denominator is removed from a fraction, 
which contains the unknown quantity. 

Take for example f =^4-* 

^ a bTc 

Multiplymg by a a:=?'.*+f* 

b e 

Multiplying by 6 bx=ad+^'jt 

c 

Multiplying by e bcx=zacd+abh. 

Or we may multiply by the product of all the denomina- 
tors at once. 

X d h 

In the same equation f =r+. 

Multiplying by abc tAcx^abcd ^abch 

a b c 

Then by cancelling from each term, the letter which is 
common to its numerator and denominator, (Art. 145,) we 
liave bcxz^acd-^-abh, as before. Hence, 

183. An equation may be cleared of FRACTIONS by 

MULTIPLYiNG EACH SIDE INTO ALL THE DENOMINATORS. 
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Thus the equation « = *.-f L - * 

a d g m 

is the same as dgmx^abgrn-^adem - adgk. 

And the equation fL=— + — I — 

is the same as 80d?= 404-48+180. 

In clearing an equation of fractions, it will be necessary 
to observe, that the sign - prefixed to any fraction, denotes 
that the whole value is to be subtracted, (Art. 142,) which is 
done by changing the signs of all the terras in the numerator. 

The equation - — =c - — z!-- — —- 

X r 

is the same as ar^dr=crxSbx-^2hmx-\'Bnx. 

REDUCTION OF EQUATIONS BY DIVISION. / 

184, When the unknown quantity is MULTIPLIED 

INTO ANT KNOWN QUANTITY, THE EQUATION IS REDUCED BY 
DIVIDING BOTH SIDES BY THIS KNOWN QUANTITY. (Ax. 4.) 

Ex. 1. Reduce the equation ax-^b-Sh=zd 

By transposition ax = d-^Sh - b 

Dividing by a x=^±^. 

2. Reduce the equation 3«=— -— 4-^* 

c h 

Clearing of fractions 2chx^ ah - Cfi-f 4frcA 

Dividing by %ch ^^ah-cd+4bc\ 

185. If the unknown quantity has co-efScients in several 
terms, the equation must he diviaed by aU these co-efficients, 
connected by their signs, according to Art. 121. 

Ex. S. Reduce the equation Sx-bxz^a- d 

That is, (Art. 120.) (S-6) x«=a-d 

Dividing by S - fc a?=.^ " 



3-6 

4. Reduce the equation a2r-(-ar=A-4 

Dividing by o-f-l x=. " 



o+l 
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Ex. 5, Reduce the equation a:-^"" s=f^. , 

k 4 

Clearing of fractions 4hx - 4x=ah'\-dh - 4& 

186. If any quantity, either known or unknown, is found 
as a factor in erery termy the equation may be divided by it. 
On the other hand, if any quantity is a dmsar in every term, 
the equation may be tmultiplied by it. In this way, the faclor 
or divisor will be removed, so as to render the expression more 
simple. 

Ex. 6. Reduce the equation aa?-4-So6=6ad4-fl 

Dividing by a a;-|-36=6d-|-l 

And a?=6d+l-Sfc. 

7. Reduce the equation ?il - -!-=: 

X SB X 

Multiplying by x (Art. 169.) x+l - i=A - d 

And a?=A-d+6-.I. 

8. Reduce the equation x x («+^) - a - i = d X (M"^) 

Dividing by a+fc (Art. 118.)a:- l=d 

And a?=d-f-?- 



187. Sometimes the conditions of a problem are at first 
stated, not in an equation, but by means of a proportion. To 
show how this may be reduced to an equation, it will be ne- 
cessary to anticipate the subject of a fixture section, so far as 
to admit the principle that ^^ when four quantities are in geo- 
metrical proportion, the product of the two extremes is equal 
to the product of the two means :'' a principle which is at 
the foundation of the Rule of Three in arithmetic. See 
Ari'.hmctic. 

Thus, if a: b::c : df then adz=bc. 

And if 3 : 4 : : 6 : 8, then 3 x8=4x6. Hence, 

188. A PROPORTION IS CONVERTED INTO AN EQUATION BT 
MAKING THE PRODUCT OF THE EXTREMES, ONE SIDE OF THE 
r.QUATION; AND THE PRODUCT OF THE MEANS, THE OTHER SIDE. 
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Ex. i. Reduce to an equation ax:b::ch:d* 

The product of the extremes is adx 
Tiie product of the means is bch 
The equation is, therefore adx=bch, 

S. Reduce to an equation o-f-b : o : : & - m : y. 

The equation is ay'\-by==ch- cm 

189. On the other hand, an equation mat be con* 

YERTED into A PROPORTION, BY RESOLVING ONE SIDE OF THE 
EQUATION INTO TWO FACTORS, FOR THE MIDDLE TERMS OF 
THE PROPORTION : AND THE OTHER SIDE INTO TWO FACTORS, 
V'OR THE EXTREMES. 

As a quantity may often be resolved irito different pairs of 
factors ; (Art. 42,) a variety of proportions may frequently 
be derived from the same equation. 

Ex. 1. Reduce to a proportion abcz=:deh. 

The side abc maybe resolved into axbc^ or afcxc, or acxb. 
And deh may be resolved into d x ^K oxdexK or dh X «?• 

Therefore ai d:\ehibc And ac\dh::e:b 

And abidewh: c And acxdiiehxb^ &c. 

For in each of these instances, the product of the extremes 
is abcy and the product of the means deh. 

2. Reduce to A, proportion ax-{'bx=cd'^ch 

The first membet. may |(s resolved into xx («+fr) 
And the second into cxld-h) 

Therefore x: ciid-h: a-\'b And d-h: x:: a^b : c, &c. 

190. If for any term X>r terms in an equation, any other ex- 
pression of th^aB^eA'^alue be substituted^ it i^ manifest that 
the equality of the sides will not be affected. 

Thus, instead of 1 6, we may write 2 x6> or —, or 25 - 9, 8lc. 

4 

For these are only different forms of expression for the same 
quantity. 

191. It will generally be well to have the several steps, in 
the reduction of equations, succeed each other in the follow- 
ing order. 

X First, Clear the equation of fractions. (Art. 183.) 
Secondly, Transpose and unite the terms. (Arts. 173, 4, o.) 
Thirdly, Divide by the co-efficients of the unknown quan- 
tity. (Arts. 184, 5.) 
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EXAMPLES. 

I Reduce the equation rL4.6s.~-f7 

4 8 

Clearing of fractions 24x+ 198= 2(kB+2&i 
Tranq). and uniting tenns 4;p= 32 
Dividing by 4 a:=8. 

2. Reduce the equation ^4>A=L-«£-|-d 

a 6 c 

Clearing of fractions 6cx-f- ^^ -* oca; = abed * o&cA 
Dividing ^^a6cd-a6cfc 

hc-^-ab-ac 
S. Reduce 40-6a:-16sl20--14x. Ans. xslS. 

4. Reduce ili+i=20-?lJ^. Ajis. «=??. 

2 ^3 2 4 



l-a 



-4=5. 



5. Reduce '4-f.=20-!L 6. Reduce 

3 6 4 « 

7. Reduce -A- -2=8. 8. Reduce -5L.= 1. 

a:-f-4 »4-4 

9. Reduce a?+?.+*=lL 10, Reduce 1+i --= I. 

^2^3 2^3 4 10 

11. Reduce Sl-5+6ar=?2izf. V« ^ 

12. Reduce 3x4-?^=6+lliri?. 

o ^ 

18. Reduce ?£zi-2=18-if+:r. /= f 

14. Reduce gi.j_ 3a;-ll _ 5j-5 _|_ 9y-7 » 

^16 8^2 

16. Reduce 3a;-izi-4=^£±ii-i . 

4 3 12 

16. Reduce !i±f -lH:ff+6=?f±!. 

3 6^2 

17. Reduce Ulif _lH:!=5-6x+!f±ii 

5 3 ^3 

18. Reduce x-?£Z^+4=?^-?iz5+lizl 

6 ^ 2 7^6 
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19. Reduce ^J+l+l^Szl^^^f^. 

20. Reduce ^±± : lizf.: : 7 : 4. 

2 4 



SOLUTION OP PROBLEMS. 

192. In the solution of problems, by means of equations, 
two things are necessary : First, to translate the statement of 
the question from common to algebraic language, in such a 
manner as to form an equation: Secondly, to reduce this 
equation to a state in which the unknown quantity will stand 
by itself, and its value be given in known terms, on the op- 
posite side. The manner in which the latter is effected, has 
already been considered. The former will probably occasion 
more perplexity to a beginner ; because the conditions of 
questions are so various in their nature, that the proper me- 
thod of stating them cannot be easily learned, like the reduc- 
tion of equations, by a. system of definite rvd^s. Pi-actice, 
however, will soon remove a gieat pait of the difficiilty. 

1 93. It is one of the principal peculiarities of an algebraie 
solution, that the quantity sought is itself introduced into the 
operation. This enables us to mal^e a stateme^ oC the coo 
ditions in the same, form, as though the probl^ni were already 
solved. Nothing then remains to be done, but to reduce the 
equation, and to find the aggregate value of the known quan- 
tities. (Art. 53,) As these are equal to the tinATioun quantity 
on the other side of the equation, the value of that also is 
determined, and therefore the problem is solved. 

ProWem 1. A n^an being asked how much he gave for his 
watch, replied; K you mul^Iy the price by 4, and to the 
product add 70, and irom this siun subtract 50, the remain- 
der will be equal to 220 dollars. 

To solve thie, we must fiirst translate the conditions of the 
problem, into such algebraic expressions as will form an equa- 
tion. 

Let the price of the watclf be represented by x 

This price is. to be mult'd by 4, which makes 4a? 

To the prodvct, 70 is to be added, making 4a:+70 

From this, 50 is to be subtracted, making 4x4-70-50 
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Here we have a number of the conditions, expressed in 
algebraic terms ; but have as yet no equation. We must ob- 
serve then, that by the last condition of the problem, the pre- 
ceding terms are said to be equal to 220. 

We have, therefore, this equation 4a:+70- 50=220 

Which reduced gives x=z50. 

Here the value of x is found to be 50 dollars, which is the 
price of the watch. 

194. To prove whether we have obtained the true value of 
the letter which represents the unknown quantity, we have 
only to substitute this value, for the letter itself, in the equa- 
tion which contains the first statement of the conditions of 
the problem ; and to see whether the sides are equal, after 
the substitution is made. For if the answer thus satisfies the 
conditions proposed, it is the quantity sought. Thus, in the 
preceding example. 

The original equation is 4a:+70 - 50= 220 

Substituting 50 for a:, it becomes 4 X 50+70 - 50 = 220 
That is, 220=220. 

Prob. 2. What number is that, to which, if its half be add- 
ed, and from the sum 20 be subt^racted, the remainder will be 
a fourth of the number itself? 

' In stating questions of this kind, where fractions are 
concerned, it should be recollected, that ix is the same as 

1 ; that fa:=??, &c. (Art. 161.) 
S 5 

In this problem, let x be put for the number required. 

X X 

Then by the conditions proposed, ar-j— - 20=— 

And reducing the equation x= 16. 

Proof, 16+1? -20= I?. 

^2 4 

Prob. 3. A father divides his estate among his three sons, 
in such a manner, that. 

The first has $1000 less than half of the whole ; 

The second has 800 less than one third of the whole ; 

The third has 600 less than one fourth of the whole ; 

What is the value of the estate 1 

If the whole estate be represented by a?, then the several 

shares will be ~ - 1000, and ^ - 800, and ^ -600. 

/6 5 4 
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And as these constitute the whole estate, they are together 
equal to x. 

We have then this equation f - lOOO+f - 800+5- 600=«. 

« o 4 

Which reduced gives ar= 28800 

Proof ^^^^Q - 1000+ ^^^^^ - 800+???29 - 600=28800. . 

195. To avoid an unnecessary introduction of unknown 
quantities into an equation, k may be well to observe, in this 
place, that when the sum or difference of two quantities is 
given, both of them may be expressed by means of the san^e 
letter. For if one of the two quantities be subtracted from 
their sum, it is evident the remainder will be equal to the 
other. And if the difference of two quantities be subtracted 
from the gi*eater, the remainder will be the less. 

Thus if the sum of two numbers be 20 

And if one of them be represented by x 

The other will be equal to 20 - a?. 

Prob. 4. Divide 48 into two such parts, that if the less be 
divided by 4, and the greater by 6, the sum of the quotients 
will be 9. 

Here, if x be put for the smaller part, the greater will be 

48 -a:. 

By the conditions of the problem -.-{- — ^-»=9- 

4 6 

Therefore x=: 1 2, the less. 

And 48 — af=S6, the greater. 

196. Letters may be employed to express the knoum quan- 
tities in an equation, as well aa the unknown. A particular 
value is assigned to the numbers, when they are introduced 
into the calculation : and at the close, the numbers are re- 
stored. (Art. 52.) 

Prob. 5. If to a certain number, 720 be added, and the 
sum be divided by 125 ; the quotient will be equal to 7S9t 
divided by 462. What is tliat number? 

Let a?= the number required. 

a=720 d=7S92 

i=:125 ^=462 

6 
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Then by the conditions of the problem -X- =-^. 

b h 

Therefore «=Mz^* 

h 

Restoring thenumber8,:r=:(^^^X^^»^)--(7^QX^g^) = 1280. 

462 

197. When the resolution of an equation brings out a 
negative answer, it shows that the value of the unknown 
quantity is contrary to the quantities wiiich, in the statement 
of the question, are considered positive. See Negative Quan- 
tities. (Art. 54, &c.) 

Prob. 6. A merchant gains or loses, in a bargam, a certain 
sum. In a second bargain, he gains 350 dollars, and, in a 
third, loses 60. In the end he finds he has gained 200 dol- 
lars, by the three together. How much did he gain or lose 
bv the first 1 

In this example, as the profit and loss are opposite in their 
nature, they must be distinguished by contrary signs. (Art, 
57.) If the profit is marked 4-» the loss must be - . 

Let x=z the sum required. 

Then according to titb statement ^4-350 - 60=200 

And ar= - 90 

The negative sign prefixed to the answer, shows that there 
was a loss in the first bargain ; and therefore that the proper 
sign of X is negative also. But this being determined by the 
answer, ihe omission of it in the course of the calculation 
can lead to no mistake. 

Prob. 7. A ship sails 4 degrees north, then 13 S. then 17 
N. then 19 S. and has finally 11 degrees of south latitude. 
Wliat was her latitude at starting ? 

Let x:=: the latitude sought. 

Then marking the northings +> and the southings - ; 
By the statement x+'i - 13+17 - 19= - 1 1 

And x=0. 

The answer here shows that the place from which the ship 
started was on the equator, where the latitude is nothing. 

Prob. 8. If a feertain number is divided by 12, the quo- 
tient, dividend, and divisor, added together, will amount to 
64. What is the number ? 
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Let xs=i the number ^eouffhu 



■©• 



X 



Then Jl+«+12=64, 

12 

And «-5?f=48. 

13 

Prob. 9. An estate is divided ainong four children, in such 
a manner tlint 

The first has 200 dollars more than i of the whole, 
Tl^ second has 340 dollars more than J of the whole, 
Thfe &iir\ has 300 dollars more than ^ of the whole, 
The fourth has 400 dollars more than i of the whole, 
What is the value of the estate ? Ans. 4800 doUaiB. 

Prob. 10. "What is that number which is as much less than ; 
500, as a fifth part of it is greater than 40 1 Ans. 450. 

Prob. 11. There are two numbers whose difference is 40, 
and which are to each oilier as 6 to 5. What are the niun- 
bers 1 Ans. 240 and 200. 

Prob. 12. Three persons, j?, B, and C,. draw prizes in a 
lottery. A draws 200 dollars ; B draws as much as «d, to- ^ 
gether with a tliird of what C draws ; and C draws as much 
as «/I and B both. Wliat is the amount of tlie three prizes 1 

Ans. 1200 dollars. 

Prob. 13. What nmnber is that, which is to 12 increased ' 
by three tunes the number, as 2 to 9? Ans, 8. 

Prob. 14. A ship and a boat are descending a river at tlie 
same time. The ship passes a certain fort, when the boat is 
13 miles below. The. ship descends five miles, while the 
boat descends three. At what distance below the fort will 
they be together ? Ans. 32^ miles. 

Prob. 15. Wliat number is that, a sixth part of which ex- ^ 
cccds an eighth part of it by 20 1 Ans. 480. 

Prob. 16. Divide a prize of 2000 dollars into two such *' 
parts, that one of them shall be to the other, as 9 : 7. 

Ans. The parts are 1125, and 875. 

Prob. 17. Wliat sum of money is that, whose third part, 
fourth part, and fifth part, added together, amount to 94 do> 
lars 1 Ans. 120 dollars. 
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Prob. 18. Two travellers, A and B^ 360 miles apart, travel 
towards each oilier till they meet, .fl's progress is 10 miles 
an hour, and JB's 8. How far does each travel before they 
meet \ Ans. A goes 200 miles, and B 160. 

Prob. 19. A man spent one third of his life in England, 
one fourth of it in Scotland, and the remainder of it, which 
was 20 years, in the United States. To what age did he 
live % Ans. to the age of 48. 

Prob, 20. What number is that \ of which is greater than 
iofitby96t iSi-O 

Prob. 21. A post is Mn the earth, ? in the water and 13 
feet above the water. What is the length of the post 1 

Ans. 35 feet. 

Prob. 22. What number is that, to which 10 being added, 
I of the sum will be 66 1 / / . 

Prob. 23. Of the trees m an orchard, } tire apple trees, ^ 
pear trees, and the remainder peach trees, wnich are 20 
more than \ of the whole. What is the whole number in 
the orchaxd 1 Ans. 800. 

Prob. 24. A gentleman bought several gallons of wine for 
94 dollars; ^d after using 7 gallons himself, sold \ of tlie 
remainder for 20 dollars. How many gallons had he at first 1 
X ) Ans. 47. 

^;Prob. 25. A and B have the same income. A contracts 
an annual debt amounting to ^ of it ; B lives upon 7 of it ; 
at the end of ten years, B lends to A enough to pay off his 
debts, and has 160 dollars to spare. What is the income of 
ecxh ? ' Ans. 280 dollais. 

Prob. 26. A gentleman lived single \ of his whole life ; 
and after having been married 5 yeare more than \ of his 
life, he had a son who died 4 years before him, and who 
reached only half the age of his father. Tb what age did 
the father live 1 Ans. 84. 

Prob. 27. What number is that, of which if i, i, and ? be 
added together the sum will be 73 ? Ans. 84, 

Prob. 28. A person after spending 100 doll*ars more than j 
, had remaining 35 dollars more than ^ of it. 



/ 



of his income, had remaining 
Required his income. 



^p<U2/6% 
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Prob. 29, In the composition of a quantity of gunpowder 
The nitre was 1 lbs. ir-ore than § of the whole, 
Tiie sulphur 4^ lbs. less than i of the whole, 
The charcoal 2 lbs. less than ^ of the nitre, 
y What was the amount of gunpowder 1 Ans. 69 lbs. 

^^ Prob. 30. A cask which held 146 gallons, was filled with 
a mixture of brandy, wine, and water. There were 15 gal* 
Ions of wine more than of brandy, and as much water as the 
brandy ajad wiiieloffether. WhaLgua^tity was^there of 
each? .. ff/Tf ijM^/,, .: 

Prob. 31. Fo^ p3rsoire ipurchasen aTarm in company for 
4755 dollars ; of which -Bpaid three times as much as A ; 
C paid as much as A and B ; and D paid as much as C and 
B. What did each pay 1 Ans. 317, 951, 1268, 2219. 

Prob. 32. It is required to divide the number 99 into five 
such parts, that the first may exceed the second by 3, be less 
than the third by 10, greater than the fourth by 9, and less 
than the fifth by 16. 

Let x=z the first part. 
Then ar - 3= the second, a; - 9= the fourth, 

ar-f 10= the third, ar+16=r the fifth. 

Therefore x+x-- S+ap-flO+a: - 94-a?+16=99. 

And ar= 17. 

Prob. 33. A father divided a small sum among four scmis. 

The tliird had 9 shillings more than the fourth ; 

The second had 12 shillings more than the third ; 

The first had 18 shillingrs more than the second ; 

And the whole sum was 6 shillings more than 7 times the 
sum which the youngest received. 
What was the sum divided 1 \ Ans. 153. 

Prob. 34. A farmer had two flocks of sheeji, each contain- 
ing the same number. Having sold from one of theso 39, 
and from the other 93, he finds twice as many remaining in 
the one as in the other. How many did each flock oriarnallv^ 
contain? /^ ^ Jf^ 

Prob. 35. An express, travelling at the rate of 60 miles 9 
day, had been ^dispatched 5 days, when a second was sent 
after him, traveUing 75 miles a day. In what time wQl the 
one overtake the other ? Ane. 20 days. 

Prob. 36. The age of A is double that of B, the age of B 
4i-ipie that of C, and the sum of all their ages MO. What is 
nie age of each ? 
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Prob. S7. Two pieces of cloth, of tlie same price by the 
yard, but of different lengths, were bought, the one for five 
pounds, the other for 65. If 10 be added to the length of 
each, the sums will be as 5 to 6. Required the length of each 
piece. , } t^ .yi / 

Prob. 38. A and B began trade with equal sums of money. 
The first year, A gained forty pounds, and B lost 40. The 
second year, Jl lost \ of what he had at the end of the first. 




begin witff? V ^ Ans. 520 pounds 



Prob. 39. What number is that, which being severally ad- 
«led to 36 and 52, will make the former sum to the latter, as 
3to41 ,a.. 

Prob. 40. A gentleman bought a chaise, horse, and har- 
ness, for 360 dollars. The horse cost twice as much as the 
hai'ness ; and the chaise cost twice as much as the harness 
and horse together. What was the price pf each 1 - ( ' 

Prob. 41. Out of a cask of wine, from which litid leaKed 
J part, 21 gallons were afterwards drawn ; when the cask was 
found to be half full. How much did it hold 1 f ^} f 

Prob. 42. A man has 6 sons, each of whom is 4 years older 
than his next younger brother ; and the eldest is three times 
as old as the youngest. What is the age of each? ^^ ^ <i 

Prob. 43. Divide the number 49 mto^Wo SiicR'piirtsj^tlral ' 
tlie greater increased by 6, shall be to the less dimmished by 
11, as 9 to 2. - . /' . ', 

Prob. 44. W)iat tw8 numbers are as 2 to 3 ; to each of 
which, if 4 be added, the sums will be as 5 to 7 1 . / 



«.j 



Prob7 45. A person bought two casks of porter, one of 
whi^h held just 3 times as much as the other ; from each of 
tiiese he die^v^ 4 ^^allons, and then found that there were 4 
times as many gallons remaining in the larger, as in the other. 
How many gallons were there in each ? . fi^j '^X Q 

Prob. 46. Divide the number 68 into two sucn parts, tnat . 
the difference between the greater and 84, shall be eaual to ^ 
3 times the difference between the less and 40. ^ JJ z.So 

Prob. 47. Four places are situated in the order of fne Tet- 
ters A, B. C D. The distance from A to D is 34 miles. 



«.> 
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The distance from .^ to J? is to the distance froip C to /> as 
2 to 3. And i of the distance from A to Bj added to half 
the distance from C to D, is three times the distance from 
B to C What are the respective distances 1 

Ans From d to £=12; from B to C=4; from C toI>r=18. 

Prob. 48. Divide the number 36 into 3 such parts, that*) 
of the first, j of the second, and \ of the third, shall be equal 
to each other. 

Prob. 49. A merchant suppoiled himself 3 years, for 60 
pounds a year, and at the end of each year, added to that 
part oi bis stock whicn whs riot thus ex^iended, a sum equal 
to one third of this part. At the end of ♦he third year, hia 
original stock was doubled. What was that stock? 

Ans. 740 pounds. 

Prob. 50. A general having lost a battle, found tliat lie 
liad only half of his army-[-3600 men left fit for action ; J of 
the army-f600 men being wounded ; and the rest, who were 
I of the whole, either slain, taken prisoners, or missijig. 'Of 
how many men did his army consist 1 Ans. 24000. 

« 

For the solution of many algebraic problems, an acquaint- 
ance with the calculation%of powers and radical quantities is 
required. It will therefore be necessarj'^ to attend to these 
before finishing the subject of equations. 



SECTION V»L 

INVOLUTION AND POWERS- 



Art. 198. WHEN a quantity is multiplied into IT 
SELF, the product is called a POWER. 

Thus 2 X2==4, the square or second power of 2 

2x2x2=8, the cube or third power. 
2 X 2 X 2 X 2:= 1 6, the fourth power, &c. 

So 10x10=100, the second power of 10. 

10x10x10=1000, the third power. 
10x10x10x10=10000, the fourth power, &c 
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And aX(i^==(My the second power ol a 

axaXa=fMMj the third power 
ax<>XaX<>=^<>aaa> the four in power, &c 

199. The original quantity itself though not, like the pow- 
ers proceeding from it, produced by niulti[4ication, is never- 
theless called the first power. It is also called the root of 
the other powers, because it is that from which they are all 
derived. 

200. As it is inconvenient, especially in the case of high 
powers, to write down all the letters or factors of which the 
powers are composed, an abridged method of notation is ge- 
nerally adopted. The root is written only once ; and then a 
number or letter is placed at the right hand, and a little ele- 
vated, to signify how many times the root is employed as a 
^actory to produce the power. This number or letter is called 
the index or exponerU of the power. Thus a^ is put for ax« 
or <Mj because the root a, is twice repeated as a factor, to 
produce the power aa. And a^ stands for aaa; for here a 
is repeated three times as a factor. 

The index of the first power is 1 ; but this is commonly 
omitted. Thus a^ is the same as a. 

201. Exponents must not be confounded with co-efficients. 
A co-eflicieut shows how often a c[uantity is taken as a part 
of a whole. An exponent shows how often a quantity is 
taken as a factor in a product. 

Thus 4a=a+H-H"^- ^^^ o*=:ax<»X«Xo* 

202. The scheme of notation by exponents has the pecu- 
liar advantage of enabling us to express an unknown power. 
For this purpose the in<kx is a letter^ instead of a numerical 
figure. In the solution of a problem, a quantity may occur, 
which we know to be some powei of another quantity. But 
it may not be yet ascertained whether it is a square, a cube, 
or some higher power. Thus in the expression a*, the index 
X denotes that a is involved to some power, though it does not 
determine tshat power. So 6* and d^ are powers of h and d ; 
and are read the mth power of 6, and the niti power of d. 
When the value of the index is found, a number is generally 
substituted for the letter. Thus if m=3 then 6"*= 6'; but 
if ni=5, them 6"* =6®. 

203. The method of expressing powers by exponents is 
also of great advantage in the case of compound quantities. 
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Thus a+A+d|' or a+b+d" or {a+b+d)\ is (o+i+d) x 
(a+b+d) X (a+b+d) that is, the cube of (o+6-f d). Bui 
this involved at length would be 

a''+Sa^b+Sa''d+Sab''+eabd+Sad''+b''+Sb''d+Sbd'+cP. 

204. If we take a series^ of powers whose indices increase 
or decrease by 1, we shall find that the powers themselves 
increase by a common multipliery or decrease by a common du 
visor ; and that this multiplier or divisor is the original quan- 
tity from which the powers are raised. 

Thus in the series acutaa^ ooom^ acM^ aa, a ; 

Or a* a* a' a* a' ; 

the indices counted from right to left are 1, 2, 3, 4, 5; and 
the common difference between them is a unit. If we be- 
gin on the right and multiply by a, we produce the several 
powers, in succession, from right to left. 

Thus axo=fl* the second term. And a'Xfl=a*- 
a* X«=o' the third term. a* x«=rt% &c 

If we begin on the kfty and divide by a, * 
We have o*-f-a=a^ And a'-7-a=a*. 

205. But this division may be carried still farther ; and 
we shall then obtain a new set of quantities. 

Thus a+a=±=zl. (Art.128.) l^a=J-. (Art, 163.) 

a a aa 

1+0=1 i-i-a= JL, &c. 

a aa aaa 

The whole series then 

is aaaaa, aaaa, aaa, aa, a, I, 11, J^ &c. 

a aa aaa 

Or o% a\ a% a% a, 1, -, - , -, &c. 

a a a^ 

Here the quantities on the right of 1, are the reciprocals of 
those on the left, (Art. 49.) The former, therefore, may be 
properly called reciprocal powers of a ; while the latter may 
be termed, for distinction's sake, direct powers of a. It may 
be added, that the powers on the left are also the reciprocals 
of those on the right. 

♦. NoTE.--The term series is applied to a number of quantities succeeding 
each other, in some regular order. It is not confined to any particular law ot 
increase or decrease. 
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For lji.=lx-=:ii. (Art. 162.) And l-f-~=a». 

or 1 or 

806. The same plan of notation is applicable to compotrnd 
quantities. Thus from o-ffr* we have the series, 

207. For the convenience of calculation, another form of 
notation is given to reciprocal powers. 

According to this, — ot -. =a""*. And _ or \z:za'^. 

a a^ aaa cr 

1 or i =a-5». — or l=o-^ &c. 
oa (T aaaa cr 

And to make'the indices & complete series, with 1 for the 

common difference, the term fLor 1, which is considered as 

a 

no power, is written a". 
The powers both direct and reciprocal* then, 

Instead of aaaOy ooo, oo, a, ^ ., — , — , , &;c. 

a a aa aaa aaaa 

Will be cf, a\ fl?, a\ a\ a-'\a''\ a^\ a"*, &c. 

Or a+^, («+•, a^\ a^\ a\ a'\ a-^ o"', a"*, &c. 

And the indices taken, by themselves will be, 

+4,+3,+2,+l,0,-l,-2,-3,-4, &c. 

208. The root of a power may be expressed by more let- 
ters than one. 

Thus aax<^or aal' is the second power of aa. 

And aax«rtXa«> or aa\^ is the third power of aOj &c. 

Hence a certain power of one quantity, may be a different 
power of another quantity. Tiius a* is the second power of 
a\ and the fourth power of a, 

209. All the powers of 1 are the same. For lxl>or 
IXlXl, &c. is still 1. 



See Note £. 
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INVOLUTION 

SIO. Involution is finding any power of a quantityy by 
mnltiplying it into itself. The reason of the following gene- 
ral rule is manifest, from the nature of powers. 

Multiply the quantity into itself, till it is taken 
as a factor, as many times as there are units in the 

index of the POWER TO WHICH THE QUANTITY IS TO BE 
RAISED. 

This rule comprehends all the instances which can occur 
in involution. But it will be proper to give an explanation 
of the manner in which it is af^ed to particular cases. 

211. A single letter is involved, by giving it the index of 
the proposed power ; or by repeating it as many times, as there 
are units in that index. 

The 4th power of a, is a* or aaaa. (Art. 198.) 

The 6th power of y, is f or yyyt/i/j/. 

The nth power of x^ is x" or xxx. . . n times repeated. ^ 

212. The method of involving a quantity which consists 
of several factors^ depends on the principle, tiiat the power of 
the product of severalj/actors is equtU to the prodtwt 6f their 



powers. m 



Thus (ay)'=o«y«.f For by Art. 810; (ay)«=:«yx<»y. 
But ayxay==<»yw=a«J/y=«V• 
And {adyy=iadyx^yX^y»"f^ times=a''il'*y". 

In finding the powerofxi product, therefore, we may either 
involve the whole at once; or we may involve each of the 
factors sepamtely, and then multiply their several powers in- 
to each other. 

Ex. 1. The 4th power of dhy^ is (dhy)\ or d*h*y\ 

2. The 3d power of 46, is {4b)\ or 4^b\ or 646'. 

3. The-tith power of 6ad, is (6ad)% or 6'ard\ 

4. The Sd power of 3m x2t/, is (3mx2y)*, or 27m'x8y». 

213. A compound quantity consisting of terms connected 
by 4" and-, is involved by an actual multiplication of il4i 
several parts. Thus, 



68 ALGEBRA. 

(a-|-6)'=a+i, the first power. 



o' 



ab 

•ab+V 






2a&+6*, the second power of (fl^h,) 
■b 






{a+by=za'+Sd'b+Sab^+V, the thkd power. 
o-f- b 



S(^b. 



.3aV+ aft» 
.3a"fe'+3afe»4.6^ 



(a+by^a'+Af^b+ed'b^+iab'+b^ the 4th power, &c. 

2. The square of a -6, is a'-2a5+6'. 

3. The cube of o+l, is a'+So'+Sa+I. 

4. The square of a+6+A, is «*-}-2a6+2aA+6*+24A+/«» 

5. Required the cube of a^2d-^S. 

6. Required the 4th power of 64~^* 

7. Required the 5th power of a?+l. 

8. Required the 6th power of 1 -6. 

- 214. The squares of binomial and re«i(2tiaZ quantities occur 
so frequently in algebraic processes, that it is important to 
make them famiUar. 

If we multiply o-f A into itself, and also a - A, 

Wehaveo-f-A Anda-A 

<i-l-A / a — & 






cf^2ah+h\ 



Here it will be seen that, in each case, the first and last 
terms are scjuares of a and h ; and that the middle term is 
twice the product of a into A. Hence the squares of bino- 



V 
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mial and residual quantities, without multiplying each of the 
tenns separately, may be found, by the following proposition.* 

The square of a binomial, the terms of which are 
both positive, is equal to the square of the first term 
+twice the product of the two terms, -}-the square 
of the last term. 

And the square of a residtud quantity, is equal to the 
square of the first term, - twice the product of the two termB, 
-f- the square of the last lerm. 

Ex. 1. The square of 2a+6, is ia^'+iab+b^. 
2. The square of A+1, is fc*+2A+l. 
S. The square of ab+cd, is a«6*4.2aicrf+c»rf*. 

4. The square of 6y+3, is 36y*4.36y-f 9. 

5. The square of 3d - ^ is 9(P - 6dh+h*. 

6. The square of a - 1, is a* - 2a+i 

For the method of finding the higher powers of binomiah, 
see one of the succeeding sections. 

215. For many purposes, it will be sufficient to express the 
powers of compound quantities by expanentSy without an actual 
multiplication. 



Thus (he square of o^^, is a-|-6r, or (a+by. Art. 203. 
The nth power of bt^S-^-Xy is (6c+8+*)"- 

. n cases of this kind, the vinculum must be drawn over all 
the terms of which the compound quantity consists. 

216. But if the root consists of several factors, the vincu- 
lum which is used in expressing the power, may either extend 
over the whole ; or may be applied to each of the factors 
separately, as convenience may require. 



Thus the square of a-fftxc+rf, is either 



a+bxo+d\ ora+61 Xc+d\ 

For, the first of these expressions Is the square of the pro- 
duct of the two factors, and the last is the product of tneir 
squares. But one of these is equal to the other. (Art. 212.) 

The cube of axb+d, is {axb+d)% or a»x(ft+d)'. 



* f^uclid's Elements, Book II. prop. 4. 

9 
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217. When a quantity whose power has been expressed by 
a vinculum a^d an index, is afterwards involved by an actuaJ 
multiplication of the terms, it is said to be expanded. 

Thus (a+6)% when expanded, becomes a'+2a64-t*. 
And {a+b+hyy becomes a*+2ab+2ah+V+2Mi+h\ 

18. With respect to the sign which is to be prefixed to 
quantities involved, it is important to observe, that when the 

ROOT IS POSITIVE, ALL ITS POWERS ARE POSITIVE ALSO ; BUT 
WHEN THE ROOT IS NEGATIVE, THE ODD POWERS ARE NEGA- 
TIVE, WHILE THE EVEN POWERS ARE POSITIVE. 

" For the proof of this, see Art. 109. 

The 2d power of - a is+o* 
The 8d power is - a' 

The 4th power is + o* 
The 5th power is - a*, &c. 

Sid. Hence any odd power has the same sigti as its root. 
But an even power is positive, whether its root is positive or 
negative. 

Thus4.ax4-«=o* 
And -ax -a=a*. 

220. A QUANTITY WHICH IS ALREADY A POWER, tS INVOLV- 
ED BY MULTIPLYING ITS INDEX, INTO THE INDEX OF THE POW- 
ER TO WHICH IT IS TO BE RAISED. 

h The 3d power of a\ is a* * '=a*. 
For a*=aa: and the cube of oa is aaxaax<M(=<MMUMki=a*f 
which is the 6th power of a, but the Sd power of u\ 

For the further illustration of this rule, see Arts. 238, 4. 

2. The 4th power of a^b\ is a»^*6^*=:a* * V. 

3. The 3d power of 4 a% is 64 aV. 

4. The 4th power of 2(i»x3««d, is 16d»«x81a;*(P. 

5. The 5th power of {a+b)\ is (a+b) * •. 

6. The nth power of a% is a^". 

7. The nth power of (x - y)*, is (x - y)' 



kMin 



8. c»+6* « = a*+ 2a'6»+6». (Art. 21 4.) 
9- iJx^* =a'x6'. 10. (o»6«A«)»=o«6W*. 
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iT 221. The rule is equally applicable to powers whose expo- 
nents are negoMve, 

Ex. 1. The 3d power of ar\ is ar^^=<r*. 

For 0-^=1-, (Art. 207.) And the 3d power of this is 
tttt 

aa aa aa aaaaaa a" 

2. The 4th power of a'6-» is a*6-", or ^. 

3. The cube of 2af)r^^ is 8a;*^*". 

4. The square of 6'ar% is 6*ar-*. 

5. The nth power of ar"*, is aH**, or — • 

222. It must be observed here, as in Art. 3I89 that if the 
sign which is prefixed to the power be -9 it must be chane^ed 
to -f-» whenever the index becomes $in even number. 

Ex. 1. The square of - a', is +a'. For the square of 
- aS is - a' X - o^i which, according to the rules for the signs 
in multiplication, is-}-a'. 

2. But the cute of -a» is -0^. For-aFx-a^X-fl^=-<3^. 
'3. The square of -of, is +«*". 
4. The nth power of - a\ is +^*» 

Here the power will be positive or negative, according a« 
the number which n represents is even or odd. 

. 223. A FRACTION is involveq w involving both 

THE NUMERATOR AND THE DENOMINATOR. 

ft /x 

1. The square of - is — For, by the rule for the multi- 

6* 

plication of fractions, (Art. 155.) 



6 6 66 6« 

a. The 2d, 3d, and nth powers of 1, are hL and JL 

a a* a* (t 

S. The cube of??!!, is ?^^ 
4. The nth power of ^LT, is £— L . 
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5. The square of -^^f-S '« -^^. 



{x+iy {x+iy 

6. The cube of -?l!., is Z^"! (Art. 221 .) 

224. ExaiViples of hinomidsy in wliich one of the terms is 
a fraction. 

1. Find the square of a:+j, and a: -.^, as in art. 214, 



2. The square of a +?, is fl?+i?+i 
4. Thesquareof«-A, i8a^-.?^+*l. 



225. It has been shown, (Art. 165,) that a fractional co- 
efficient may be transferred from the numerator to the de- 
nominator of a fraction, or from the denominator to the nu- 
merator. By recurring to the scheme of notation for recip- 
rocal powers, (Art. 207,) it will be seen that any factor may 
also be transferred, if the sign of Us index be changed, 

1. Thus, in the fraction — , we may transfer x from the 

y 

numerator to the denominator. 
Forf!r'=fx^=?xl=4i. 

2. In the fraction JL we may transfer y from the deno- 
minator to the numerator. 
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226. In the same manner, we may transfer a factor which 
has a positive index in the numerator, or a negative index in 
the denominator. 



atx^ 



1. Thus ~T'=kZ=r' For «• is the reciprocal of a?"*, 
(Arte. 205, 207,) that is, a^=^' Therefore, "X=£pi- 



2^JlJ^^ 3>»^ ^' 



tjr*- h • *" ay-*- xd-^' 

227. Hence the denominator of any fraction may be en- 
tirely removed, or the numerator may be reduced to a unit, 
without altering the value of the expression. 

1. TbL 1= j^i, or oft"*. 
i^ 1 

±^ 1 



jy 



ADDITION AND SUBTRACTION OP POWERS. 



228. It is obvious that powers may be added, like other 
quantities, by writing them one (rfter another with theh^ eigne. 
(Art. 69.) 

Thus the sum of a' and b*. Is a'-f-^*- 

And the sum of a»-fc- and A**-*, is a*-.6"+A'-*. 

229. The eame powere of the same letters are like quanHties; 
(Art. 45,) and their co-efficients may be added or subtracted, 
as in Arts. 72 and 74. 

Thus the sum of 2a' and 3a% is 5a*, 

It is as evident that twice the square of a, and three times 
the sc{uare of a, are five times the square of a^ as that twice 
a and three times a, are five times a. 



94 ALGEBRA. 

To -SaY 86* Say -6a?*« 8(H-y)" 

Add -.2«»t/* 66* -7ay 6aW 4(a4.y)^ 

^^^■^•^•■aiaaa ^la^MK •a«^__a>a>_^.M IvaaiaMM^i^iB ^^IB^^^iaM^ 

Sum -Soj^y* -^Aa^ ''(<»+!/)* 

230. But powers of different letters and differed powers of 
the «ame fe^er, must be added by writing tnem dowli with 
their idgns. 

The sum of a* and o' is a*4"^'* 

It is evident that the square of a, and the cube of a, are 
neither twice the square of a, nor twice the cube of a. 
The sum of a'6- and Sa'6% is a^6"+3a'6\ 

231. Subtractum of powers is to be performed in the same 
manner as addition, except that the signs of the subtrahend 
are to be changed accordmg to Art. 82. 

Prom 2a* -36* 3A«6« a»6- S(a-'h)^ 

Sub. -6a* 46- 4A«6« o»6« 2(a-.A)« 



Diff. 8a* -*V S(a-/i)« 



MULTIPLICATION OP POWERS. 

232. Powers may be multiplied, like other quantities, by 
writing the factors one after another, either vrith, or without, 
the sign of multiplication between them. (Art. 93.) 

Thus the product of a* into 6*, is a*6', or aaa66. 
Mult, x^ *»6-- Say dhJ'ir^ a«6y 

Into a* a* -2a? 46y* a'6^ 

Prod. (Tar* -Ba^xy* a^bHf^^bHj 

The product in the last example, may be abridged^ by 
bringing together the letters which are repeated. 

It wm then become cfb^^ 

The reason of this will be evident, by recurring to the set- 
ries of powers in Art. 207, viz. 

a+*, a+\ a+S a+\ a", <r\ a^, (T^, ct^, &c. 

Or, whdch ia the same, 

t 1 * 1 1 «. 

aaa<H am, aa, a, 1, -, — , — , ^^, &c. 
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By comparing the fieveml terms with each other, it will 
be seen that if any two or more of them be multiped to- 
gether, their product will be a power whose exponent is die 
sum of the exponents of the factors. 

Thus a*Xa^=^MXaaa=zaaaaa=:€f. 

Here 5, the exponent of the product, is equal to S4-Sy the 
sum of the exponents of the factors. 

So a? Xa"=fl^. 

For 0% is a taken for a factor as many times as there are 
units in n ; 

And cTy is a taken for a factor as many times as (here are 
units in m ; 

Therefore tne product must be a taken for a factor as 
many times as there are units in both m and n. Hence, 

233. Powers of the same root mat bb multiplied, 
bt adding their exponents. ^ 

Thus rfxo'=a**^=a'. And ar»Xa:'Xa?=«*^*=:r». 
Mult. 4a* Sx' by (fby (fc+A-y)- 

Into 2ar 2ar» b'y afb"^ «>-fi-y 

Prod. 8«^ by (6+A-y)H-i 

Mult. «^-j-«^-[-«y'-|-y' into s-y. Ans. ap*-y*. 
Mult. 43^'\'Sxy - 1 into 2a^ - «. 
Mult, a^+ar- 5 into 2si^+x+\. 

234. The rule is equally applicable to powers whose expo- 
nents are negcOioe. 

,1. Thus a-"*x«"''=«""*- Thatis i-X— = ' 



aa aaa aaaaa 
2. »-"Xy-"=»-""-. That is JLx4=-4=- 

IT y* yy 

8, -a-*Xa~*=-o'"'- 4. a"*Xa^=»*"*=o- 
6. a-"Xo"'=a^"". 6. y-*xy'=y"=l. 

235. If o-^ft be multiplied into a -6, the product will be 
ii?-6': (Art. 110,) that is 
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The product of the bum and difference of two 
quantities, is equal to the difference of their 

SQUARES. 

This is another instance of the facility with which generam 
truths are demonstrated in algebra. See Arts. 23 and 77. 

If the sum and difference of the sifuares be muUipIied, 
the product will be equal to the difference of the fourth 
powers, &c. 

Thus (a - y ) X («+y ) = «* " »'• 

K-y')XK+y*)=a«-y», &c. 



DIVISION OF POWERS ,. 

236. Powers may be divided, like other quantities, by re« 
jecting from the dividend a factor equal to the divisor ; or by 
placing the divisor under the dividendi in the form of a frac* 
tion. 

Thus the quotient of a^V divided by 6", is a*. (Art. 116.) 

Divide 9ay 12ty a»6-|.3rf^» cix(a-"A+y)' 
By -3.rf W a« (a-A+y)* 

Quot -3y* *+V ^ 



The quotient of tf divided by a', is ~^ But this is equal 

a* 

to c?. For, in the series 

a+*, a+», a+*, a+», a\ a-^ a-\ a-% a'\ &c. 

if any term be divided by another, the index of the quotient 
will be equal to the d^erence between the index of ihe divi- 
dtmd and that of the divisor. 

Thus a'^-j-(^=:^^*^^=a». And (r^a-=^=a"-. 

aaa a" 

Hence, 

237. A POWER MAY BE DIVIDED BY ANOTHER POWER OP 
THE SAME ROOT, BY SUBTRACTING THE INDEX OF THE DI- 
VISOR FROM THAT O^ THE DIVIDEND. 
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Thus y^'i-y^=y"=y\ That is M=:w. 



aa* 



And a'^^'r-a=z(f+^'^=a\ That is _=flr. 

a 

And sr-^ar:=:af^=:sP=zl. That is -= 1. 

a:" 

Divide y'*" 6« 8a"+* o"+* 12(64-y)- 
By y« y 4^m ^ 3(6+y)' 



Quot y* 2a" 4(6-}-y)--9 

238. The rule is equally appUcable to powers whose ex- 
ponents are negative. 

The quotient of (T* by a^', is a~". 

That is _L_.^=_L_x?^= "^ * 



aaaaa aaa aaaaa 1 aaaoa aa 
2. - «-»-?.a?-^= - te^. That is J.^4.L= J^ =. * 



3. h^^hr^=:h^'=zh\ That is A»^j=A«x-=A'- 

A 1 

6. 6^^6»=6*-'=6-*. 7. a*^a'=a-'. 

9. (6+ar)--f-(6+x)=:(6+a:y-^ 

The multiplication and division of powecs, by adding and 
subtracting their indices, should be made very familiar ; as 
they have numerous and important applications, in the high- 
er branches of algebra. 

EXAMPLES OP FRACTIONS CONTAINING POWER& 

239. In the section on fractions, the following examples 
were omitted for the sake of avoiding an anticipation of tho 
subject of powers. 

1. Reduce — - to lower terms. Ans. .. 
3o» S 

For *J=5!?f5!?=^. (Art. 145.) 
So? Saa S ^ ' 

%, Reduce -^ to lower terms. Ans. — or 2x. 
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3. Reduce ^°*+^ to lower terms. Ans. i°+^'. 

6a» 6 

4. Reduce 8a°y-12ay+6(q/' to lower terms. 

6(ry-\-4ajf 

Ans. ^ " ^y^i y. obtained by dividing each term by 2ay. 

5. Reduce— and — ., to a common denominator. 

or a 

at X«"* is «"*> the first numerator. (Art. 146.) 
o' X'*""' is a"=l, the second numerator. 
fl^ X***"* is a"*,' the common denominator. 

The fractions reduced are therefore and . 

a"' a-* 

2a* €? 

6. Reduce --U and -^ to a common denominator 

AnB,?!^,and^or|^and^. (Art. 145.) 
bcf Bo' oa* 5cr 

7. Multiply^ into ^. Ans.4^=g.. 

8. Multiply fl-iA, into id^. 

6* 3 

9. Multiply ^^±L, into ^zi. 

10. Multiply — into ^ and -?1. 

a~* a: y"* 

11. Divide 2-, by ?5.. Ans. 5!^ = f . 

V y ^ y 

12. Divide i^ by ^■"^"\ 

13. Divide *ZiC!, by fy±2 

14. Divide *-ZJ, by 1^. 
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SECTION IX. 



EVCaE-UnON and radical aUANTITIES.* 



Art. 240. If a quantity is multiplied into itself, the pro- 
duct is a power. On the contrary, if a quantity is resolved 
into any number of equal factwrfB^ each of these is a root of 
that quantity. 

Thus 6 is the root of bbb; because bbb may be resolved 
into the three equal factors, 6, and 6, and 6. 

In subtraction, a quantity is resolved into two parts. 

In division, a quantity is resolved into two factors. 

In evolution, a quantity is resolved into eqaoi factors. 

241. A ROOT OF A QUANTITY, THEN, IS A FACTOR, WHICH 
MULTIPLIED INTO ITSELF A CERTAIN NUMBER OF TIMES, WILL 
PRODUCE THAT QUANTITY. 

The number of times the root must be taken as a factor, 
to produce the given quantity, is denoted by the name of the 
root. 

Thus 2 is the 4th root of 16 ; because 2x2x2x2=16, 
where two is taken four times as a factor, to produce 16. 

So (1^ is the square root of c^ ; for a^x^=<3^« (Art. 233.) 

And cf is the cube root of cf ; for rfx<^X<3?=o'. 

And a is the 6th root of a'; for ax«^XaXoXoXfl=«^ 

Powers and roots are correlative terms. If one quantity 

is a power of another, the latter is a root of the former. As 

6' is the cube of 6, 6 is the cube root of 6'. 

242. There are two methods in use, for expressing the 
roots of quantities ; one by means of the radical sign \/, and 
the other by a fractional index. The latter is generally to 
be preferred ; but the former has its uses on particular occa- 
sions. 



 Newton's Arithmetic, Maclaurin, Emerson, Euler, Saunderson, and 
Simpson. 
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Wlien a root is expressed' by the radical sign, the sign is 
placed over the given quantity, in this manner, \/a. 

Thus X/a is the 2d or square root of a. 

\/a is the 3d or cube root 

\/a is the nth root. 

And v^y ^ ^^® ^^ ^^^ ^^ H-y* 

243. The figure placed over the radical sign, denotes the 
number of factors into which the given quantity is resolved ; 
in other words, the number of times the root must be taken 
as a factor to produce the given quantity. 

So that V^X V^=^- 

And V«XV«XV«=«- 

And V^X V^ ** times =a; 

The figure for the square root is commonly omitted; \/a 
being put for \/a. Whenever, therefore, the radical sign is 
used without a figure, the square root is to be understood. 

244. When a figure or letter is prefixed to the radical sign, 
without any character between them, the two quantities are 
to be considered as multiplied together. 

Thus 2\/a, is 2X\/^ ^^^^ ^^j ^ multiplied into the root of 
a» or, which is the same thing, tvdce the root of a. 

And a:\/6, is xX\^f>y or x times the root of b. 

When no co-efficient is prefixed to the radical sign, I is 
always to be imderstood ; \^a being the same as l\/a, that 
is, once the root of a, 

245. Tbe method of expressing roots by radical signs, has 
no very apparent connection with the other parts of the 
scheme of algebraic notation. But the plan of indicating 
them hy fractional indices^ is derived directly firom the mode 
of expressing powers by integral indices. To explain this, 
let a* be a given quantity. If the index be divided into any 
number of equal parts, each of these will be the index of a 
root of a*. 

Thus the square root of a* is a'. For, according to the 
definition, ^Art. 241,) the square root of o' is a factor, which 
multiplied mto itself will produce a*. But a'Xflt'=^*» (Art. 
233.) Therefore, a' is the square root of a*. The index of 
the given quantity a% is here divided into the two equal 
parts, 3 and 3. Of course, the quantity itself is resolved into 
the two equal factors, o' and a'. 
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The cube root of a* is cf. For cfx^Xf^=of. 

Here the index is divided into three equal parts, and the 
quantity itself resolved into three equal factors. 

The square root of a' is a^ or a. For axo=c?- 

By extending the same plan of notatioOr fraefwnal indiees 
are obtained. 

Thus, in taking the square root of a^ or a, the index 1 is 

divided into two equal parts, ^ and j^ ; and the root is tfi* 

On the same principle, 

The cube root of a> is ar^\/(L 

The nth root, is a" = V^ *^c. 

And the nth root of d-j-dr, is (a+«)*=\/*+*- 

246. In all these cases, the denominator of the fractional 
index, expresses the number of £Bu:tors into which the given 
quantity is resolved. 

p^wv**«,v^ X» X«*=«« And a"Xa"-...n times =(k 

247. It follows from this plan of notation, that 

a^Xa^^d^'^K For «^+i=a' or a. 

a*Xa*Xrt*=«*+*+*=aS &c. 

where the multiplication is performed in the aectM mtttm^ 
as the multiplication of powers, (Axt. 233,) Chat is, by adaf$^i 
the indices, 

248. Every root as well as every power of 1 is 1. (Art 
209.) For a root is a factor, which multiplied into itseJf wiB 
produice the given quantity. But no factor except 1 «aA prd« 
duce 1, by being multiplied into itself. 

So that 1", 1, \/l, \/lf &c. are all equaL 

249. Mgaiive indices are used in the notation of rootis, as 
well as of powers. See Art. 207. 

«,, 1 1 1 

Thu8-x=a-i -T=sa~|- -x=flni' 

a^ a^ a" 

10 
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POWERS OF ROOTS, .^ 

250. It has been shown in what manner any power or 
root may be expressed by means of an index. The index 
of a power is a whole number. That of a root is a fraction 
whose mmierator is 1. There is also another class of quan- 
tities which may be considered, either as powers of roots, 
or roots of powers. 

Suppose a^ is multiplied into itself, so as to be repeated 
three times as a factor. 

The product a^+i+i or a* (Art. 247,) is evidently the 

cube of tfiy that is, the cube of the square root of a. This 
fractional index denotes, therefore, a power of a root. The 
denominator expresses the root, and the numerator the power. 
The denominator shows into how many equal factors or roots 
the given quantity is resolved ; and the numerator shows how 
many of these roots are to be multiplied together. 

Thus a is the 4th power of the cube root of a. 

The denominator shows that a is resolved into the three 

J. JL JL 

factors or roots a', and a , and a . And the numerator shows 
that four of these are to be multiplied together ; which will 

produce the fourth power of a' ; that is, 

J. J. 1 4 4 
a Xa Xa Xa =a • 

251. As a^is a power of a root, so it is a root of a power. 

Let a be raised to the third power a'. The square root of 

A. 
this is a . For the root of c^ is a quantity which multiplied 

into itself will produce a*. 

But according to Art. 247, a*=a*X« X« 5 and this 
multiplied into itself, (Art. 103,) is 

a^ Xa^ X(^ Xa^ Xo^ Xa^=a*. 
Therefore o* is the square root of the cube of a. 

in 

In the same manner, it may be shown that cT is the ntth 
power of the nth root of a; or the nth root of the with pow- 
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« 
er : that is, a root of a power ia equal to the same power of the 

same root. For instance, the fourth power of the cube root of 

a, is the same as the cube root of the fourth power of a, 

\ 252. Roots, as well as powers, of the same letter, may be 
multiplied by adding their exponents, (Art. 247.) It wiU be 
easy to see, that the same principle may be extended to pow* 
ers of roots, when the exponents have a common denomi- 
nator. 

Thus a*Xo*=a*"*"*=fl* 

X 

For the first numerator shows how often a^ is taken as afac 
tor to produce a''. (Art. 250.) 

And the second nunoerator shows how often a* is taken as 

a factor to produce a . 

The sum of the numerators therefore, shows how often the 
root must be taken, for the product. (Art. lOS.) 

^ , f -L JL 

Or thus, a^=a'x«'. 

B. 1. X ± 

And a^zz: a^ X o' X « • 
Therefore a*X« =a'xo X« Xa X» =« • 

253. The value of a quantity is not altered, by applying 
to it a fractional index whose numerator and denominator 
are equaL 

Thus a=a*=a'=a^. For the denominator shows that 
a is resolved into a certain number of factors ; and the nu- 

merator shows that all these factors are included in a*. 
Thus a*=a*^Xo X« > which is eoual to a. 

f^ X X X 

And a'*=a'' x^" X<i".—» tmies. 

On the other hand, when the numerator of a fractional 
index becomes equal to the denominator, the expression may 
be rendered more simple by rqecting the index. 

Instead of a», we may write a. 

254. The index of a power or root may be exchanged, for 
any other index of the same value. 

Instead of a , we may put a • 
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For in the latter of these expressions, a in supposed to be 
resotved into twice as many factors as in the former ; and tlie 
numerator shows that twice as many of these factors are to be 
multiplied together. 80 that tlie whole value is not altered. 

I 

Thus ar^^a;*==ar, &c. that is, the square of the cube root 
is the same, as the fourth power of the sixth root, the sixth 
power of the ninth root, &c. 

A. A 2_i» 

So a'=:a*=a*=a« . For the value of each of these in- 
dices is 2. (Art. 135.) 

255. From the preceding article, it will be easily seen, 
that a fractional index may be expressed in dedmalt. 

I. Thus cr:=zd*^i or o^'* ; that is, the square root is equal to 
the 5th power of the tenth root. 

£. a*=a^^ or cf •*•; that is, the fourth root is equal to 
the 25th power of the 100th root 

8. a*=:a''* ^ 5. a*=o'« 

4. a^-d"'^ 6. o^r^rf" 

In many cases, however, the decimal caQ be only an op- 
froxmoUion to the true index. , 

Thus a^=(f-^ nearly. a*^=:a"*'''^^ very nearly. 

In this manner, the approximation may be earned to any 
deigfree of exactness which ia required 

Thus a*=o*-«"*«. a^=rf"«*«. 

These decimal indices form a very Important class of nmn- 
bers, called logarithms. 

It 19 frequently convenient to vary the notation of powers 
of roots, by making use of a vinculum, or the radical s'.gn V- 
In doing this, we must keep in mind, that the power of a 
root is the same as the root of a power ; (Art. 251,) and also, 
that the denominator of a fractional exponent expresses a 
rooty and the numerator a power. (Art. 250.) 

Instead, therefore, of a", we may write (a*)', or (a") , or 

Jiya\ 
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The first of these three forms dienotes the square of (lie 
cube root of a; and each of the two last, the cube root of tlie 
square of a« 

So a» =a"' =a | =J^ar. 

And {bx)^ =(6V)i=^76V: 

Aiidi4y=«+y1i='>y/^y^ 



UVOkUTION. 

257. Evolution is the opposite of involution. One is find- 
ing a power of jf quantity, by multiplying it into itself. The 
other is finding a rooty by resolving a quantity into equal fac- 
tors. A quantity is resolved into any number of equal fac- 
tors, by dividing its index into as many equal parts ; (Ait. 
245.) 

Evolution may be performed, then, by the following gen- 
eral rule ;• 

Divide the index of the quantity b7 the number 
expressing the root to be found. 

Or, place over the quantity the radical sign belonging to 
the required root. 

1. Thus the cube root of a* is a\ For a*xa"Xo'=«^. 

Here 6, the index of the given quantity, is divided by 8^ 
the number expressing the cube root. 

2. The cube root of a or a^ is a* or \/a. 

For a^Xa^XaK or \/axK/axK/a=a. (Arts. 243, 246.) 

3. The 5th root of a6, is (ah) ^ or J^o*. 

4. The nth root of rf is a " or Jy/a?. 



5. The 7th root of 2d- a:, is (2(1- a;) ^or l/^d'-x. 

6 The 5th root of a - a;|, is a- xp or Va ^ /p| . 

7, The cube root of a-, is a*. (Art. 163.) 

8. The 4th root of a-* is a™*' 

9. The cube root of a' is a*. 

m 

10, The nth root of af*, is «». 

10* 



/ 
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^ 258. According to the rule just given, the cube root of the 
flquare root is found, by dividing the index } by S, as in ex- 
ample 7lh. But instead of dividing by 3, we may mtdtiply 

by+. Fo^i-^3=i^=ixt. (Art. 162.) 

1 11 

So — ^.n=--X— Therefore the with root of the nth 
m m n 

root of a is equal to a* ^ * 



That is, a 






Here the two fractional indices are reduced to one by mul- 
tiplication. 

It is sometimes necessary to reverse this ftrocess ; to resolve 
an index into two factors. 



h 



Thus af^=«*><i =:x 
to the square root of the 4th root. 



That is, the 8th root of jt is equal 



-L Xy^X 



X 



^ m ^\ m 



X 
n 



I 



So a+b\ =a+b\ =a+6| 

It may be necessary to observe, that resolving the index 
into factOTS, is not the same as resolving the quantity into 
factors. The latter is effected, by dividing the index into 
parts. 

259. The rule in Art. 257, may be applied to every case i 
in evolution. But when the quantity wnose root is to be 

found, is composed of several jaetors, there will frequently j 

be an advantage in taking the root of each of the factors • 

9epar€Uely. 'i 

This is done upon the principle that the root of the product i 

of several factors^ is equal to the product of their roots. i 

Thus >y/a6 = \/a X V^* ^^^ ^^^^ member of the equation , 

if involved, wiU give the same power. ^ ; 

The square of ^ab is ab. (Art. 241.) ^ 

Thesquare of VaX\/^is\/«X V^XV^XV^C^""^-^^^-) 
But Js/aXA/ft=a. (Art. 241.) AndV*XV*=*- ' « 

Therefore the square of V«X\/*;f=V<*X\/^X\/^XV* ' 

=06, which is also the square of \/a&. 

XXX 

On the same principle, {ah)* =a^6". 



mmm^^ . 
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When, therefore, a quantity consists of eeveral factors, we 
may either extract the root of the whole together; or we may 
find the root of the factors separately, and then multiply them 
into each other. 

Ex. 1. The cube root of «y, is either (xy) or 7?^* 

2. The 5th root of 3y, is V% or ^3 X Vv- 

S. The 6th root of oftfc, is (otA)* or a*6*fc* 

4. The cube root of 86, is (86)*, or 26*. 

5. The nth root of «^, is (a:^) * or a:y ". 

260. The root of a fraction is equal to the root 
OF the numerator divided b7 the root of the deno- 
minator. 

\ \ \ 

1. Thus the square root of f =— . For fLx^=i 

6 ji ^ ji 6 



J. J. JL 



2. So the nth root of ~=— . For~x— ..n times =?. 

* 6- 6- 6- * 

X aJx a* V^ 

3. The square root of — , is -51—.. 4. \/ "=7/^' 

ay V<V ^ ^^ 

261. For determining what sign to prefix to a root, it is 
important to observe, that 

An odd root of ant quantity has the same sign as 
the quantity itself. 

An even root of an affirmative quantity is am- 
biguous. 

An even root of a negative quantity is impossible* 

That the 3d, 5th, 7th, or any other odd root of a quantity 
must have the same sign as the quantity itself, is evident 
from Art. 219. 

262. But an emen root of an affirmative quantity may be 
either affirmative or negative, tor, the quantity may be 
produced from the one, as well as from the other. (Art. 219.) 

^^ • 

Thus the square root of a* is -{-a or -a. 
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All even root of an affirmative quantity io, therefore, said 
to be anUnguouSf and is marked with both -f- and -. 

Thus the square root of 36, is "t^/Sb. 

The 4th root of a?, is ±a?*. 

The ambiguity does not exist, however, when, from the 
nature of the case, or a previous multiplication, it is known 
whether the power has actually been produced from a posi- 
tive or from a negative quantity. See Art. 299. 

263. But no even root of a negative quantity can be found. 
The ^uare root of -a' is neither -\-a nor -a. 
For -|-ax+fl=+a'. And -ax -a=-\-a^ also. 

An even root of a negative quantity is, therefore, said to be 
impossible or imaginary. 

There are purposes to be answered, however, by applying 
the radical sign to negative quantities. The -expression 

/y/ -a is often to be found in algebraic processes. For, al- 
tnough we are unable to assign it a rank, among either posi- 
tive or negative quantities ; yet we know that when multi- 
plied into itself, its product is - a, because ^ - a is by notation 
a root of - 0, that is, a quantity which multiplied into itself 
piX>duces -a. 

This may, at first view, seem to be an exception to the 
general rule that the product of two negatives is affirm- 
ative. But it is to be considered, that ^ - a is not itself a 
negative quantity, but the root of a negative quantity. 

The mark of subtraction here, must not be confounded 
with that which is prefixed to the radical sign. The expres- 
sion ^-a is not equivalent to -^a. The former is a root 
of - a ; but the latter is a root of 4-^ • 

For -V^X -^yazn^aa^za. 

The root of - a, however, may be ambiguous. It may be 
either +\/ - a, or - /y/ - a. 

One of the uses of imaginary expressions is to indicate 
an impossible or absurd supposition in the statement of a 
problem. Suppose it be required to divide the number 14 
into two such parts, that their product shall be 60. If one 
of the parts be a:, the other will be 14 -a?. And by the sup- 
position, • 

. «x(14-a:)=e0, or I4a:-fl?'=60. 



p 



V' 
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Tliis reduced, by the rules in the following section, will 
give a:=7±vTfi. 

As the value of x is here found to contain an imaginary 
expression, we infer that there is an inconsistency in the 
statement of the problem : that the num'ber 14 cannot be 
divided into any two parts whose product shall be 60.* 

264. The methods of extracting the roots of compound 
quantities are to be considered in a future section. But 
there is one class of these, the squares of bmomial and re- 
sidual quantities, which it will be proper to attend to in this 
Elace. It has been shown (Art. 214,) that the square of a 
inomial quantity consists of three terms^ two of which are 
complete powers, and the other is a double product of the 
roots of tnese powers. The square of 04-69 for instance, is 

two terms of which, (f and b% are complete powers,^ and 2a6 
is twice the product of a into 6, that is, the root of if into the 
loot of 6^ 

Whenever, therefore, we meet with a quantity of this de- 
scription, we may know that its square root is a binomial ; 
and this may be found, by taking the root of the two terms 
whioh are complete powers, and connecting them by the 
sign -|«. The other term disappears in the root. Thus, to 
find the square root of 

take the root of a^^ and the root of y", and connect them by 
the sign -|-. The binomial root will then be x-f-y* 

In a residual quantity, the double product has the sign - 
prefixed, instead of +. The square ci a -A, for instance, is 
tf -2a&-4-^. (Art. 214.) And to obtain the root of a quantity 
of this description, we have only to take the roots of the two 
complete powers, and connect them by the sign — . Thus the 
square root of «*-2a:y-}"!/* i^ ^ "V- Hence, 

265. To EXTRACT A BINOMIAL OR RESIDUAL SQUARE ROOT, 
TAKE THE ROOTS OF THE TWO TERMS WHICH ARE COMPLETE. 
POWERS, AND CONNECT THEM BY THE SIGN WHICH IS PREFIX 
ED TO THE OTHER TERM. 

Ex. 1 . To find the root of a:'4-2ar4- 1. 

The two terms which are complete powers are a? and 1 
The roots are i and 1. (Art. 248.) 
The bmomial root is, therefore, ar-f-l. 



* See Nou F. 
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2. The square root of a;*-2ar+l, is a:-l. (Art. 214.) 

3. The square root of a«+a+ J, is a+J. (Art. 224.) 

4. The square root of a^+Ja^- J, is o-j-f- 

b^ b 

5. The square root of fl?+^^4-T> ^ H-o* 

2a6 b"^ 6 

6. The square root of a'+ — 4-^> ^^ ^+T 

'266. A ROOT WHOSE VALUE CANNOT BE EXACTLY EXFRESS- 
ED IN NUMBERS, IS CALLED A SURD. 

Thus ^2 is a surd, because the square root of 2 caimot be 
expressed in numbers, with perfect exactness, 
lu decimals, it is 1.41421356 nearly. 

But though we are unable to assign the value of such a 
quantity when taken dUmey yet by miStiplpng it into itself, or 
by combining it with other quantities, we may produce ex- 
pressions whose value can be determined. There is, there* 
fore, a system of rules generplly appropriated to surds. But 
as all (|uantities whatever, when under the same radical sign, 
or havmg the same index, may be treated in nearly the same 
manner ; it will be most convenient to consider them toge- 
ther, under the general name of Radical Q^anHtie8 ; .under- 
standing by this term, every quantity which is found under 
a radical sign, or which has a fractional index. 

267. Every quantity which is not a surd, is said to be 
rational. But for the purpose of distinguishing between ra- 
dicals and other quantities, the term rational will be applied, 
in this section, to those only which do not appear under a 
radical sign, and which have not a fractional mdex. 

REDUCTION OP RADICAL aUANTITIES. 

268. Before entering on the consideration of the rules for 
the addition, subtraction, multiplication and division of radi- 
cal quantities, it will be necessary to attend to the methods 
of reducing them from one form to another. 

Firsty to reduce a rational quantity to the form of a radi- 
cal; 

Raise the quantity to a power of the same name as 

THE given root, AND THEN APPLY THE CORRESPONDING 
RADICAL SIGN OR INDEX. 
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Ex. 1 . Reduce a to the form of the nth root. ' 

The nth power of a is a". (Art. 211.) 

Over this, place the radical sign, and it becomes \/rf". 

It is thus reduced to the form of a radical quantity, with- 
out any alteration of its value. For \/ar=za*=:za, 

2. Reduce 4 to the form of the cube root. 

Ans. V64 or (64)* 
S. Reduce 3a to ^the form of the 4th root. 

Ans. {/Sla*. 

4. Reduce iab to the form of the square root. 

Ans. (ia«6»)^. 

5. Reduce S x« - ^ t o the for m of the cube root 

Ans. ^^27X0-0:1'. See Art. 212. 

6. Reduce a' to the form of the cube root. 
The cube of a* is a\ (Art. 220.) 

And the cube root of o' is ^a* =a'| . 

In cases of this kind, where a power is to be reduced to 
the form of the nth root, it must be raised to the nth power, 
not of the given letter^ but of the povser of the letter. 

Thus in the example, o* is the cube, not of a^ but of a*. 

7. Reduce a' 6* to the form of the square root. 

8. Reduce cT to the form of the nth root 

a 

269. Secondly^ to reduce quantities which have different 
indices, to others of the same value having a common index ; 

1. Reduce the indices to a common denominator. 

2. Involve each quantity to the power expressed by the 
numerator of its reduced index. 

3. Take the root denoted by th^ common denominator. 

J. JL 

Ex. 1. Reduce cr and Ir to a conmion index. 

1st. The indices i and I reduced to a conmion denomina* 
tor, are A and ft. (Art. 146.) 

2d. The quantities a and h involved to the powers expre^- 
ed by the two numerators, are a' and 6'. 
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272. By a contrary process, the co-efficient of a radical 
quantity may be introduced under the radical sign. 

1. Thus, a^6=4^a"6. 

For a= ^cT or a- . (Art. 253.) And ^a" X \/6 = ^/o^ 

Here the co-efficient a is first raised to a power of the same 
name as the radical part, and is then introduced as a factor 
under the radical sign. 

3. 2a6(2a6«)*=(l6rt*i»)* 



ADDITION AND SUBTRACTION OF RADICAL 

QUANTITIES.^ 

273. Radical quantities may be added like rational quan- 
tities, by writing them one after another with their signs, (Art. 
69.) 

Thus the sum of \^a and \/6, is i\/®+ V^* 

And iue sum of a» - A' and a:* -y", is a^ - A'+a?* -y". 

But in many cases, several terms may be reduced to one, 
as in Arts. 72 and 74. 

The sum of 2\/« ^^^ S\^aia 2^a^S\^a=5\/a. 
For it is evident that twice the roet of a, and three times 
the root of a, are five times the root of a. Hence, 

274. When the quantities to be added have the same radi- 
cal part, under the same radical sign or index ; add the ra» 
tionalpartSy and to the sum annex the radical parts. 

If no rational quantity is prefixed to the radical sign, 1 is 
always to be understood. (Art. 244.) 



To 2^ay 
Add j;/ay 


5\/'a 
-2Va 


4{x+h)'^ 


Sbh" oA/b-h 
7bh* y\/b~h 


* 

Sura S.y/ay 




7{x+h:y 


(<»+y)xv6-A 
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276. If the radical parts are originally different, they may 
sometimes be made alike, by the reductions in the preceding 
articles. 

1. Add \/8 to ^50. Here the radical parts are not the 
same. But by the reduction in Art. 271, \/8=x2i\/2, and 
V50=5V2. The sum then is 7V2- 

2. Add V166 to A/4b. Ans. 4\/b+2\^b=^6A/b: 

3. Add \/a^x to /^b*x. Ans. oj^x-^-biyx^ {a^b^) X V* 

4. Add (36a*y)* ^o (25j/) ^ Ans. (6a+6) Xy* 
6. Add VI 8a to 3 V^a. ..^ CVJ.^L- 

. 276. But if the radical parts, after reduction, are different 
or have different exponentSy they cannot be united m the 
same term; and must be added by writing them one after the 
other. 

The sum of 3^^ and 2\/a» is 3\/^-|-2\/^ 

It is manifest that three times the root of 6, and t\vice the 

root of 0, are neither five times the root of 6, nor five times 

the root of a, unless b and a are equal. 

The sum of \/a and Jy^o, is \/a+\/a. 

The square root of a, and the cube root of a, are neither 
twice the square root, nor twice the cube root of a. 

277. Subtraction of radical quantities is to be performed in 
the same manner as addition, except that the signs in the sub- 
trahend are to be changed according to Art. 82. 

Prom \fay 4\/a+x 3A* a{x+y) -or'' 

Sub. 3V«y S\/a+x ^5h^ H«+y) -2flr^ 



Diff. - 2Af/ay Sh^ 



-J. 



Prom V50, subtract V^- Ans. 5\/2 - 2 V^ = S\/2. (Art. 
275.) 

From ^^*y, subtract Jy/fcy*. Ans. (i-y)X\/^• 
From !^Xy subtract iyx. 

m 

MULTIPLICATION OP RADICAL QUANTITIES. 

S78. I^|tdical quantities may be multiplied, like other 
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quantities, by writing the factors one after another, either 
with or without the sign of multiplication between them. 
(Art. 93.) 

Thus the product of V^ ^^^ V^> ^^ V^XV** 

The product of A^into y* is h^y*. 

But it is often expedient to bring the factors under the 
same radical sign. This may be done, if they are first re- 
duced to a common index. 

Thus\/ary^y=i'j^/rty. For the root of the product of 
several factors is equal to the product ai their roots. (Art. 
859.) Hence, 

279. Quantities xmnER the same radical sign or in- 
dex, HAT BE multiplied TOGETHER LIKE RATIONAL QUAN- 
TITIES, THE PRODUCT BEING PLACED UNDER THE COMMON 
RADICAL SIGN OR INDEX.* 

Multiply \/x into Ji/y, that is, sr into y . 

The quantities reduced to the same index, (Art. £69.) are 

(a?')% and (y*)' and their product is, {i*y^y=\/Py^. 

  A JL JL 

Malt \A»+>» V^ A (H*^)" ^ 

Into '^a-^m ^hy apj (J-^A)- ap» 



Prod. V«*-^* (<»'^)^ ,dr«-)*" 



.+ 



Multiply V^«6 into V^^^- Pr<^- A/\^x*h^=zAxh. 
In thismanner the product of radical quantities <^ten be- 
comes raiwMl. 

Thus the product of V^ "^^o V13= VS6=6- 

And the product of (o*y')*'into (o*y) =(o*y*)*'=ray. 

280. Roots of the same letter or quantity mat bb 

MULTIPUBD, BT ADDING TflEIlt FRACTIONAL EXPONENTS. 

The exponents, like all other fractions^ must be reduced 
to a common denominator, before they can be united in one 
term. (Art. 148.) 

* The case of an imagiMfni root of a negatire quantity may h% eoii8id««d 
fctt'tMeption. (Art 863.) 
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Thus a*xa*=a^"*"'=a^*=«*- 

The values of the roots are not altered, by reducing theu- 
indices to a common denominator. (Art. 254,) 

1 A 

Therefore the first factor ar=za 
And the second a^=a 

But a*=a*xa*xa*. (Art. 250.) 

A J. A 

And a'=a*x«'* 
The product therefore is a' x<»' Xfl X<»* X« =« • 

And in all instances of this nature, the common denomin- 
ator of the indices denotes a certain root ; and the sum of 
the numerators, shows how often this is to be repeated as a 
factor to produce the required product. 

Thus a"Xo"*=a^X«'"=a"*". 
Mult. Sy* a*xa* (a+6)i (a-y)* s"* 
Into y* a* (a+b)^ («-y)* «"* 



Prod. 3y^ («+i)* ar""A 

The product of y' into y"* is y*"*=y*. 
The product of a" into a" •, is a""" •=a"ral, 
And/"ixa:*""=/"'^-*=rr»=l. 

The product of a' ihto a^=::a^xa^=a^. 

281. From the last example it will be seen, that pawer$ 
and roots may be multiplied by a common rule. This is one 
of the many advantages derived from the notation by frac- 
tional indices. Any quantities whatever may be reduced to 
the form of radicals, (Art. 268,) and may then be subjected 
to the same modes of operation. 

Thusy'xy*=y*^*=y^. 



And a?Xa?" =a?^=x~ 



!!• 
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The pixxiuct will become rational, whenever the numera- 
tor of the index can be exactly divided by the denominator. 

Thus cf X orX o = a^= a*. 

And (a+fc)*x (0+6) ■'*=(o+6)*=a+6. 

JEL 4 A 

And a* xo'=a^=a. 

282. When radical quantities which are reduced to the 
same index, have rational co-efficients, the rational 

PARTS MAT BE MULTIPLIED TOGETHER, AND THEIR PRO- 
DUCT PREFIXED TO THE PRODUCT OF THE RADICAL PARTS. 

1. Multiply a\/fc into cj\/d. 

The product of the rational parts is ae. 
The product of the radical parts is j^bd. 
And the whole product is acj^hd. 
For a\/6 is axV^* (Art. 244.) And cV^^is exV^- 

By Art. 1C2, axV* i^^ «XV^ is oxV'XcXV^f ®' 
by changing the order of the factors, 

axcx\^hx^/d:=zacxs^hd=zac\^hd 

2. Multiply «a?» into M* . 

When the radical parts are reduced to a common index^ 

the factors become a{ai?y and b(<P) • 

The product then is ab{tfJP)^. 

But in cases of this nature we may save the trouble of re- 
ducing to a common index, by multiplying as in Art 278» 

Thus aTT into hdr is turbdr. 



Mult 
Into 


'a{b+w)* 
y(b - x)* 


bA/hy bA/x 6y"* y\/^ 


Prod. 


ay{V-^)* 


ab\^x^=abx Sary 



283. If the rational quantities, instead of being co-efficients 
to the radical quantities, are connected with them by the 
signs -}- and - , each term in the multiplier must be multi- 
plied into each in the multiplicand, as in Art. 100« 
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Multiply a+j\/b 
Into c-f-V^ 

ws/d+A/hd 

ac-\-c^b-^a^d^j^bd. 
The product of a-4-Vy into l'\'r^yis 

o+vy+orvy+ry- 

1. Multiply j^a into \/b. Ans, H/a^b^. 

2. Multiply 5\/5 into SV^- Ans. SOVIO. 

3. Multiply 2VS into S\/4. Ans. 6V432. 

4. Midtiply ^d into J^o6. Ans. X/aVcP. 



6. Multiply . /M into . A^. Ans. . /S^ 
^ 3c ^26 ^ c 



6. Multiply a{a - «)' into (c - d) X (o*)'. 

Ans. (oc - od) X («*« - oa^)* . 

DIVISION OF RADICAL QUANTITIES^ 

284. The division of radical quantities may be expressed, 
by writing the divisor tmder the dividend, in the totm at a 
fraction. 

Thus the quotient of l/a divided by a/^, is ^^. 

And (o+fc)* divided by (6+*)" is (±t*L. 

In these instances, the radical sim or index is separcUely 
applied to the numerator and the ^nominator. But if the 
divisor and dividend are reduced to the same index or radical 
sign, this may be applied to the u>hole quotient. 

Thus A/a-T-\/6=5^= r/|. For the root of a fraction 

is equal to the root of the numerator divided by the root of 
the denominator. (Art. 260.)* 
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Again, vfo6-r-^6=^a. For the product of this quotient 
into the divisor is equal to the dividend, that is, 

\/o X \/b = Js/ab. Hence, 
285. Quantities under the same radical sign or index 

MAT BE divided LIKE RATIONAL QUANTITIES, THE QUOTIENT 
BEING PLACED UNDER THE COMMON RADICAL SIGN OR INDEX. 

Divide (a^y^)* by y*. 

These reduced to the same index are (aj'y*) • and (y*) : 

' And the quotient is (^)*=/=.i. 

Divide V6^ V^S? («'+ar)t («'*)* (aV)* 
By V^ \A^ ^* (<»*)^ («y)* 



Quot V2a« ta?*+«)* {ay)^. 



286. A ROOT IS DIVIDED BT ANOTHER ROOT OF THE 
SAME LETTER OR QUANTITY, BT SUBTRACTING THE INDEX 
OF THE DIVISOR FROM THAT OF THE DIVIDEND. 

Thus d^ -i.a*= o* " *= a* " *= a*= o*. 

For a* =o*=o*X« X» a^d this divided by a* is 

o Xa'yo* i i i i 
^ ^ =o* x« =« =» • 

In the same manner, it may be shown that a'^'i^''=z o" •. 
Divide (3o)** (ax)* o~ (6+y)" W)' 



Quot (Sa)i a^ (»y)"* 

Povoers and roo(« may be brought promiscuously together, 
and divided according to the same rule. See Art 281. 
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Thus a''-^a^=:a'^-i=za*. Pori»*x«*=a*=«*- 
So y"-r1/*=j/^». 

287. When radical quantities which are reduced to the 
same index have rational co-efficients, the rationai 

PARTS MAT BE DIVIDED SEPARATELY, AND THEIR QUOTIENl 
PREFIXED TO THE QUOTIENT OF THE RADICAL PARTS. 

Thus ac>\/&d-7-a\/6=c\/({. For this quotient multiplied 
into the divisor is equal to the dividend. 

Divide UxA/ay \^dh\/hx 6y(a»«")» 16V32 iV«jf 
By 6 V« 2*\/a? »(««)" ^V^ VV 



4a;Vy i(a*«)" b^x 



Divide o6(««6)* by a («)* 
These reduced to the same index are 4»b{x*hy txAc{x*y. 

The qiiOtieilt then is »(6)*= (i«)* (Art. 272.) 

To save the trouble of reducing to a common index, the 
division may be eiqxressed in the fonn of a fraction. 

The quotient will then be ^(^'*^ . 

a{x)* 

1. Divide 2\/bc by Za/oc. Ans. i\/ ^e 

2. Divide 10^108 by 6\/A. Ans. 2^27=6. 

5. Divide 10VS7 by 2V3. Ans. 15. 

4. Divide SylOS by 2^6. Ans. 12V2. 

6. Divide (a"6*d»)* by rf*. Ans. {ab)K 

6. Divide (16a« - 12a"«)* by 2a. Ans. <4a- 8a?)t 

•> INVOLUTION OP RADICAL QUANTITIES. 
288. Radical QUAirriTiBSyXiKB PowsRSyjiAKiifVoiii^SD 

BT MULTIPLYING THE INDEX OF THE ROOT INTO THE INDEX OF 
THE REQUIRED POWER. 



I 
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1. The square of ar=za^^ z=c?. For a* xa =«*. 

2. The cube of a*=o^^®=a* For a*xa*Xa*=A 

n 

5. And universally, the nth power of ar:=a'^^ =a . 

JL X J. 

For the nth power of oT = a*X<»"*. • • • w times, and the sum 

n 

of the indices will then be «. - 

4. The 5th power of or j/*, is a^y. Or, by reducing the 
roots to a common index, 

(ay)*X«=(a«y»)* 

J. X A A ' 3 

6. The cube of a"a^, is a"«* or (<r«^)»». 
6. The square of trx^y is a*x\ 

The cube of a^'is a^^^=i<^=a. 

And the nth power of a", is a^z=za. That is, 

289. A ROOT IS RAISED TO A POWER OF THE SAME NAME, 
B7 REMOVING THE IITOEX OR RADICAL SIGN. 



Thus the cube of i^b^-Xy is 6-j-a?. 

And the nth power of (a-y)', is (a-y.) 

290. When the radical quantities have raHonal €(heffkkKiiSf 
these must also be involved. 

1. The square of crty/a?, is a*Jy/x*. 
For a\/x X a\/x= a* Jf/x*. 

X i 

2. The nth power of a*«"*, is a"* «"•. 



8. The square o^ a^x-y^ is o* x(a?-yO 
4. The cube of dai^y, is 27a Y 

291. But if the radical quantities are connected with 
others by the signs -{- and -, they must be involved by a 
multiplication of the several terms, as in Art. 213. 
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Ex. 1. Required the squares of o+VV ^^^ a- VV* 

o+vy «-Vy 

a*4-«\/y *^* "" ^*Vy 



a«+2aVy+y a' - 2aVy+y 

^ 2. Required the cube of a - \/6. 
S. Required the cube of 2c{-|-\/^» 

292. It is unnecessary to ^ve a separate rule for the evo« 
lution of radical quantities, that is, for finding the root of a 
quantity which is already a root. The operation is the same 
as in other cases of evolution. The fractionalVindex of the 
radical quantity is to be divided, by the number expressing 
the root to be found. Or, the radical sign belonging to the 
required root, may be placed over the given quantity. (Art. 
257.) If there are rational co-efficients, the roots of tliese 
niust also be extracted. 

J 4-1-2 -i 
Thus, the square root of a', is or • =:a*. 

The cube root of a(ay)', is a^(xyy. 

The nth root of af^by, is \/ aiyby. 

293. It may be proper to observe, that dividing the Jrae-' 
tionfU index of a root is the same in effect, as mulHpbnng the 
number which is placed over the radical sign. For this 
number corresponds with the denomincUor of the fractional 
index ; and a fraction is divided, by mult^lying its denomi- 
nator 

* Thus V«=o*- V=«*' 

On the other hand, multiplying the fractional index is 
equivalent to dividing the number which is placed over the 
radical sign. 

Thus the square of iya or a , is \/a or a' =a». 
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293. 6. In algebraic calculatioDs, we have sometimes 
occasion to seek for a factor, wliich multiplied into a gi^en 
radical quantity, will render the product rofitonaZ. In the 
case of a simple radical, such a factor is easily found. For 
if the nth root of any quantity, be multiplied by the same 
root raised to a power whose index is n - 1, the product will 
be the givenquantity. 

Thus J^arXV*^* ^' * X«" =a?*=a?. 

JL w~l 

And («+y)"x(a:+y) " =*+»• 

So V«X V^=«- -*^^ 5^axV^=V^^=^' 

And \/aXA/(f=za, &c. And (a+6)* X (a+i/=:a+i. 

And (x+y)^x{x+y)*=x+y. 

293. c. A factor which will produce a rational product, 
when multipUed into a binomial surd containing only the 

rre root^ may be found by applying the principle, that 
product of the sum and difference of two quantities, is 
equed to the difference of their squares. (Art. 235.) The 
binomial itself, after the sign which connects the terms is 
changed from + to-, or fiom-to4-9 will be the factor 
required. 

Thus (A/a+yh) X (V« - V*) =V<»' - V*'=« - ^ which 
is free from radicals. 

go(14.V2)x(l-V^)=l-2=-.l. 
And (3 - 2V2) X (8+ W^) = L 

When the compound surd consists of more than Pu>o tennsi, 
it may be reduced, by successive multiplications, first to a 
binomial surd, and then to a rational quantity. 

Thus (VIO- V^- V^) X (VlO+V2+V3)-5-2V6, 
a binomial surd. 

And (5 - 2V6) X {^+W^) = 1- 
Therefore {a/\0 ^ ^/2 - a/S) multiplied into (V10+V2+ 

^/3)x(5+2V6) = l. 

293. d. It is sometimes desirable to clear from radical signs 
the numerator or denominator of a JrcicHon. This may be 
effected, without altering the value of the fraction, if the 
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niiTTierator and denominator be both multiplied by a factor 
which will render either of them rational, as the case may 
require. 

1. If both parts of the fraction ^^LZbe multiplied by \/a, 

it will become V^Xv<^_,_g__^ j^^ which the numerator is a 

rational quantity. 

Or if both parts of the given fraction be multiplied by \/^» 

it will become !^L-f!f, in which the dencmiinator is rational. 

X 

2. The fracdon_^=^i><H:fL'=^l><(^±f)' 

3. The fraction ^^= (y+^) *;*"' = y+^ . 



»— 1 



. "-' 



4. The fraction 4- = "^ ' =^^ 



1 L fi — I 



6. The fraction .^^^=_V2><(3+^^)_^2±3V:? 

3-V2 (3-V2)(3+V2) 7 

6. The fraction ? - 3(V5+V2) _ .^ 

V5-V2 (V5-V2)(V6+V?) 

+V2* 

7. The fraction "J — l+T^'s '^*** 

8. The fraction 

8 8x(V3-Va-l)(-V2) ^4_ 

V3+V2+1 (V3+V2+1)(V3-V2-1)(-V2) 
2V6+2V2. 

9. Reduce tp a fraction having a rational denotninator,- 

10. Reduce ^"""^ to a fraction having a rational denom- 

inator. 

293. e. The arithmetical operation of finding the proximate 
value of a fractional surd, may be shortened, by rendering 
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either the numerator or the denominator rational. The root 
of a fraction is equal to the root of the numerator divided by 
the root of the denomkiator. (Art. 260.) 

Thus " /:?- v!^. But this may be reduced to - 

W b !{/b V*XV«"""* 

or V^XVfc"^\ (^i-t^ 293 ^ ) 

b \ 

' The square root of ? is :^ or JL, or ^. 

b >\/6 \/d> b 

When the fraction is thrown into this form, the process of 
extracting the root arithmetically, will be confined either to 
the numerator, or to the denominator. 

Thus the square root of g=:^^ = V^ X V?=2^. 

7 V7 V7XV7 7 

Examples for practice. 

1. Find the 4th root of 81a*. 

2. Find the 6th root of {a+b)'\ 

9> Find the nth root of {x-yy. 

4. FiniJ the cube root of - 125a x\ 

4a* 

5. Fmd the square root of . 

S2(^x'^ 



6: Find the 5th root of 



243 



7. Find the square root of «* - 66a^^-9fe• ' ' 

8. Find the square root of a'^4"^4"^* ~ 

9. Reduce aa^ to the form of the 6th root. 

10. Reduce -3j/ to the form of the cube root. 

1 1 . Reduce a' and a^ to a common index. 



Y~- 



■t. 



ii 



i 



12. Reduce 4^ and 6^ to a common index. 

13. Reduce a* and 6* to the common index . 

14. Red ice 2^ and 4* to the common index'. 



/ <. 
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15. Remove a factor from >\/294. 



16. Remove a factor from \/^ - *'**^- 

17. Find the smn and difference of \/16a'x and ^Aa^ 

18. Find the sum and difference of XjWt and J^ji ', 

19. Multiply 7^18 into S\/A. ' • '• 

20. Multiply 4+2 V2 into 2- V^- 

21. Multiply a(a+^/o)^ into 6(a - VO^ 

22. Multiply 2(a+6)- into S(a4.6)». - !/ 

23. Divide 6V54 by 3V2. ^^ ' 

24. Divide 4^72 by 2^18. - - . / 

25. Divide V? by V- ^ 

26. Divide 8^512 by A\/%. 

27. Find tho cube of nysl. ' ' 

28. Find the square of 5+ V^* 

29. Find the 4th power of i^/Q:^ 
SO. Find the cube of V^""V^- '  ^ /^ 

31. Find a factor which will make X/y rational. 

32. Find a factor which will make ^5 -^a? rational. 

33 Reduce ^^^ to a fraction having a rational numerator. 

34. Reduce — ^ to a fraction having" a rational de» 

nominator. 



V 



— » 



f t 
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SECTION X. 



REDUCTION OF EQUATIONS BY INVOLUTION 

AND EVOLUTION. 

Art. 294. IN an equation, the letter which expresses the 
unknown quantity is sometimes found under a radical sign. 
We may have ^x=a. 

To clear tliis of the radical sign, let each member of the 
equation be squared, that is, multiplied into itself. We shaU 
then have 

V»XV^=««- Ovy (Art. 289,) x=a\ 

The equality of the sides is not affected by this operation, 
because each is only multiplied into itself, that is, equal quan- 
tities are multiplied into equal quantities. 

The same principle is applicable to any root whatever. — 
If !li^x=za ; then x^a"*. For by Art. 289, a root is raised to 
a power of the same name, by removing the index or radical 
sign. Hence, 

295. When the unknown quantity is under a radical 
sign, the equation is reduced by involving both sides, 
to a power of the same name, as the root expressed by the 
radical sign. 

It will generally be expedient to make the necessary trans- 
positions, before involving the quantities ; so that all those 
which are not under the radical sign may stand on one sid 
of the equation. 

Ex. 1. Reduce the equation \/a;+4=9 

Transposing +4 V^ =9-4=5. 

Involving both sides a? = 5'= 25. 

. Reduce the equation a-|-)y/ar-6=d 

By transposition, \/x = (?+ b-a 

By involution, a:= (^4-^ ■" ^)^ 



c 
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8. Reduce the equation ^a?+l=4 

Involving both sides, a?+l =4'=64 

And a?=03, 

4. Reduce the equation A+S^x-4z=zQ-^i 

Clearing of frsu^tions, Q-\-6\/x -4=13 

And ^ V*-4=t. 

Involving both sides, x - 4=f J- 

And a?=ff+4 

5. Reduce the equation V^'+V^= — "^ 

Multiplying by \/^'+\/^> a'+v'ar=S4-rf 

And y\/a?=3+d-fl? 

Involving both sides, x= (3+^ - «*)*• 

In the first step in this example, multiplying the first meii*- 

ber into \/^~i~V^> ^^^^ '^9 ^^^ itself, is the same as squar- 
ing it, which is done by taking away its radical sign. The 
other member being a fraction, is multiplied into a quantity 
equal to its denominator, by cancelling the denominator. 
(Art. 159.) There remains a radical sign over a;, which 
must be removed by involving both sides of the equation. 

6. Reduce 3+2V^-l'=6- Ans. a?=i-H. 

7. Reduce 4^^-=8. Ans. a?=20. 

8. Reduce (2a:+3)*'+4=7. Ans. a?=12. 

9. Reduce ^124-a?=2+V^- -^i^s. a?=4. 

25a 

16' 
9 



10. Reduce ^a?-a=>\/^^iV^' -^^s* ^= 



11. Reduce\/5X\/^+2=2+V^^' Ans. «= 

12. Reduce ^J^:=^Vfi ^^s. x-—. 

y/x X 1 - a 

IS. Reduce V^+^8^Vx+38^ ^^ ^^^ 

« 

12* 
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2a 



14. Reduce \/^+VH-*=— — ==• -^s. xszia. 

2a» 



16. Reduce a:4-ya"+a;'=:-v==. Ans. a;=a\/i* 
16. lleduce op+asc V^+*\/6'+a?* ^'^^^ *= — 2 — • 



— — 4 ft 

17. Reduce V*+*+V^= — ==• Ans. a:=f . 

V2+ar * 



18. Reduce ^x - 32= 16 - V* -^s* a?zr:81. 

19. Reduce \/4x+Vt=:2\^x+l. Ans. ar=16. 

-.^ T^ ^ V^-2 4V6i-9 ^ 

20. Reduce ' ^-^ , q = . ^^--. . ^ . Ans. a:=:6. 

V6i+2 4V6i+6 

REDUCTION OP EQUATIONS BY EVOLUTION. 

296. In many equations, the letter which expresses \he 
unknown quantity is involved to some power. Thus in the 
equation 

a»=16 

we have the value of the square of Xy but not of x itself. If 
the square root of both sides be extracted, we shall have 

a?=4. 

The equality of the members is not affected by this reduc- 
tion. For if two quantities or sets of quantities are equal, 
their roots are alsp equal. 

If (ar4-«)"=^+^ then«+a=Jv/t+A« Hence, 

297. When the expression containing the unknown 
quantity is a power, the equation is reduced by ex- 
TRACTING THE ROOT OF BOTH SIDES, a loot of the Same name 
as the power. 

Ex. 1. Reduce the equation 64"«*-8='7 

By transposition a^=7-]-8 - 6=9 

By evolution xz=z±\^9z=±S. 

The mgns + and - are both placed before ^9, because 
an even root of an aflSrmative quantity is ambiguous. (Art. 
261.) . \. 
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2. Reduce the equation 5j^- 30=06^-1-34 
Transposing, &c. 06^=16 

By evolution, «=i4. 

3. Reduce the equation, a-|-_=/l--- 

b d 

Clearing of fractions, &c. g*= ^""y^- 

By evolution, x=+ /MA->a&£\i 

4. Reduce the equation, a-{-il2;"= 10 - of 

lO-a 



Transposing, &c. ir=: 



d+1 



By evolution, ar= | _Z^ j •• 

298. From the preceding articles, it will be easy to see in 
what manner an equation is to be reduced, when the ex- 
pression containing the unknown quantity is a power, and at 
the same time under a radical sign ; that is, when it is a root 
of a power. Both involution and evolution will be necessary 
in this case. 

Ex. 1. Reduce the equation \/a^stA. 

By involution a^=4'=64 

By evolution ap=±V64=:±8. 

2. Reduce the equation ^af -a= h^d 

By involution sT - a= A* - 2Arf+(P 

And ««=tf-2Ad+iP+a 

By evolution ar=:\/A«- 2hd+d^+a. 

3. Reduce the equation (a?-[-a)*= J?lL — 

(a:-a>* 

Multiplying by (a? -a)i (Art. 279.) (a;^-.a«)*=a+6 
By involution «* - a*zzc^+2ab+b'^ 

Trans, and uniting terms a^=z2a^'\-2(A-\-b* 

By evolution «= (2(f+2ab+V^)K 
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Problems. 






Prob. 1. A gentleman being asked his age, replied, "If 
you add to it ten years, and extract the square root of the 
sum, and from this root subtract 2, the remainder will be 6." 
What was his age 1 



By the conditions of the problem V^+ 10-2=6 

By transposition, \/^+5^=6+2=8 

By involution, a?-|-10=8*=64. 

And a:=64- 10=54. 

Proof (Art. 194.) V54+10- 2=6. 

Prob. 2. If to a certain number 22577 be added, and the 
square root of the sum be extracted, and from this 163 be 
subtracted, the remainder will be 237. What is the nmn- 
ber? 

Let x=z the number sought. -6=163 

a=22577 c=237. 

By the conditions proposed \/X'{'a - 6=c 

By transposition, ^x-{-a=c-^b 

By involution, «+«= (c+6)* 

And a?= (c+6)' - a 

Restoring the niunbers, (Art. 52.) ar= (237+ 163)^ - 22577 
That is a?= 1 60000 - 22577= 1 37423. 



Proof V137423+22577 - 163=237. 

299. When an equation is reduced by extracting an even 
root of a quantity, the solution does not determine whether 
the answer is positive or negative. (Art. 297.) But what 
is thus left ambiguous by the algebraic process, is frequently 
settled by the statement of the problem. 

Prob. 3. A merchant gains in trade a sum, to which 320 
dollars bears the same proportion as five times this sum does 
to 2500. What is the amount gained 1 

Let a?=the smn required. / 

a=S20. 
i=2500. 
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By the supposition a:x::Sx ib 

Multiplying the extremes and means 5x^=:aly 

And ^=(^)^ 

Restoring the numbers, x= /§20x2500 \ J ^^^^ 

Here the answer is not marked as ambiguous, because by 
the statement of the problem it is gain, arid not loss. It 
must therefore be positive. This might bs determined, in 
the present instance, even from the algebraic process. 
Whenever the root of x^ is ambiguous, it is because we are 
ignorant whether the power has been produced by the mul- 
tiplication of 4-^* ox of-x, into itself. (Ait. 262.) But 
here we have the multiplication actually performed. By 
turning back to the two first steps of the equation, we find 
that 5x^ was produced by multiplying 5x into a:, that is -{-5x 
into -{-X. 

Prob. 4. The distance to a certain place is such, that if 
96 be subtracted from the square of the number of miles, the 
remainder will be 48. What is the distance 1 

Let x=z the distance required. 
By the supposition a;^ - 96 = 48 

Therefore x=za^U4=12. 

Prob. 5. If three times the square of a certain number be 
divided by four, and if the quotient be diminished by 12, the 
remainder will be 180. What is the number ? 

By the supposition — - 12=180. 



Therefore x:=a/2o6=z16. 

Prob. 6. What number is that, the fourth part of whose 
square being subtracted from 8, leaves a remainder equal tc 
four 1 Ans. 4. 

Prob. 7. What two numbers are those, whose sum is to the 
greater as 10 to 7 ; and whose sum multiplied into the les9 
produces 270 1 

Let 10ir=their sum. 

Then 7a:=the greater, and 3a: = the less. 

Therefore ar=3, and the numbers required are 21 and 9 



4 
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Prob. 8. What two numbers are those, whose difference is 
to the greater as 2 : 9, and the difference of whose squares 
is 1281 Ans. 18andl4. 

Prob. 9. It is required to divide the number 18 into two 
such parts, that the squares of those parts may be to each 
other as 25 to 16. 

Let x= the greater part Then 18 - a?=the less. 

By the condition proposed ac* : (18 - ar)' :: 25 : 16. 

Therefore 1 6a;^= 25 x ( 1 8 - a:)«. 
By evolution 4a?=5 x (18 - x.) 

And a?=10. 

Prob. 10. It is required to divide the number 14 into tw6 
such parts, that the quotient of the greater divided by the 
less, may be to the quotient of the less divided by the greater, 
as 16 : 9. Ans. The parts are 8 and 6. 

Prob. 11. What two numbers are as 5 to 4, the sum of 
whose cubes is 5103 ? 

Let 5x and 4ar=:the two numbers. 

Then a;=3, and the numbers are 15 and 12. 

Prob. 12. Two trav^ellers Jl and B set out to meet each 
other, A leaving the town C, at the same time that B left D. 
They travelled the direct road between C and D; and on 
meeting, it appeared that *3 had travelled 18 miles more 
than By and that A could have gone JS's distance in 15^ days, 
but B would have been 28 days in going .3's distance. Re- 
quired the distance between C and D. 

Let a?=the number of miles A travelled. 
Then a; - 18= the number B travelled. 

ar-18 



15f 



.=:Jts daily progress. 



— =B's daily progress. 

Therefore ar : ar - 18 : : — — : —-. 

15| 28 

This reduced gives a:=72, A^s distance. 

The whole distance, therefore, from C to D=126 miles. 



' .* 
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EQUATIONS. 1S5 

Prob. 13. Find two numbers which are to each other as 8 
to 5^ and whose product is 360. Ans. 24 and 15. 

Prob. 14. A gentleman bought two pieces of silk, v/hich 
together measured 36 yards. Each of them cost as many 

^^ /shillings by the yard, as there were yards in the piece, and 
their whole prices were as 4 to 1. What were the lengths 

^of the pieces ? Ans. 24 and 12 yards. 

■■"; Prob. 15. Find two nmnbers which are to each other as 
3 to 2 ; and the difference of whose fourth powers is to the 
sum of their cubes, as 26 to 7. 

Ans. The numbers are 6 and 4. 

Prob. 16. Several gentlemen made an excursion, each 
taking the same sura of money. Each had as many sei-vants 
attending him as there were gentlemen ; the number of dol- 
. lars which each had was double the nunjber of all the ser- 
vants, and the whole sum of money taken out was 3456 dol- 
lars. How many g^entlemen were there? Ans. 12. 

Prob. 17. A detachment of soldiers from a regiment being 
ordered to march on a particular service, each company fur- 
nished four times as many men as there were companies in 
the whole regiment ; but these being found insufficient, each 
company furnished three men more ; when their number was 
found to be increased in the ratio of 17 to 16. How many 
companies were there in the regiment? Ans. 12. 

AFFECTED QUADRATIC EQUATIOKS. 

30Q« Equations are divided into classes, which are distin- 
guished from each other by the power of the letter that ex- 
presses the unknown quantity. Those which contain only 
the first power of the unknown quantity are called equations 
of one dimen^loriy or equations of the first degree. Those in 
which the highest power of the unknown quantity is a square^ 
are called quadraticy or equations of the secatid degree; 
those in which the highest power is a cubcy eouations of the 
tfdrd degree^ &c. 

Thus a:=a-j-fr, is an equation of the first degree. 

aj'=c, and x^-^ax=dy are quadratic equations^ or. 
equations of the second degree. 

x^=zhy and 3i?'\'ax^'-\'bx=dy are cubic equations, or 
uations of the third degree. 
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301. Equations are also divided into pure and affected 
equations. A pure equation contains only one pmoer of tlie 
unknown quantity. Tins may be the first, second, third, or 
any other power. An afiected equation contains different 
powers of the unknown quantity. Tlius, 

Sa?'=d - 6, is a pure quadratic equation. 
a^-\-hx =d, an affected quadratic equation. 
a?^=6 - c, a pure cubic equation. 
x^-\-a3?'\-hx=h^ an affected cubic equation. 

A pure equation is also called a simple equation. But this 
term has been applied in too vague a manner. By sorae 
writers, it is extended to pure equations of every degree ; by 
others, it is confined to those of the first degree. 

In a pure equation, all the terms which contain the un- 
know^n quantity may l)e united in one, (Art. 185,) and the 
Z' equation, however complicated in other respects, may be re- 
duced by the rules which have already been given. But in 
an affected equation, as the unknown quantity is raised to dif^ 
ferent paioers^ the terms containing these powers cannot be 
united. (Art. 230.) There are particular rules for the reduc- 
tion of quadratic, cubic, and biquadratic equations. Of these, 
only the first will be considered at present. 

302. An affected quadratic equation is one which 

CONTAINS the UNKNOWN QUANTITY IN ONE TERM, AND THE 
SQUARE OF THAT QUANTITY IN ANOTHER TERM. 

The unknown quantity may be originally in several terms 
of the equation. But all these may be reduced to two, one 
, containmg the unknow^n quantity, and the other its square. 

303. It has already been shown that a pure quadratic is 
solved by extracting the root of both sides of tfie equation. An 
affected quadratic may be solved -in the same way, if the 
member which contains the unknown quantity is an exact 
square. Thus the equation 

s^J^2ax+a''=zb+h. 

may be reduced by evolution. For the first member is tlie 
square of a binoniiid quantity. (Art. 264.) And its root is 
x-^a. Therefore, 

a:+a= VH"^ ^^^^ ^Y transposhig (i, 
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804. But it is not often the case, that a member of an af- 
fected quadi-atic equation is an exact square, till an addi- 
tional term is ap|died, for the purpose of making the reqidred 
reduction. In the equation 

the side containing the unknown quantity is not a complete 
square. The two terms of which it is composed are indeed 
such as might belong to the square of a binomial quantity. 
(Art. 214.) But one term is wantmg. We have then to in- 
quire, in what way this may be supplied. From having two 
terms of the square of a binomial given, how shall we find 
the third?. 

Of the three terms, two are complete poyrers, and the 
other is twice the product of the roots of these powers; (Art 
214,) or which is the same thing, the product of one ot ih» 
roots into twice the other. In the expression 

the term 2ax consists of the factors 2a and «. The latter is 
the unknown quantity. The other factor 2a may be consid- 
ered the co-efficietU of the^ unknown quantity ; a co-efficient 
being another name for a factor. (Art. 41.) As a; is the 
root of the first term a^ ; the other factor 2a is ttoke the root 
of the third terra, which is wanted to complete the square. 
Therefore half 2a is the root of the deficient terra, and a* is 
the term itself. The square completed is 

4?-|.2a«+a% 

where it will be seen that the last t<$rm a' is th^ square ot' 
half 2a» and 2a is the co^efficient of «, the rootot tfae first, 
t^rm. 

In the same manner, it may be proved, that the last term 
of the square of any binomial quantity, is equal to the square 
of half the co-efficient of the root of the first term. From 
this principle is derived the following rule : 

305. To coBiPLETE THE SQUARE in an affected quadratic 
equation : take the square of half the co-efficient of 

THE FIRST POWER OF THE UNKNOWN QUANTITY, AND ADD IT 
TO BOTH SIDES OF THE EQUATION. 

Before completing the square, the known and unknown 
quantities must be brought' on opposite sides of the equation 

13 
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by transposition ; and the hi<^he8t power of the unknown 
qiiantijy must have the affirmative sign, and be cleiired of 
fractions, co-efficients, &c. See Arts. 308, 9, 10, 11. 

After the square is completed, the equation is reduced, by 
extracting tlie square root of both sides, and transposing the 
known part of the binomial root. (Art. 303.) 

The quantity which is added to one side of the equation, 
to complete the square, must be added to the other side also, 
to preserve the equality of the two members. (Ax. 1.) 

306. It will be important for the learner to distinguish be- 
tween what is ptculuvr in the reduction of quadratic equa- 
tions, and what is common to this and the otlier kinds which 
have already been considered. The pecuHar part, in the 
resolution of affected quadratics, is the completing of tke 
sauare. The other steps are similar to those by which pure 
equations are reduced. 

For the purpose of rendering the completing of the square 
familiar, there will be an advantage in beginning with exam- 
ples in which the equation is already prepared for this step. 

Ex, 1. Reduce the equation x^-^-^axzi^h 

Completing the square, aj*-4-^<*^4-9^'^=^<*'+^ 



Extracting both sides (Art. 303.) a:+3a=±V'^«'+i 

And a;=-3a±V9a«+6. 

Here the co-efficient of x^ in the first step, is 6a ; 

The square of half fhis is 9a', which being added to both 
8^es completes the square. The equation is then reduced 
by extracting the root of each member, in the Stime manner 
as in Art. 297, excepting that the square here being that of 
a hmmialy its root is found by the rule in Art. 265. 

2. Reduce the equation ar'-86x=A 

Completing the square, a^ - 86a?4- 1 66*= 1 6ft'+ A 

Extracting both sides x - 4i)=±/s,/\Qb^-\-h 

And ar=45±Vl66«-fA. 

In this example, half the co-efficient of a; is 46, the square 
of which 166' is to be added to both sides of the equation. 
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S. Reduce the equation 3i^-{'ax=b-\-h 

Completing the square, a^-^-oar-j--. = -.4-^+'^ 

By evolution a;+f=t(^4-6+/ij^ 

And «=-|±(|+6+A)i. 

4. Reduce the equation a?-x=h'-d 
Completing the square, a'-ar-)-J=;i-|^A-cl 

And x=i±{i+h-^d)K 

Here the co-efl5cient of a? is 1, the square of half which is ;J. 

5. Reduce the equation a;'+3ar=d+6 
Completing the square, «'+3x-[-f=^+cf-j-6 
And ar=-f±(^+d+6)i. 

6. Reduce the equation x^ - abx=zab - cd 

Completing the square, 3? - abx-^- — = — 4-^ "" ^^ 

4 4 , 

And x=±±{^+ah - cd\K 

» 

7. Reduce the equation a:'+~=^* 

6 

Completing the square, ar^-f- — + — = — +^ 

b 46' Ah^ 

2b U6*^ / 

By Art. 158, — =:_.x^. The co-efficient of a?, therefore, 

b b 

IS -. Half of tliis is — , (Art. 103.) the square of which is 
b 26 

46» 



/ 
.1 
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8. Reduce the equatnm ai'-f :;^7&, 

Completing the iquare, a* - *-f _=^--+7A. 

And x=L±(2^+n\i. 

Here the fraction f 3= ix«- (Art. 158.) Thei^fbre the 

h b 

• co-efficient of a; is -.. 

b 

307. In these and similar instances, the root of the third 
term of the completed square is easily found, because this 
root is the same half co-efficient from whicli the term has 
jvst been derived. (Arl. 304.) Thus in the last example, 

half the co-efficient of op is -^-s suad this is the root of the 

2b 

third term -r«. 

/ S08. When the first power of the unknown quantity is in 
several terms^ these should be united in one, if they can be 
by the rules for reduction in addition. But if there are lite^ 
ral co-efficients, these may be considered as constituting, to- 
gether, a conwound co-efficient or factor, into which the un- 
known quantity is multiplied. 

Thus ax+bx-\^dx=:{a+b+d)x^' (Art. 120.) The 
square of half this compound co-efficient is to be added to 
both sides of the equation. 

1, Reduce the equation a:'-fSa?-|-2a;-j-a?=:(l * 
Uniting terms x^'j-Gx=d 

Completing the square x^-\-6x-{-9=z 9-f"rf 

And x= - SJV9+3. 

2. Reduce the equation x^'-\-ax-\-bx=zh 
By Art. 120. a?^+(a+6) Xx=h 

Therefore x?+{a+b) Xx+ (^) " = (f±*) "+A 
BycTolution «+f!±*=± /[2+f]'+/t 
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• S. Reduce the equation a*4-^^'"^=^ 
By Art. 120 «*+(a-l)X«=6 

Therefore «»+(a- 1) Xx+ (^)'= (^) +* 

S0&. After becoming familiar with the method of complet- 
ing the square, in affected quadratic equations, it will be 
E roper to attend to the steps which are preparatory to thisr 
[ere, however, little more is necessary, than an application 
of rules already given. The known and unknown quanti- 
ties must be brought on opposite sides of the equation by 
transposition. And it will generally be expedient to make 
the square of the unknown quantity the first or leading term, 
as in the precedirfg examples. This indeed is not essential. 
But it will show, to the best advantage, the arrangement of 
the terms in the completed square. 

1 . Reduce the equation o-j-5a? - 36 = 3a? — x* 
Transp. and uniting terms a;'+2a:=36-a 
Completing the square x^-\-2x-\-' 1 = 1 4-36 - a 
Aiid «= • l±vl+36-a, 

2. Reduce the equation - = 4 

' 2 x+2 

Clearing of fractions, &c. a:*+10ar=56 

Completing the square ar'+10ar4-25=254.56=81 

And ar= - 5±^Sl =- 5±9. 

310. If the highest power of the unknown quantity has 
any co-^fficierUy or divisor^ it njjist, before the square is com- 
pleted, by the rule in Al^t. 305, be freed from these, by multi- 
plication or division, as in Arts. 180 and 184. 

1 . Reduce the equation af^-\^4a — 6A= 1 2a: - 5x^ 

Transp. and uniting terms, 6x'- \2x=z6h"24a 
Dividing by 6, «" - 2a; = A - 4a 

Completing the square, ar* - 2ar+ 1 = 1 -{- A - 4a 

Extracting and transp. x=: li/^l-f-A - 4a, 

13* 
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2. Reduce the equation A-4-2»=:d- — 

a 

Clearing of fractions ba?'\-2ax=ad - ah 

Dividing by 6, ^_^2^^ad^ah 



Therefore x^+^+f=f, • ^" ^ 



b ' b^ b'' b 

And x=^f^+(^+^h\i. 

b - W^ b } 

311. If the square of the unknown quantity is in several 
ierms^ the equation must be divided by all the co-ej£cients 
of this square, as in Art. 185. 

1. Reduce the equation 6ar*+da^-4x=5-& 

Dividing by b+d, (Art. 121.) a:' - -i^ ^^-II^ 

Therefore *=A+ /iJ-V+tLK 

b+d-W \b+dj ^b+d 

%, Reduce the equation ax*-{-x=h-^-Sx—3^ 

Transp. and uniting terras oi*+x* — 2xz=h 

Dividing by a+1, ^-^=4r, ' 

Corap. the square a.-_^+(_lj)= (;^) +^ 

Extractinfif and transp. x=z '". /[ ) -] — L... 

^ *^ 0+1 -V U+i; ^a+\ 

There is another method of completing the squai-e, wliich, 
m many cases, particularly those in which the highest power 
of the unknown quantity has a co-efficient., is more simple 
in its application, than that gi\'iBn in Art. 305. 

^ Let a3^'-\-bx=:d. 

If the equation be multiplied by 4a, and if 6^ be added to 
both sides, it will become 

4d'3^+4abx+b^z=z4ad+U' ; 
the first member of which is a complete power of 2aX'\-b. 
Hence, 

311. 6. In a quadratic equation, the square may be com- 
pleted, by multiplying the equation into 4 times the co-effi* 
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cieiit of the highest power of the unknown quantity and ad- 
ding to both sides, the square of the co-eiiicient of the lowest 
power. 

The advantage of this method is, that it avoids the intro- 
duction of fraciionSy in completing the square. 

This will be seen, by solving an equation by both methods. 

Let a3ii^-[-dx=:h» 

Completing the square by the rule just given ; 

4aV+4adx+d'=^ 4ah+d^ 
Extracting the root 2ax-\'d=^t\/4ah-\-cP 

And x= ' ^V^^/^+g. 

2a 

Completing the square of the given equation by Arts. 305 

and 310; z>+^+^Jl+^^. 

a 4a a 4a^ 



Extracting the root :r+^=±^^+ J. 

And x= - 1±^ /5^ . 

2a V a^4a^ ' 

If a=l, the rule will be reduced to this: "Multiply the 
equation by 4, and add to both sides the square of the co- 
efficient of a?." 

Let a^-^J^x = ^^ ^ 

Completing the square 4x^-\-4dX'{^d^=4h-\'d!^ 

Extracting the' root 2x+d=±\/4h+d^ 

And x^Z^JEi. 

2 

1. Reduce the equation 3a:*-|-5.T=:42 

Completing the square S6a;'+60a;+25=:529 
Therefore x=S. 

3. Reduce the equation ar'- I5x= -54 

Completing the square 4ar'- 60a:+ 225 =9 
Therefore 2j:=: 1 5i3 = 1 8 or 1 2. 

312. In the square of a binomial, the first and last terms 
are always positive. For each is the square of one of tlio 
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terms of the root. (Art. 214.) But every square is positive. 
(Art 218.) If tlien - 7? occurs in an equation, it cannot, with 
this sign, form a part of the square of a binomial. But if 
cil the signs in the equation be changed, the equality of the 
sides will be preserved, (Art. 177,) the term - ^ will become 
positive, and the square may be completed. 

1 . Reduce the equation - o?-\- 2x=zd~h 
Changing all the signs nf—^x—h-d 
Therefore ' a:=l±Vl+A-.d 

2. Reduce the equation 4a?- a^= - 12 

Ans. «=2i\/16. 

313. In a quadratic equation, the first term 0? is the square 
of a single letter. But a binomial quantity may consist of 
tenns, one or both of which are already powers. 

Thus Tf^-^-a is a binomial, and its square is 

aJ»+2ar*+a', 

where the index of x in the first term is twice as great as in 
the second. When the third term is deficient, the ^uare 
may be completed in the same manner as that of any other 
binomial. For tlie middle term is twice the product of the 
roots of the two others. 

So the square of af +«> is a;*'-f-2<w"4"^* 

And the square of x'''\-ay is ar''+2aa:"+^ • 
Therefore, 

^14. Any equation which contains only two dif- 
ferent POWERS OR roots OF THE UNKNOWN QUANTITY, 
THE INDEX OF ONE OF WHICH IS TWICE THAT OF THE 
OTHER, MAY BE RESOLVED IN THE SAME MANNER AS A QUA- 
DRATIC EQUATION, BY COMPLETING THE SQUARE. 

It must be observed, however, that in the binomial root, 
the letter expressing the unknown quantity may still have a 
fractional or integial index, so that a farther extraction, &c- 
cordmg to Art. 297, may be necessary. 

1. Reduce the equation a-*-a?=6-a 

Completing the square x'^ - a:'+i = J+i " ^ 

Extracting and transposing ^"^^-^l^I^I^S^SL.^ 

Extracting again, (Art. 297,) a?=:±VjiV(4+* - «) 
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2. Kediice the equation a^'*^4bafz:za 

Answer «=±J^26±\/('**'+ a.) 

3. Reduce the equation X'{'4^x=h-n 
Completing the square x-\-4a,/X'{-4=z h - n-f-4 
Extracting and transp. Ayx= - 2t\/h-n-^4 



Involving ar= ( - 2t\/A - n+4)*. 

4. Reduce the equation a;"-|-83;'*=a-4-6 

Completing the square a;" 4-80:'' 4-16= a+ft-j- 1 6 

Extracting and transp. rC* = - 4±\/a-f-6-{-16 

Involving «=(-4±Va+6+16)". 

315. The solution of a quadratic equation, whether pure 
or affected, gives two results. For after the equation is re- 
duced, it contains an ambiguous root. In a pure quadratic, 
this root is the whole value pf the unknown quantity, f Art 
097.) ^ \ • 

Thus the equation «'*=64 

Becomes, when reduced ar=±\/64. 
That is, the value of x is either +8 or - 8, for each of 
these is a root of 64. Here both the values of x are the 
same, except that they have contrary signs. This will be 
the case in every pure quadratic equation, because the whole 
of the second member is under the radical sign. The two 
values of the unknown qucwitity will be alike, except that 
one will be positive, and the other negative. 

316. But in affected quadratics, a part only of one side of 
the reduced equation is under the radical sign. When this 
part is added to, or subtracted from, that which is without 
the radical sign ; the two results will differ in quantity, and 
will have their signs in some cases alike, and in others un- 
like. 

I. The equation ar^4-8a:=20 

Becomes when reduced, a?= - 4t\/16-[-20. 
That is x= - 4i6. 

Here the first value of x is, - 4+6 =+2 ) one positive, and 
And the second is -4-6=-105 theother negative. 
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2. The equation a* - 8a; = - IS 

Becomes when reduced, 5P=4i\/16 - 15 
That is a:=4±l 

Here the first value of x is 4+1 =+5 > ^^^^ .^j^^ 
And the second i^ 4 - 1 =+3 3 ^ 

That these two values of x are correctly found, may bo 
proved, by substituting first one and then the other, for x it- 
self, in the original equation. (Art. 194.) 

Tlms5'-8x5=26-40=-15 

And3'-8x3=9-24=-15. 

317. In the reduction of an affected quadratic equation, 
the value of the unknown quantity is frequently found to be 
imaginarym 

Thus the equation x' - Bar = - 20 

Becomes, when reduced, x= 4i/\/ 1 6 - 20 

That is, a:=4±V-4. 

Here the root of the negative quaCntity - 4 can not be as- 
signed, (Art. 263,) and therefore the value of x can not be 
found. There will be the same impossibility, in every in- 
stance in which the negative part of the quantities under the 
radical sign is greater than the positive part.* 

318. Whenever o?ic of the values of the unknown quan- 
tity, in a quadratic equation, is imaginary, the other is so 
also. For both are equally afiected by the imaginary root. 

Thus in the example above 

The first value of x is 4-|-\/ - 4, 

And the second is 4 - >\/ - 4 ; each of which 
contains the imaginary quantity \/ =- 4. 

319. An equation which when reduced contains an ima- 
ginary root, is often of use, to enable us to determine whether 
a proposed question admits of an answer, or involves an ab- 
surdity. 

Suppose it is required to divide 8 into two such parts, that 
the product will be 20. 



 Sec Note G. 
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If rr IS one of the parts, the other will be 8 -a;. (Art. 195.) 
By thel conditions proposed (8 - x) X a:= 20 

This becomes, when reduced, x=:4±\/-4. 

Here the imaginary expression \/-4 shows that an an- 
swer is impossible ; and that there is an absurdity in suppo- 
sing t}iat 8 may be divided into two such parts, that their 
product shall be 20. 

320. Although a quadratic equation has two solutions, yet 
both these may not always be applicable to the subject pro- 
posed. The quantity under the radical sign niay be produced 
either from a positive or a negative root. But both these roots 
may not, in every instance, belong to the problem to be sol- 
ved. See Art. 299. 

Divide the number 30 into two such parts, that their pro« 
duct may be equal to 8 times their dilference. 

If a?== the lesser part, then 30-a:= the greater. 

By the supposition, a: X (30 - a:) =; 8 X (30 - 2x) 

This reduced, gives a;=23±17=40 oj 6= the lesser part. 

But as 40 cannot be a part of 30, the problem can have 
but one real solution, making the lesser part 6, and the greater 
part 24. 

Examples of Quadratic EqiuUions. 

1 . Reduce 3«^ - 9ar - 4 = 8a Ans. i= 7, or - 4. 

36 — « 

2. Reduce 4a:- =46. Ans. a:=12, or- J* 

X 

3. Reduce 4a?- — 11-=: 14. Ans. a:=:4, or --f. 

a:+l 

4. Reduce 5«-?^=:2a:+^i:i^. Ans. a:=4, or - 1. 

a:-3 ' 2 

5. Reduce l^-]!^-^=3. Ans. ar=4, or 2^^ 

'6. Reduce §£zi4.1 = 10-^. Anax=12, or6. 

x-4 ' 2 

7. Reduce f±l-IlLf =15+1- 1. Ans. «=21, orS. 

3 a:- 3 9 
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a Reduce tz}^^+l=x-S. Ans. a?=l, or -28. 

9. Reduce— ?-+?=3. Ans. a?=2* • 

10. Reduce -!fL-izI=a?-9. Ans. ar=io. 

x+2 .6 

11. Reduce *4-?=?. * Ans. a:=lj:vr^* 

a OP a 



12. Reduce x*+aa!'^b. Ans. ar= f ^-h^x/H^)* 

13. Reduce ?! - ^= - JL Ans. a?= Vi- 

2 4 32 

14. Reduce 2ar*+3a?*= 2. Ans. 3:==+. 

15. Reduce Ja?.-i\/^=^2i. • Ans. ar=49. 

16. Reduce 2x' - j;^+96 =99. Ans. «= | V^- 

17. Reduce (lO+a:)^ - (10+x)i=:2. Ans. ar=:6. 

18. Reduce Sar*»-2«»=8. , An^.>='^2. 

19. Reduce 2(l4-ae-«*) - Vl+*"^= "+• 

Ans. x=l'\'i^4\, 

^ 5 V4?^6^ 

20. Reduce »/*'-»•=«"-*• Ans. «^^^ |g^ * ^ 

a. Reduce Vf+g=:lz^l An8.«=4. 

22. Reduce x*+/==766. Ans, a?=:248. / 

21 A ^ 

IS. Reduce V2*+1+W«===^|===j^ Ans. «=4.. 

24. Reduce 2V«^^8V2«=^^^^- -^- ««9**- . 

26; Reduce x+l6-7V^+16=10-4VH-16.Ai^«=9 

i6. Reduce V^+V^=6V^- 

Dividing by V«» a?+a?=6. Ansk it=2. 
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27. Reduce 4^.3^==?H:?3 ^^^ ^^g^ 

a: $x+7 ISx 

28. Reduce ? — + ^. =11. Ans. «=«. 

29. Reduce (a:-5)'-3(a;--5)*=40. Ans. a? =9. . 

30. Reduce x+a^X'\-6=2+S a^x+6. Ans. ar=10. 

PROBLEMS PRODUCING aUADRATIC EaUATIONS.^ 

Prob. 1. A merchant has a piece of cotton cloth, and a 
piece of silk. The number of yards in both is 110 : and if 
the square of the number of yards of silk be subtracted from 80 
times the nifmber of yards of cotton, the difference will be 
400. How many yards are there in each piece ? 

Let ar= the yards of silk. 

Then 110-3?= the yards of cotton. 

By supposition 400=80 x (HO- a?) -a?" 
Therefore a:= - 40±v^oooo= - 40+100. 

The firet value of a?, is - 40+100=60, the yards of silk; 

And 1 1 - a?= no - 60= 50, the yards of cotton. 

•Tiie second value of a;, is - 40- 100= - 140 ; but as this 
is a negative quantity, it is not applicable to goods which a 
man has in his possession. 

Prob. 2. The. ages of two brothers are such,jthat their sum 
is 45 years, anjd their product 500. What is th^ age of each T 

Ans. 25 and 20 years. 

Prob. 3. To find two numbers such, that their difference 
shall be 4, and their product 117. 

Let a?= one number^ and a:+4=s the other. 

By the conditions (^+4) Xa?= 117. 

This reduced, gives a? = - 2t\/m = - 2il 1 : 

One of the numbers therefore is 9, and the other 13. 

Prob. 4. A merchant having sold a piece of cloth which 

cost him 30 dollars, found that if the price for which ?fie sold 

it were multiplied by his gain^ the product would be equal to 

llie cube of his gain. What was his gain ? 

14 
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Let x=z the gaiD. 

Then 30-4-a?= the price for which the cloth was sold 

By the statement «*« (SO+a?) X« 

Therefore x= J±vI+SO= J+V* 

The first value of x is J+"V" =+6. ) 
The second value is | - V = - 5. J 

As the last answer is negative^ it is to be rejected as incon- 
«istent with the nature of the problem, (Art. 320.) for gam 
must be considered positioe. 

Prob. 5. To find two numbers whose difference shall be 3, 
and the difference of their cubes LI 7. 

Let x= the less number. 
Then X'\-S = the greater. 

By supposition (*+3)' - a;*= 117 

Expanding {x+Sy (Art. 217.) 9a;»+27ar«n7- 27=90 

And x= - *±VV» -4i*. 

The two numbers, therefore, are 2 and 5. 

Prob. 6. To find two numbers whose difference shall be 
12, and the sum of their squares 1424. 

Ans. The numbers are 20 and 32. 

Prob. 7. Two persons draw prizes in a lottery, the differ- 
ence of w^hich is 120 dollars, and the greater is to the less, 
as the less to 10. What are the prizes 1 

Ans. 40 and 160. 

Prob. 8. What two numbers are those whose sum is 6, and 
the sum of their cubes 72 1 . Ans. 2 and 4. 

Prob. 9. Divide the number 56 into two such parts, that 
their product shall be 640. 

Putting X for one of the parts, we have, a7B28±12=:40 or 
16. 

In this case, the two values of the unknown quantity are 
the two parts into which the given number was required to 
be divided. 

Prob. 10. A gentleman bought a number of pieces of cloth 
for 675 dollars, which he sold again at 48 dollars by tl>e piece, 
and gained by the bargain as much as one piece cost him. 
What was the number of pieces 1 Ans. 15. 
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Prob. 11. «d and B started together, for a place 150 miles 
distant, .^s hourly progress was 3 miles more than JB's, and 
he arrived at his journey's end 8 hotrrs and 20 minutes bel[»:e 
B. What was the hourly progress of each 1 

Ans. 9 and 6 miles. 

Prob. 12. The difference of two numbers is 6; and if 47 
be added to twice the square of the less, it will be equal to 
the square of the greater. What are the numbers 1 

Ans. 17 and 11. 

Prob. IS, •&, and B distributed 1200 dollars each, among 
a certain number of persons. .4 relieved 40 persons more 
than B^ and B gave to each individual 5 dollars more than 
•d. How many were relieved by w4 and B ? 

Ans. 120 by ^, and 80 by B. 

Prob. 14. Find two mimbers whose sum ia 10^ and the sum 
of their squares 58. Ans. 7 and 3. 

Prob. 15. Several gentlemen made a purchase in company 
for 175 dollars. Two of them having withdrawn, the bill 
was paid by the others, each furnishing 10 dollars more than 
would have been his equal share if the bill had been paid by 
the whole company. What was the number in the company 
at first 1 Ans. 7, 

Prob. 16. A merchant bought several yards of linen for 
60 dollars, out of which he reserved 15 yarfs, and sold the 
remainder for 54 dollars, gaining 10 cents a yard. How 
many yards did he buy, and at what price ? 

Ans. 75 yards, at 80 cents a yard. 

Prob. 17. .5 and B set out from two towns, which were 
247 miles distant, and travelled the direct road till they met. 
A went 9 miles a day ; and the number of days which they 
travelled before meeting, was greater by 3, than the nurriber 
of miles which B went in a day. How many miles did each 
travel 1 Ans. A went 117, and B 13P miles. 

Prob. 18. A gentleman bought two pieces of cloth, the 
finer of which cost 4 shillings a yard more than the other. 
The filler piece cost iBl8; but the coarser one, which was 2 
yards longer than the finer, cost only £1G. How many 
yards were there in. each piece, and what was the price of a 
yard of each ? 

Ans. There were 18 yards of the finer piece, and 20 of the 
coarser ; and the prices were 20 and 16 sHUlings, 
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Prob. 19. A merchant bought 54 gallons of Madeira wine, 
and a certain quantity of Teneriffe. For the former, he gave 
half as many shillings by the gallon, as there were gallons 
of Tenerifle, and for the latter, 4 shillings less by the gallon. 
He sold the mixture at 10 shillings by the gallon, and lost 
iS28 16s. by his bargain. Required the price of the Madeira, 
and the number of gallons of Tenerifle. 

Ans. The Madeira cost 18 shillings a gallon, and there 
were 36 gallons of Teneriffe. 

Prob. 20. If the square of a certain number be taken from 
40, and the square root of this difference be increased by 10, 
and the sum be multiplied by 2, and the product divided by 
the number itself, the quotient will be 4. What is the 
number ? Ans. 6. 

Prob. 21. A person bemg asked his age, replied. If you 
add the square root of it to half of it, and subtract 12, the 
remainder will be nothing. What was his age ? ' 
^ ' Ans. 16 years. 

Prob. 22. Two casks of wine wero purchased for 68 doU 
.ars, one of which contained 5 gallons more than the other, 
and the price by the gallon, w^as 2 dollars less than ^ of the 
number of gallons in the smaller cask. Required the num* 
ber of gallons in each, and the price by the gallon. 

Ans. The numbers were 12 and 17, and the price by the 
gaUon 2 dollars. 

Prob. 23. In a parcel which contains 24 coins of silver and 
copper, each silver coin is worth as many cents as there are 
copper coins, and each copper coin is worth as many cents as 
there are silver coins ; and the whole are worth 2 dollars and 
16 cents.. How many are there of each 1 

Ans. 6 of one, and 18 of the other. 

Prob. 24. A person bought a certain number of oxen for 
80 guineas. If he had received 4 more oxen for the same 
money, he would have paid one guinea less for each. What 
was the number of oxen 1 Ans, 16. 

SUBSTITUTION. - 

321, In the reduction of Quadratic Equations, as well as 
in other parts of Algebra, a complicated process may be ren- 
lered much more simple, by introducing a new letter which 
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shall be made to represent several others. This is termed 
stibstUution, A letter may be put for a compound quantity 
as well as for a single number. Thus in the equation 

a:*- 2aa:=f +V86 ^ 64+A, 
we may substitute 6, for i+V^^ - 64-f-A. The equation 
will then become a:*-2aar=6, and w^hen reduced 

will be ar = a±^a*+ 6. 

After the operation is completed, the compound quantitv 
for which a single letter has been substituted, may be restor • 
ed. The last equation, by restoring the value of 6, will be 
come 



Reduce the equation aa: - 2a; - d= 6ar -x^-x 
Transposing, &c. a;^-f (a -6-l)xa?=d 

Substituting A for (a- 6 - 1), ii!^-{-hx=d 



Therefore «= - ^ _ /^ -2+rf 



Restoring the value of 7i, x= -?Ll^zl +/(«::* zlllfd. 



SECTION XL 



SOLUTION OP PROBLEMS WHICH CONTAIN TWO 
OR MORE UNKNOWN QUANTITIES. 

DEMONSTRATION OF THEOREMS. 

Akt. 322. IN the examples which have been given of the 
resolution of equations, in the preceding sections, each pro- 
blem has contained only one unknown quantity. Oi if, in 
some instances, there have been twoy they have been so re- 
lated to each other, that they have both been expre2<ed by 
mean^of the same letter. . (Art. 195«) 
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But cases frequently occur, in which several unknown 
quantities are introduced into the same calculation. And if 
the problem is of such a nature as to admit of a determinate 
answer, there will arise from the conditions, as many equa- 
tions independent of each other, as there are unknown quan- 
tities. 

Equations are said to be independent^ when they express 
different conditions ; and dependent^ when they express the 
same conditions under different forms. The former arfe not 
convertible into each other. But the latter maybe changed 
from one form to the other, bv the methods of reduction 
which have been considered. Thus 6 - a?=2/, and 6=j/-j-ar, 
are dependent equations, because one is fomaed from the 
other by merely transposing x. 

323. In solving a problem, it it necessary first to find the 
value of on^ of the unknown quantities, and then of the 
others in succession. To do thiSj we must derive from the 
equations which are given, a new equation, from which all 
the unknown quantities except one shall be excluded. 

Suppose the following equations are given. 

1. x-\-y=il4 

2. a?-i/=2. 

Ff y be transposed in each, they will become 

1, x=zl4-y 

2. x=i2+y. 

Here the first member of each of the equations is a:, and 
tiie second member of each is equal to x. But according to 
axiom 11th, quantities which are respectively equal to any 
other quantity are equal to each other ; therefore, 

2+j/=14-.y. 

Here we have a new equation, which contains only the 
unknown quantity y. Hence, 

324. Rule I. To exterminate one of two unknown quan- 
tities, and deduce one equation from two; Find the, value 

OP ONE OF THE UNKNOWN QUANTITIES IN EACH OP THE EQUA- 
TIONS. AND FORM A NEW EQUATION BY MAKING ONE OF THESE 
VALUES EQUAL TO THE OTHER. 

That quantity which is the least involved should be the 
one which is chosen to be exterminated. 



\ 



EQUATIONS. 155 

For the convenience of referring to different parts of a so- 
lution, the several steps will, in future be numbered. When 
an equation is formed from one immediately preceding^ it will 
be unnecessary to specify it. In other cases, the number of 
the equation or equations from which a new one is derived, 
will be referred to. 

Prob. 1. To find two numbers such, that 
Their sum shall be 24 ; and 
The greater shall be equal to five times the less. 

Let ar=the greater ; And y =the less. 

1. By the first condition, a?+y=24 

2. By the second, x=:5y 

3. Transp. y in the first equation, ar= 24- y ' 

4. Majsing the 2d and 3d equal, 5j/=24-j/ 

5. And y=4, the less number. 

Prob. 2. To find one of two quantities, 
Whose sum is equal to h; and 
The difference of whose squares is equal to d. 

Let «= the greater quantity ; And y= the less. 

1. By the first condition, a:-|-y=A ) 

2. By the second, a^-y*=d j 

3. Transp. y«in the 2d equation, a:*=rf-|-y« 

4. By evolution, (Art. 297.) a:=^d-|-y« 

5. Trans, y in the first equation, ar=A -y 

6. Making the 4th and 5th equal, v'^+y*=A- y 

7. Therefore «=— ^ 

Pjob. 3. Given aa:+6va=/i > m i- j a h-ad 

And x+y^d JTofindi,. Ans. y=^. 

325. The rule given above may be generally applied, for 
the extermination of unknown quantities. But there are 
cases in which other methods vrill be foiuid more expeditious. 

Suppose xz=:hy ) 
And ax-^hxz=:y^ j 
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As in the first of these equations x is equal to Ay, we may 
in the second equation st^stitute this value of a? instead of 
X itself. The second equation will then be converted into 

ahy+bhy=y^. 

The equality of the two sides is not affected by this alter- 
ation, because we only change one quantity x for another 
wliich is equal to it. By this means we obtain an equation 
which contains only one unknown quantity. Hence, 

326. Rule II. To exterminate an unknown quantity, find 

THE VALUE OP ONE OP THE UNKNOWN QUANTITIES, IN ONE OP 

THE EQUATIONS ; and then in the other equation SUBSTI- 
TUTE THIS VALUE FOR THE UNKNOWN QUANTITY ITSELF. 

Problem 4. A privateer in chase of a ship 20 miles distant, 
sails 8 miles, while the ship sails 7. How far must the pri- 
vateer sail before she overtakes the ship ? 

It is evident that the whole distance which the privateer 
sails during the chase, must be to the distance which the 
ship sails in the same time, as 8 to 7. 

Let x= the distance which the privateer sa^s : 

And y= the distance wliich the ship sails. 

1. By the supposition, a:=y4-20 > 

2. And also, a: : y : : 8 : 7 ) 

3. Art. 188, 2/= la: 

4. Substituting t for !/» m the 1st equation, a:=fa:-|-20 

5. Therefore, 3?= 160. 

Prob. 5. The ages of two persons, A and J5, are such that 
seven years ago, wS was three times as old as B; and seven 
years hence, A will be twice as old as B. What is the age 

of Br 

Let x= the age of .5; And y=the age of B. 

Then a; - 7 was the age of .5, 7 years ago ; 
And y - 7 was the age of By 7 years ago ; 
Also x-\-7 will Be the age of .5, 7 years hence ; 
And 1/-J-7 will be the age of B, 7 years hence. 

1 . By the first condition, a?-7=3x(y-7)=3y-21 ) 

2. By the second, a;+7=2 x (y+7) = 2^+14 J 

3. Transp. 7 in the 1st equa. a:=3t/ - 14 

4. Subst. 3y- 14 for ar, in the 2d, 3i/ - 14+7=2y+14 

5. Therefore, i/=s21, the age of JS. -V 
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Prob. 6. There are two numbers, of which, 

The greater is to tlie less as 3 to 2 ; afiS 
Their sum is the 6th part of their product. 

What is the less number ? Ans. 10. 

327. There is a third method of exterminating an unknown 
quantity from an equation, which in many cases, is preferable 
to either of the preceduig. 

Suppose that x-\'Sy=a > 
And ar-3y=6 5 

If we add together the first members of these two equa- 
tions, and also the second members, we shall have 

2ar=a-j-6, 

an equation which contains only the unknown quantity x. 
The other, having equal co-efficients with contrary signs, has 
disappeared. (Art. 77.) The equality of the sides is preserved 
because we have only added equal quantities to equal quan- 
tities. 

Again, suppose Sx-\-y=h > 



And 2x- 

If we stAtmct the last equation from the fmst, we shall have 

x=h-d 



where y is exterminated, without affecting the equality of 
the sides. 

Again, suppose ar-2y=a > 

And x+4y=zbl 

Multiplying the 1st by 2, 2a; -4y=2a 

Then adding the 2d and 3d, Sx=b-\-2a. Hence, 

328. Rule III. To exterminate an unknown quantity, 

MULTIPLY OR DIVIDE the equations, if necessary, 

IN SUCH A MANNER THAT THE TERM WHICH CONTAINS ONE 
OP THE UNKNOWN QUANTITIES SHALL BE THE SAME IN BOTH. 

Then SUBTRACT one equation from the other, 

IF THi;. SIGNS op THIS UNKNOWN QUANTITY ARE ALIKE, 
OR ADD THEM TOGETHER, IF THE SIGNS ARE UNLIKE. 

It must be kept in mind that both members of an equa- 
tion are always to be increased or diminished, multiplied or 
divided alike. (Art. 170.) 
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Prob. 7. The numbers in two opposing armies are such, 
that. 

The sum of both is 21 1 10 ; and 

Twice the number in the greater army, added to three 
times the number in the less, is 52219. 

What is the number in the greater army 1 

Let «= the greater. And y=z the less. 

1. By the first condition, a?+y=:21110 > 

2. Bv the second, 2a:4-3y=-52219 ) 

3. Muhiplying the 1st by 3, Sx+3y- 63330 

4. Subtracting the 2d from the3d,a;= 111 IL 

Prol^. 8. Given 2a:4.y=16, and 3ar-3y=6, to find the 
yalue of a?. 

1 . By supposition, 2a:-j-y =16) 

2. And 3a?-3y=6 5 

3. Multiplying the 1st by 8, 6a:+3i/=48 

4. Adding the 2d and 3d, 9a; =54 
6. Dividing by 9, a?=6. 

Prob. 9. Given a?+y=14, and a:-y=2, to find the value 
of y. Ans. 6* 

In the succeeding problems, either of the three rules 
for exterminating unknown quantities will be made use of, as 
will in each case be most convenient 

329. >Vhen one of the unknown quantities is determined, the 
other may be easily obtained, by going back to an equation 
which contains both, and substituting instead of that which 
is already found, its numerical value. 

Prob. 10. The mast of a ship consists of two parts : 

One third of the lower part added to one sixth of the 
upper part, is equal to 28 ; and. 

Five times the lower part, diminished by six times the 
upper part, is equal to 12. 



What is the height of the mast % 
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Let 0?= the lower part ; And ys the Uf^r part 

1. By the first condition, ijr4-jy=28 > 

2. By the second, 6x-6y=12 J 

8. Multiplying the 1st by 6, 2x+2/=168 

4. Dividing the 2d by 6, iar-y=2 

5. Adding the 3d and 4th, 2x+ix=l'70 

6. Multiplying by 6, 12a:4-5a:=1020 

7. Uniting terms and dividing by J 7, ar= 60, the lower part. 

Then by the 3d step, 2x+y = 1 68 

That is, substituting 60 for ar, 120+y=168 [per part. 

Transposing 120, j/= 1 68 - 120=48, the up- 

Prob. 11. To find a fraction such that. 

If a unit be added to the numerator, the fraction will be 
equal to j ; but 

If a unit be added to the denominator, the fraction will be 
equal to |. 

4 

Let x=z the numerator. And y= the denominator. 
1. By the first condition, -IE_=f 

y 

By the second. ~^ =1 

3. Therefore a;=4, the numerator. 

4. And y=lo, the denominator. 

Prob. 12. What two numbers are those, 

Whose difference is to their sum, as 2 to 3 ; and 
Wliose sum is to their product, as 3 to 5 ? 

Ans. 10 and 2. 

Prob. 13. To find two numbers such, that 

The product of their sum and difierence shall be 5, and 
The product of the sum of their st{uares and the differ- 
ence of their squares shall be 65. 

Let x= the greater number ; Andy= the less. 
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1 . By the first condition, (*+y ) X (« - y) = 5 ? 

2. By the second, l^+V^) X («*-»*)= 65 ^ 

3. Mult, the factors in the 1st, (Art. 235,) af -y'=5 

4. Dividing the 2d by the 3d, (Art. 1 18,) a?+y'= IS 

5. Adding the 3d and 4th, 20;*= 18 

6. Therefore ar=:3, the greater number, 

7. And y=2y the less. 

» 

In the 4th step, the first merober of the second equation is 
divided by a:* -y% and the second member by 6, which is 
equal to a? - y*. 

Prob. 14. To find two numbers whose difference is 8, and 
product 240. 

Prob. 15. To find two numbers, 

Wliose difference shall be 12, and 
The sum of their squares 1424. 

Let x=: the greater ; And y= the less. 

1 . By the first condition, a; - y = 1 2 > 

2. By the second, 0:"+ y*=:1424 j 

3. Transposing y in the first, x=zy-\-\2 

4. Squaring both sides, a?=y*-j-24y+144 

5. Transposing y* in the second, ar'=1424-j/' 

6. Making the 4th and 5th equal, y'^J^24y+ 1 44= 1 424 - y« 

7. Therefore y= -6±v(676)= -6±26 

8. And a:=y+12=20+12=32. 



EaUATIONS WHICH CONTAIN THREE OR MORE 

UNKNOWN aUANTITIES. , 

330. In the examples hitherto given, each has contamed 
no more than two unknown quantities. And two indepen- 
dent equations have been sufficient to express the conditions 
of the question. But problems may involve three or more 
unknown quantities ; and may require for their solution as 
many independent equations. 



Suppose ar-[-y+5:= 12 1 
And x+2y-2z=l0\ 
And a:4-y-«=4 ) 



are given to find, a:, y, and z^ 
y ' " 
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From these three equations, two others may be derired 
which shall contain only two unknown quantities. One ot 
the three in the original equations may be exterminatedj in 
the same manner as when there are, at first, only two, by the 
rules in Arts. 324, 6, 8. 

In the equations given above, if we transpose y and z, we 
shall have. 

In the first, «= 12 - y - z 
In the second, a;=10- 2y-|-2;s; 
In the third, a? = 4 - y-\-z 

From these we may deduce two new equations, firom which 
X shall be excluded. 

By making the 1 st and 2d equal, 12-y-r=10- 2y+2* > 

. By making the 2d and 3d equal, 10-2y+2«=:4-.y4-« J 

wfteducing the first of these two, y=32 -2 > 

Reducing the second, y=r-4-6 J 

From these two equations one may be derived containing 
only one unknown quantity 

Making one equal to the other, Sz- 2=z-4-6 
And z=4. Hence, 

331. To solve a problem containmg jAree imknown quan- 
tities, and producing three independent equations. 

First, from the three equations deduce two goji- 
tailing only two unknown quantities. 

Then, from these two deduce one, containing oni«t 
one unknown quantity. 

For making these reductions, the rules already given are 
sufficient. (Art. 324, 6, 8.) 

Prob. 16. Let there be given, 

1. The equation ¥+5y+6z= 53^ 

2. And a:+3y4-3z=30 > To find a:, y, and f. 

3. And a:+y+z=12 ) 

From these three equations to derive two, containing only 
two unknown quantities, ; 

4. Subtract the 2d from tlie 1st, 2y4.Sz=23 ) 

5. Subtract the 3d from the 2d, 2y+2z=z 18 ) 

From these two, to derive one, 

6. Subtract the 5ih from the 4th;"z=5. 

15 
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To find X and y, we have only to take their values from 
the tliird and fifth equations, (Art. 329.) 

7. Reducing the fifth, 2/=:9-z= 9-5=4 

8. TransiX)sing in the third, «= 12 -r -y= 12 - 6 - 4=3. 

Prob. 17. To find rr, y, and Zy from 

I. The equation ar+y-f-z=12 
i. And a?4-2!/+3«=20 

3. And ia?4-il/+^— 6 

4. Multiplying the Ist by S, Sa:+3y+3z=36 
6. Subtracting the 2d from the 4th, 2a?+y=16 
6. Subtracting the 3d from the 1st, a?-ia:+y-^=6 

7» Clearing the 6th of fractions, 4a:4-3y=36 > 

8. Multiplying the 5th by 3, 6a?-f 3y=48 J 

9. Subtracting the 7th from the 8th, 2a:=12. And a:=6. 

10. Reducmg the 7th, y=^lz^=^lz^^4. 

II. Reducing the Ist, r=12-ar-y=12-6-4=2. 

In this example all the reductions have been made accor- 
ding to the third rule for exterminating unknown quantities.-- i> 
(Ajt 328.) But either of the three may be used at pleasure. 

832. A calculation may often be very much abridged, by 
the exercise of judgment in stating the question, in selecting 
the equations from which others are to be deduced, in simpli- 
fying fractional expressions, in avoiding radical quantities, 
&c. The skill which is necessary for this purpose, however, 
is to be acquired, not from a system of niles, but from prac- 
tice, and a habit of attention to the pecuUarities in the con- 
ditions of different problems, the variety of ways in which 
the same quantity may be expressed, the numerous forms 
which equations may assume, &c. In many of the examples 
in this and the preceding sections, the processes might have 
been shortened. But the object has been to illustrate gen- 
eral principles rather than to furnish specimens of expeditious 
solutions. The learner will do well, as he passes along, to 
exercise his skill in abridging the calculations which are 
here given, or substituting others in their stead. 
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Prob. 18. Given < 2. x- 
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1. x-\-y^a 



2=:b > To find Xy y and z. 



3. y-\-z=zc 

a-|-6-c a-\-c-b 64-^""^ 
Ans. a?= 2 — Andy= ^ — And 2:= g — * 

Prob. 19. Three persons .4, B^ and C, purchase a horse 
for 100 dollars, but neither is able to pay for the whole. 
The payment would require, 

The whole of jJ's money, together with half of B^s ; or 

The whole of B% with one third of (7s ; or 

The whole of Cs, with one fourth of .fi's* 

How much money had each 1 

r- Let ar=.5's 5r=Cs 

^ y=zB*Q a=100 

By the first condition, x-\-iy=a 

By the second, t/+ iz=a 

By the third, z+Ja'=a 

Therefore ar=64. i/=72. z=^S4. 

333. The learner must exercise his own judgment, as to 
the choice of the quantity to be first exterminated. It will 
generally be best to begin with that which is most free from 
co-efiScients, fractions, radical signs, &c. 

Prob. 20. The sum of the distances which three persons, 
•fl, B, and C, have travelled, is 62 miles ; 

^s distance is equal to 4 times Cs, added to twice B^s ; and 
Twice .^'s added to 3 times i5's, is equal to 17 times Cs. 

What are the respective distances 1 

Ans. JTsy 46 miles ; B's, 9 ; Cs 7. 

Prob. 21. To find ar, y, and ar, from 

The equation ix-\-fy-{-i;Z=Q2 

And ix+iy+iz=47 

And ix+iy+iz =SS 

Ans. a?=24 -^=60. z=l20. 

riry=600) 
Prob. 22. Given { a:r=r 300 > To find a?, y, and z. 

(yz=z200) 

Ans. a;=30. y=20. z=lO. 
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** SS4. Tlie game method whicli is employed for the reduc- 
tion of three equations, may be extended to 4, 5, or any num- 
ber of equations, containing as many unknown quantities 
The unknown quantities may be exterminated, one after 
another, and the. number of equations may be reduced by 
successive steps from five to four, from four to three, from 
three to two, &c. 

Prob. 23, To find tr, a?, y, and r, from 

1. The equation ^-f.z-|-iip=8 

2. And x-\'y-\-%o=9 
S. And x-\-y+zz=zU 

4. And X'\-vf-\-z:=\0 

5. Clear, the 1st of frac. y+2i:4-w:=16 ^ 

6. Subtract. 2d from 3d, z- w=3 > Three equations 

7. Subtract. 4th from 3d, y - ir=2 ^ 

8. Adding 5th and 6th, y+3r= 19 ? gv,^ couatioM 

9. Subtract. 7th from 6th, -y+z=l 5 ^"^^ «l«alionfl. 



z — 1 2 I ^^^^ equationa. 



10. Addifng 8th and 9th, 4z=20. Or z=5 

11. Transp. in theSth, y=19-3z=4 . 

12. Transp. in the 3d, ar=12-y-r=3 

13. Transp. in the 2d, w=9 -a? -y=2 



Quantities 
required. 



Prob. 24. Given 



ti>-|-50=ar 
ar+120=«3y 
y4.12a=2z 
^+195=310 

Answer. 10 =100 
a?=150 



To find Wf OP, y, and z. 



y=90 
z=105. 



Prob. 25. There is a certain number consisting of two 
digits. The left-hand digit is equal to 3 times the right- 
hand digit; and if twelve be subtracted from the number 
itself, the remainder will be equal to the squaxe of the left- 
hand digit. What is the number 1 

Let x= the left-hand digit, and y= the right hand digit. 

As the heal value of figures increases in a ten-fold ratio 
firom right to left ; the number required =10ar-f-y 

By the conditions of the problem 2c=:3y > 

And 10a?+y-.12=a^ J 

The required number is, therefore, 93. 
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Prob. 26. If a certain number be divided by the product 
of its two digits, the quotient will be 2 ; and if 27 be added 
to the number, the digits will be inverted. What is the 
number 1 Aus, 36. 

Prob. 27. There are two numbers, such, that if the less be 
taken from three times the gi-eater, the remainder will be 35 ; 
and if 4 times the greater be divided by 3 times the less +1, 
the quotient will be equal to the less. What are the nimibers 1 

'^'V^ 'M . A '^- '' *^ ^t Ans. 13 and 4. 

Prob. 28. There is a ceftain fraction, such, that if 3 be 
added to the numerator, the value of the fraction will be i ; 
but if 1 be subtracted from the denominator, the value will 
bei. What is the fraction 1 "^ ' .* . / a^ 4 






Prob. 29. A gentleman has two horfees, and si saddle which 
is worth ten guineas. If the saddle be put on the /Ir^t horse, 
the value of both will be double that of the second horse ; but 
if the saddle be put on the second horse, the value of both 
will be less than that of the first horse by 13 guineas. What 
is the value of each horse 1 

>^ ^ ' ^ Ans. 56 and 33 guineas. 

Prob. 30. Divide the number 90 into 4 such parts, that the 
first increased by 2, the second diminished by 2, the third mul' 
Uplied by 2, and the fourth divided by 2, shall all be equal. 

If X, y, and z, be threef of the parts, the fourth will be 
90 - « - y - *• And by the conditions, 

«+2=y-2 
a:4-2=2z 

^_ 90-^-y-r 

2 

The parts required are 18, 22, 10, and 40. 

Prob. 31. Find three numbers, such that the first with j 

the sum of the second and third shall be 120 ; the second with 

r the difference of the third and first shall be 70 ; and i the 

sum of the three numbers shall be 95. / ^ ' 

• ' ',' ' 
Prob. 32. What two numbers are those, whose difference, 

sum and product, are as the numbers 2, 3, ^nd 5 1 

, . / 15* . ' .\Ap. lOandS. 

/ ' / -; . • / 



. V 
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* Prob 33. A vintner sold at one time, 20 dozen of port 
wine, and 30 dozen of sherry ; and for the whole received 
120 guineas.* At another time, he sold 30 dozen of port and 
25 dozen of sherry, at the same prices as before ; and for the 
whole received 140 guineas. What was the price of a dozen 
of each sort of wine 1 

Ans. The port was 3 guineas, and the sherry 2 guineas a 
dozen. 

Prob. 34. A merchant having mixed a certain number of 
gallons of brandy and water, found that, if he had mixed 6 
gallons more of ea<}h, he would have put into the mixture 7 
gallons of brandy for every 6 of water. But if he had mixed 
6 less of each, he would have put in 6 gallons of brandy for 
every 5 of water. How many gallons of each did he mix 1 

Ans. 78 gallons of brandy and 66 of water. 

Prob. 35. What fraction is that, whose numerator being 
doubled, and the denominator increased by 7, the value be- 
comes f ; but the denominator being doubled, and the nume- 
rator increased by 2, the value becomes ^1 Ans. f. 

Prob. 36. A person expends 30 cents in apples and pears, 
giving a cent for 4 apples and a cent for 5 pears. He after- 
wards parts with half his apples and one third of his pears, • 
the cost of wliich was 13 cents. How many did he buy of 
each ? Ans. 72 apples and 60 pears.* 

— X 

335. If in the algebraic statement of the conditions of a 
problem, the original equations arc more numerous than the 
unknown quantities ; these equations will either be conlrO' 
dicton/y or one or more of them will be superfluous. 

Thus the equations < i*— 20 s ^1*® co'^'^'S'^^^c^ory. 

For by the first a?=20, while by the second, ar=40. 
But if the latter be altered, so as to give to x the same value 
as the former, it will be useless, in the statement of a 



 For more examples of the solution of problems by equations, see Euler's 
Algebra, iPart I, Sec 4 ; Simpson's Algebra, Sec. II ; Simpson's Exercises ; 
Maciaurin's Alo:ebra, Part I, Chap. 2 and 13 ; Emerson's Algebra, Book II, 
Sec. I ; Saunderson's Algebra, Book 11 and III; Dodson's Mathematical Re 
pository, and Bland's Algebraical Problems. 



X 



EQUATIONS. 167 

problein. For nothing can be determined from the one, 
which cannot be from the other. 

Thus of the equations < j^ Zin ( ^^^ ^® superfluous. 

For either of them is sufficient to determine the value of a?. 
They are not independent equations. (Art. 322.) One is 
convertible into the other. For if we divide the 1st by 6, it 
will become the same as the second. 

Or if we multiply the second by 6, it will become tlie same 
as the first. 

336. But if the number of independent equations produc- 
ed from the conditions of a problem, is less than the number 
of unknown quantities, the subject is not sufficiently limited 
to admit of a definite answer. For each equation can limit 
but one quantity. And to enable us to find this quantity, all 
the others connected with it, must either be previously known, 
or be determined from other equations. If this is not the 
case, there will be a variety of answers which will equally 
satisfy the conditions of the question. If, for instance, in 
the equation 

X and y are required, there may be fifty different answers. 
The values of x and y may be either 99 and 1, or 98 and 2, 
or 97 and 3, &c. For the sum of each of these pairs of 
numbers is equal to 100. But if there is a second equation 
which determines one of these quantities, the other may then 
be found from the equation already given. As ar-4-y=100, 
if a? =46, y must be such a number as added to 46 will make 
100, that is, it must be 54. No other number will answer 
this condition. 

3S7. For the sake of abridging the solution of a problem, 
however, the number of independent equations actually pui 
upon paper is frequently less, than the number of unknown 
quantities. Suppose we are required to divide 100 into two 
such parts, that the greater shall be equal to three times the 
less. If we put x for the greater, the less will be 100 - ar. 
(Art. 195.) 

Then by the supposition, a? =300 - 3ar. 

Transposing and dividing, a: =75, the greater. 

And 100- 75=25, the less. 
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Here, two unknown quantities are found, although there 
appears to be but one independent equation. The reason of 
this is, that a part of the solution has been omitted, because 
it is so simple, as to be easily supplied by the mind. To 
have a view of the whole, without abridging, let a?= the 
greater number, and y= the less. 

1. Then by the supposition, «-|-y=100) 

2. And 3y=a? J 

3. Transposing x in the 1st, y= 100 - op 

4. Dividing the 2d by 3, y= Ja? 

5. Making the 3d and 4th equal, lx=z 100 - ar 

6. Multiplying by 3, a?=300-3a? 

7. Transposing and dividing, a:=75, the greater, 

8. By the 3d step, y= 100 -a?=25, the less. 

By comparing these two solutions with each other, it will 
be seen that the first begins at the 6th step of the latter, all 
the preceding parts being omitted, because they are too sim- 
ple to require the formality of writing down. 

Prob. To find two numbers whose sum is SOj and the dif- 
ference of their squares 120. 

Leta=30 6=120 

a?= the less number required. 

Then a-ar= the greater. (Art. 1^6.) 

And a'- 2aa?-}-a;'= the square of the greater. (Art. 214.) 

From this subtract a:*, the square of the less, and we shall 
have o*-2aa;= the difference of their squares. 

Therefore. .=!^=(?2)lzi!9=lS. 

2a 2x30 

338. In most cases also, the solution of a problem which 
contains many unknown quantities, may be abridged, by par- 
ticular artifices in svistiluHng a single letter for severaL 
(Art. 321.) 

* Suppose four numbers, «, a:, y and ar, are required, of which 

The sum of the three first is IS 

The sum of the two first and last 17 

The sum of the first and two last 18 

The sum of the three last 21 



 Ludlam's Aljjcbra, Art. 161. c 
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Then 1. «-fa?4-y==^3 
2. tt-fa;4-z=17 
S. u-\-y-\-z=lS 
4. ar4-y-j-2r=21. 

Let S be substituted for the sum of the four numbers, that 
IS, for u-\-X'\'y-['Z, It will be seen that of these four equa- 
tions, 

Tlie fi(?t contains all the letters except Zy that is, £f-z= 13 
The second contains all except y, that is, iS-y=17 

The third contains all except ar, that is, S- ar= 18 

The fourth contains all except ti, that is iS- u=21. 

Adding all these equations together, we have 

45f-r-y-ar-ti=69 
Or 45- (z+y+ar+tt)=69 (Art. 88. c.) 

But j§=: (ir-l-y-f-^-f-**) by substitution. 
Therefore, 4fif-iS=69, that is, 3iS=69, and iS=23. 

Then putting 23 for Sy in the four equations in which it 
is first introduced, we have 

23-;r=13T r2r=23 -13=10 

23-y=17 I Therefore J y=23-17=6 
2S-x=}S(^^^^^^^^^) a=23-18=5 



-a:=JO j 
-i«=2lj 



23-i«=21J Lt«=23-21=2. 

Contrivances of this sort for facilitating the solution of 
particular problems, must be left to be furnished for the occa* 
sion, by the ingenuity of the learner. They are of a nature 
not to be taught by a system of rules. 

339. In the resolution of equations containing several un- 
known quantities, there will often be an advantage in adopt- 
ing the following method of notation. 

The co-efiicients of one of the unknown quantities are 
represented. 

In the first equation, by a single letter, as a. 

In the second, by the same letter marked with an accent, as o^. 

In the thirdy by the same letter with a double accent, as af^Sic, 

The co-efficients of the other unknown quantities, are re- 
presented by other letters marked in a similar manner ; as are 
also the terms which consist of known quantities only. 
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Two equations containing the two unknown quantities x 
and y may be written thus, 

ax-\-by=:C 

ITiree equations containing ar, y, and ar, thus, 

ax-\-by-\-C2=id 

a'x-\-h'y+&z=d' 

a''x+b''y+c''z=id'\ 

Four equations containing a:, y, z, and u, thus, 

aX'\'by-\-cz-^du=e 

a'x+b'y+c'z+d'u^e" 

a''x+b''y+(/'z+d''u=e'^ 

a'''x+b'''y+(/''z+d'''u=ze''% 

The same letter is made the co-efficient of the same un- 
known quantity, in different equations, that the co-efficients 
Of the several unknown quantities may be distinguished, in 
any part of the calculation. But the letter is marked with 
^different accents^ because it actually stands for different quan* 
tities. 

Thus we may put a=4, a'=6, a'' = 10, a'''=2Q, &c. 
To find the value of x and y. 

1. In the equation, aa:+5y=c > 

2. And a'x+b'y=i</S 

3. Multiplying the 1st by 6^,(Art. S28,)ab'x+bb'y=cb' 

4. Multiplying the 2d by 6, ba^x-i-bb^y^bc/ 

5. Subtracting the 4th from the 3d, ab^x - ba^x==cb' - bc^ 

6. Dividing by a¥ - ba\ (Art. 121.) ar=^.^-I^ ] 



ab 



V-- ba' I 



■o • •! ac — ca 

By a similar process, V^-n — 7— 

ab — ba^ 

The symmetry of these expressions is well calculated to fix 
them in the memory. The denominators are the same in 
both ; and the numerators are like the denominators, except 
a change of one of the letters in each term. But the par- 
ticular advantage of this method is, that the expressions here 
obtained may be considered as general solutions^ which give 
the values of the unknown quantities, in other equations, of 
a similar nature. 
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Thus if 10a:+6i/=100) 
And 40a?4-4y=200 5 
Then putting 0=10 6=6 c=100 

a' =40 6^=4 c'=200 

cfc^,tc" _ 100x4--6x200 _4 
ab'-ba'''. 10x4-6x40 "" ' 
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We have a?: 



And 



a</~ca^ _ 10x200- 100x40 _^^ 
* ab'^haf'^ 10x4-6x40 "" 



The equations to be resolved may, originally, consist of 
more than three terms. But if they are of the first degree, 
and have only two unknown quantities, each may be reduced 
to three terms by substitution. 

Thus the equation dx - Ax-^-ky - 6y =m+8 

Is the same, by Art. 120, as {d-4)x'\'{h-^)yz=:m^S, 
And putting a=£{-4, 6=A-6, c^m-f-S 

It becomes ax-\-hy=.c.* 



DEMONSTRATION OF THEOREMS. 

340. Equations have been applied, in this and the preced- 
ing sections, to the solution of problems. They may be em- 
ployed with equal advantage, in the demonstration of (Aeo- 
rems. The principal difference, in the two cases, is in the 
order in whicn the steps are arranged. The operations them- 
selves are substantially the same. It is essential to a demon- 
stration, that complete certainty be carried through every 
part of the process. (Art. 11.) This is effected, in the re 
auction of equations, by adhering to the general rule, to make 
no alteration which shall affect the value of one of the mem- 
bers, without equally increasing or diminishing the other. 
In applying this principle, we are guided by the axioms laid 
down in Art. 63. These axioms are as applicable to the de- 
monstration of theorems, as to the solution of problems. 

But the order of the steps will generally be different. In 
solving a problem, the object is to find the value of the un- 
known quantity, by disengaging it from all other quantities. 
But, in conducting a demonstration, it is necessary to bring 

* For the application of this plan of notation to the 'solution of equations 
which cpntain more than two unknown quantities, see LaCroix's Algebra, Art. 
So ; Maciaurin's Algebra, Part. I. Chap. 12 j Fenn's Algebra, p. 57 ; and a 
paper of Laplace, in the Memoirl^ of the Academy of Sciences for 1773. 
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ike equation to that particular form'which will expresB, in 
algebraic terms, the proposition to be proved. 

Ex. 1. The^em. Four times the product of any two 
numbers, is equal to the square of their sum, diminished by 
the square of their difference. 

Let x=;= the greater number, 8= their sum, 

y=: the less, 6^= their difference. 

Demcmftratum. 

1. By the notation x-\-y=:8 > 

S. And x-y=d > 

3. Adding the two, (Ax. 1.) 2x=:s-\-d 

4. Subtracting the 2d from the 1st, 2y=9-i{ 

5. Mult. 3d and 4th, (Ax. 3.) 4j^= (s+d) X (» -<0 

6. That is, (Art. 235.) 4ajy=»«-cP 

The last equation expressed in words is the proposition 
which was to be demonstrated. It will be easily seen th^t 
it is equally apfdicable to any two numbers whatever. For 
the particular values of x and y will make no difference in 
the nature of the proof. 

Thus 4x8x6=(8+6)«- (8-6)«=192. 

And4xlOx6=(10-f6)«-(10-6)*=240. 

And4xl2XlO=(12+10)«-(12-10)«=480. 

Theorem 2. The simi of the squares of any two numbers is 
equal to the square of their difference, added to twice their 
product. 

Let x=z the greater, d= their difference. 

y= the less, p= their product 

Demonstration. 

1. By the notation x - y =<{ ) 

2. And aV=/> J 

3. Squaring the first o^ - 2ary+y';= cP 

4. Multiplying the second by 2 2xy=zz2p 

5. Adding the third and fourth ar'-|-y'=(P-f 2p. 

Thus 10»+8»=(10-8)«+2xl0x8=164. 

341. General propositions are also discovered, in an expedi- 
tious manner, by means of equations. The relations of 
quantities may be presented to our view, in a great variety 
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of ways by the several changes through which a given equa- 
tion may be made to pass. Each step in the process will 
contain a distinct proposition. 

Let s and d be the sum and difference of two quantities x 
and y, as before. 

1. Then ^ «=a:+y) 

2. And drrar-yj 

3. Dividing the fii^st by 2, i«=ia?-piy 

4. Dividing the 2d by 2, J«?=Ja:-Jy 

5. Adding the 3d and 4th, J5-|-Jd[=ja:4-J^=« 

6. Sub. the 4th from the 3d, 45-id=ij/+2*2/=y- 

That is, ^ 

Half the difference of two quantitiesy added to half their wm, u 
equal to the greater ; and 

Half their difference subtracted from half their mrn^ is "equal to 
the less. 



^.SECTION XII. 



RATIO AND PROPORTION.* 



Art. 342. THE design of mathematical investigations, i» 
to arrive at the knowledge of particular quantities, by com- 
paring them with other quantities, either equal to, or greater 
or less than those which are the objects of inquiry. The end 



* Euclid's Elements, Book 5, 7, 8. Euler's Algebra, Part I. Sec 3. Emerson 
on Proportion. Camus' Geometry, Book III. Ludlam's Mathematics. Wallis* 
Algebra, Chap. 19, 20. Saunderson's Algebra, Book 7. Barrow's Mathema- 
tical Lectures. Analyst for March, 1814. Port Royal Art of Thinkin/*, Part 
IV. Ch. iv. 16 
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is most c(»nnionIy attained by means of a series of equoHons 
and proporiums. When we make use of equations, we deter- 
mine the quantity sought, by discovering its equality with 
some other quantity or quantities ah'eady known. 

We have frequent occasion, however, to compare the un- 
kno\^ quantity with others which are not equal to it, but 
either greater or less. Here a different mode of proceeding 
becomes necessary. We may inquire, either Jww much one 
of the quantities is greater than the other ; or how many times 
the one contains the other. In finding the answer to either 
of these inquiries, we discover what is termed a ratio of the 
two quantities. One is called arithmetical and the other geo- 
metrical ratio. It should be observed, however, that both 
these terms have been adopted arbitrarily, merely for dis- 
• tinction's sake. Arithmetical ratio, and geometrical ratio are 
both of them applicable to arithmetic, and both to geometry. 

As the whole of the extensive and important subject of pro- 
portion depends upon ratios, it is necessary that these should 
be clearly and fully imderstood. 

343. Arithmetical ratio is the difference between two 
quantities or sets of quantities. The quantities themselves are 
called the tenns of the ratio, that is, the terms between which 
the ratio exists. Thus 2 is the arithmetical ratio of 5 to 3. 
This is sometimes expressed, by placing two points between 
the quantities thus, 5. . 3, which is the same as 5 -3. Indeed 
the term arithmetical ratio, and its notation by points, are 
almost needless. For the one is only a substitute for the word 
difference^ and the other for the sign -. 

344. If both the terms of an arithmetical ratio be multiplied 
or dhnded by the same quantity, the ratio will, in effect, be 
multiplied or divided by thait quantity. 

Thus if a-b=zr 

Then mult, both ades by A, (Ax. 3.) fttf-iki==Ar 

' a b r 

And dividing by A, (Ax. 4.) r - ^=^ 

345. If the terms of one arithmetical ratio be added to, or 
subtracted from, the corresponding terms of another, the ratic- 
o£ their sum or difference will be equal to the sum or differ 
ence of the two ratios. 
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A d /£- A ( ^^^ ^^® ^^^^ ratios. 
Then (a+d) -(b-^h) =:= (a-t)+ (rf-A). For each =o4-rf-6-t* 
And (a-(/)-(6-A) = (a--6)-(J-A). For each =a-ii-6+&. 
Thus the arith. ratio of 1 1 . . 4 is 7 ; 
A nd the arith. ratio of 5 . . S is ? ) 
The ratio of the sum of the teniis 16. .6 is 10, the sum of 

the ratios. 
The ratio of the difference of the terms 6. .2 is 4, the differ- 
- ence of the ratios. 

846. GEOMETRICAL RATIO is that relation be- 

TWEEN QUANTITIES WHICH IS EXPRESSED BY THE QUO- 
TIENT OP THE ONE DIVIDED BY THE OTHER.* 

Thus the ratio of 8 to 4, is i or 2. For this is the quotient 
of 8 divided by 4. In other words, it shows how often 4 is 
contained in 8. 

In the same manner, the ratio of any quantity to' another 
may be expressed by dividing the foimer by the latter, or, 
which is the same thing, making the former the numeratoi^ 
of a fraction, and the latter the denominator. 

a 
Thus the ratio of a to 6 is r* 

The ratio of d+A to 6+c, is TTT' 

347. Geometrical ratio is also expressed by placing two 
points, one over the other, between the quantities compared. 

Thus a : b expresses the ratio of a to 6; and 12:4 the ratio 
of 12 to 4. The two quantities together are called a couplet^ 
of which the first term is the antecedent^ and the last, the 
consequent. 

348. This notation by points, and the other in the form of 
a fraction, may be exchanged the one for the other, as con- 
venience may require ; obserAnng to make the antecedent of 
the couplet, the numerator of the fraction, and the consequent 
the denominator. 

b 

Thus 10 : 5 is the same as \^ and b : d, the same as g* 

349. Of these three, the antecedent, the consequent, and 
the ratio, any two being given, the other may be found. 



 See Note H. 
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Let a= the antecedent, c= the consequent, r=z the ratio, 

a 

*By definition r=-~; that is, the ratio is equal to the antece- 
dent divided by the consequent. 

Multiplying by c, a=cr^ that is, the antecedent is equal to 

the consequent multiplied into the ratio. 

a 
Dividing by r, c=';\ that b, the consequent is equal to the 

antecedent divided by the ratio. 

Cor. 1. If two couplets have their antecedents equal, tod 
their consequents equal, their ratios must be equal. ^ 

Cor. 2. If, in two couplets, the ratios are equal, and the 
antecedents equal, the consequents are equal ; and if the 
ratios are equal and the consequents equal, the antecedents 
are equiil.f 

350. If the two quantities conipared are equals ih6 ratio is 
a unit, or a ratio of equality. The ratio of 3x6 : 18 is a 
unit, for the quotient of any quantity divided by itself is 1. 

If the antecedent of a ccruplet is greater than the conse- 
quent, the ratio is greater than a xxniu For if a dividend is 
¥ eater than its divisor, the quotient is gieater than a unit, 
hus the ratio of 18 : 6 is 3. (Art. 128. cor.) This is called 
a ratio of greater mequalUy. 

On the other hand, if the antecedent is less than the con- 
sequent, the ratio is less than a unit, and is called a ratio of 
lfi88 mequaUty. Thus the ratio of 2 : 3, is less than a unit, 
because the dividend is less than the divisor. 

351. INVERSE or RECIPROCAL ratio is the ratio 
OF THE reciprocals OF TWO QUANTITIES. See Art. 49. 

Thus the reciprocal rWio of 6 to 3, is i to i, that is i-f-i. 

a 
The direct ratio of a to & is T,that is, the antecedent divided 

by the consequent. 
*^ 111116 6 

The reciprocal ratio is - • ror --f.-^=-Xy ="• 

that is the consequent b divided by the antecedent a. 



* Euclid 7. 5. t ^^^ 9* ^ 
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Hence a reciprocal ratio is expressed by inverting the Jrac* 
tton which expresses the direct ratio ; or when the notation 
is by points, by inverting the order of iRe terms. 

Thus a is to 6, inversely, as 6 to a. 

%2. COMPOUND RATIO is the ratio of the PRO- 
DUCTS, OP the correspondinq terms op two or more 

SIMPLE RATIOS.* 

Thus the ratio of 6 : 3, is 2 

And the ratio of 12 : 4, is 3 



The ratio ccahpounded of these is 72 : 12=6. 

Here the compound ratio is obtained by multiplying 
together the two Antecedents, and also the two consequents, 
of the simple ratios. 

« 

So the ratio compounded, 

Of the ratio of a:h 

And the ratio of c : d 

And the ratio of h: y 

Is the ratio of ach : 6(fw=--- 

bdy 

Compound ratio is not different in its nafwrc from any other 
ratio. The tenn is used, to denote the origin of the ratio, Id 
particular cases. 

Cor. The compound ratio is equal to the product of tlie 

shnple ratios. 

The ratio of a : 6, is ^ 

The ratio of c : df, is f 

a 

The ratio of 4 : y, is - 

And the ratio compounded of these is ?!^ which is the 

bdy 

product of the fractions expressing the simple ratios. (Art. 
155.) 

353. If, in a series of ratios, the consequent of each pre- 
ceding couplet, is the antecedent of the following one^ the 



*SeeNoteL 

16* 
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ratio of the first antecedent to the last consequent^ is equal to thai 
which is compounded of all the intervening r(Uios.* 

Thus, in the series of ratios a : b 

b : c 
c : d 
d:h 

the ratio of a : his equal to that which is compounded of the 
ratios of a : 6, of 6 : c, of c : c{, of c^ : A. For the compound 

ratio by the last article is ^-i- =- or a : A. (Art. 145.) 

bcdh h 

In the same manner, all the quantities which are both 
antecedents and consequents will disappear when the frac- 
tional product is reduced to its lowest terms, and will leave 
the compound ratio to be expressed bj the first antecedent 
and the last consequent. 

354. A particular class of compound ratios is produced, by 
multiplying a simple ratio into itself or into another equal 
ratio. These are termed duplicate^ triplicatey quadruplicate^ 
&c. according to the number of multiplications. 

A ratio compounded of two equal ratios, that is, the square 
of the simple ratio, is called a duplicate ratio. 

One compounded of three^ that is, the cube of the simple 
ratio, is called triplicate^ &c. 

In a similar manner, the ratio of the square roots of two 
quantities, is called a subduplUate ratio ; that of the cube 
roots a stLbtriplicate ratio, &c. 

Thus the simple ratio of a to i, is a : 6 

The duplicate ratio of a to fr, is a' : b^ 

The triplicate ratio of a to 6, is a* : 6' 

The subduplioate ratio of a to i, is \/a : \^b 

The subtriplicate of a to 6, is J^a : /y/fc, &c. 

The terms duplicate, tripUcatey &c. ought not to be con- 
founded with double^ triple^ &c.f 

The ratio of 6 to 2 is 6 : 2=3 

Double this ratio, that is, twice the ratio, is 12:2 = 6) 
Triple the ratio, i. e. three times the ratio, is 18 : 2 = 9 > 



* This is the particular case of compound ratio which is treated of in th* 
5Ui book of Euclid. See the editions of Simson and Playfair. 

t See Note K. 
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But the inpUeate fditio^i.e.ihe square of the ratio,is 6^ : 2^=9 > 
And the triplicate ratio,i.e. the cube of the ratio, is 6' : 2'= 27 > 

355. That quantities may have a ratio to each other, it is 
necessary that they should be so far of the same nature, as 
that one can properly b^ said to be either equal to, or greater, 
or less than the other. A foot has a ratio to an inch, for one 
is twelve times as great as the other. But it cannot be said 
that an hour is either shorter or longer than a rod ; or that 
an acre is greater or less than a degree. Still if these quan- 
tities are expressed by numbers^ there may be a ratio between 
the numbers. There is a ratio between the number of min- 
utes in an hour, and the nimiber of rods in a mile. v- 

356. Having attended to the nature of ratios, we have next 
to consider in what manner they will be affected, by varying 
one or both of the terms between which the comparison is 
made. It must be kept in mind that, when a direct ratio is 
expressed by a fraction, the antecedent of the couplet is always 
the numerator, and the consequent the denominator. It will 
be easy, then, to derive from the properties of fractions, the 
changes produced in ratios by variations in the quantities 
compared. For the ratio of the two quantities is the same as 
the value of the fractions, each being the quotient of the 
numerator divided by the denominator. (Arts. 135, 346.) 
Now it has been shown, (Art. 137,) that multiplying the 
numerator of a fraction by any quantity, is multiplying the 
value by that quantity ; and that dividing the numerator is 
dividing the value. Hence, 

357. Multiplying the antecedent of a couplet by any quantity y 
is multiplying the ratio by that quantity ; and dividing the ante^ 
cedent is dividing the ratio. 

Thus the ratio of 6 : 2 ts 3 
And the ratio of 24 : 2 is 12. 

Here the antecedent and the ratio, in the last couplet, are 
each four times as great as in the first. 

The ratio of a : 5 is 2 

b 

And the ratio of na : 6 is — 

6- 
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Cor. With a given consequent, the greater the aateeedeniy 
the greater the ratio ; and on the other hand, the greater the 
ratio, the greater the antecedent.^ See Ait. 137. cor. 

358. Multiplying the consequent of a couplet by any quantity 
i^y ^ ^ff^9 dividing the ratio ay that quantity ; and dividing the 
amsequeiid is midtiplying the ratio. For multiplying the denom- 
inator of a fraction, is dividing the value ; and dividing the 
denominator is multiplying the value. (Art. 138.) 

Thus the ratio of 12 : 2, is 6 
And the ratio of 12 : 4, is 3. 

Here the consequent in the second couplet, is twice as great, 
and the ratio only half as great, as in the &:st. 

The ratio of a : 6 is - 

b 

And the ratio of a : nb, is J^, 

nb 

Cor. With a given antecedent, the greater the consequent, 
the less the ratio ; and the greater the ratio, the less the con- 
sequent.t See Art. 138. cor. 

359. From the two last articles, it is evident that multiply- 
ing the antecedent of a couplet, by any quantity, will have the 
same effect on the ratio, as dividing the consequent by that 
quantity; and dividing tlie antecedenty will have the same 
effect as multiplying the consequent. See Art. 139. 

Thus the ratio of 8 : 4, is 2 

Mult, the antecedent by 2, the ratio of 16 : 4, is 4 
Divid. the consequent by 2, the ratio of 8:2, is 4. 

Cor. Any factor or divisor may be transferred, from the 
antecedent of a couplet to the consequent, or from the conse- 
quent to the antecedent, without altering the ratio. 

It must be observed that, when a factor is thus transferred 
ficm one term to the other, it becomes a divisor ; and when 
a divisor is transferred, it becomes a factor. 

Thus the ratio of 3x6 : 9=2 > ,, ^ ^^^^ ^.. 

Transferring the factor 3, 6 : *=2 i ^^^ '^^ '^^^ 



* Euclid 8 and 10. 5. The fiist part of the propositions, 
t Euclid 8 and 10. 5. The last part of the propositions.* 
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The ratio of 
Transferrmg y 
Transferring to. 



ma ma , ma -i 

ma 
ma : oi/=»na-f-6t/=-7-- 



by by jna 

m • m by 
360. It is farther evident, from Arts. 357 and 358, that ip 

THE ANTECEDENT AND CONSEQUENT BE BOTH MULTIPLIED, 
OR BOTH DIVIDED, BY THE SAME QUANTITY, THE RATIO WILL 

NOT BE ALTERED.* See Art. 140. 

Thus the ratio of 8:4=2 

Mult, both tenns by 2, 16 : 8=2 
Divid. both terms by 2, 4 : 2=2 



the same ratio. 



The ratio of 



a: 6=5 



ma a 
Multiplying both terms hym^ma: mh=:—,=T > 

Dividing Mh«™„^». i:l^. 

Cor. 1. The ratio of two frcictwns which have a common 
denominator, is the same as the ratio of their numerators. 

a b 
Thus the ratib of - : -, is the same as that of a : 6. 

Cor. 2. The direct ratio of two fractions which liave a 
comition numerator, is the same as the reciprocal ratio of 
their denominators. 

Thus the ratio of -- • -, is the same as — • -, orn : m. 



m n' 



m n' 



361. From the last article, it will be easy to determine the 
ratio <jf any two fractions. If each term be multiplied by 
the two denominators, the ratio will be assigned in integral 
expressions. Thus multiplying the terms of the couplet 

a c abd bed 

r • T by bdy we have —r- • ~T> which becomes ad : 6c, by can- 
celling equal quantities from the numerators and denomi- 
nators. 



•^Eudid, 15. 5 
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Y^SGl. b. A ratio of greater inequality ^ compounded with 
another ratio, increases it. 

Let the ratio of greater inequality be that of 1-j-n : 1 

And any given ratio, that of a: b 



The ratio coinpounaed of these, (Art. 352,) is o-f-na : b 
Which is ^cater than that of a : o (Art. 356. cor.) 
But a ratio of lesser inequalityy compounded with another 
ratio, diminishes it. 

Let the ratio of lesser inequality be that of 1 -n : 1 

And any given ratio, that of . a : 6 

The ratio compounded of these is a-^naib 

Which is less tlian that of a : 6. 

362. If to orfrcnn tlie terms of any couplet^ there be added or 
SUBTRACTED two Other quantities halving the same ratio^ the sums 
or remainders wiU also have the same ratio.* 

Let the ratio of a:b) 

Be the same as that of cidy 

Then the ratio of the sum of the antecedents, to the sum 
of the consequents, viz. of a^c to i-|-^9 ^ ^^ P^^ same. 

a^c c a 
That IS ^15=5= J- 

Denumstration. 

a c 
L By supposition, • b^d 

2. Multiplying by b and d, ad=:bc 

3. Adding cd to both sides, ad+cd=6c-|-C(f 

tc-j-cd 

4. Dividing by d, a+cz= — -r- 

6. Dividing by b+d, j— ^=2= j- 

The ratio of the difference of the antecedents, to the differ- 
ence of the consequents, is also the same. ^ 

That ft ^Zl^9.^± 
b^d-d-b 



« EucUcl. 5 and e» S. 
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DemonstroHon. 

1. By supposition, as before, r^^ 

b d 

2. Multiplying by 6 and d, ad=:bc 

3. Subtracting cd from both sides, ad - cd=bc - ci 

4. Dividing by df, a-c=:- ~ 



5. Dividing by 6 - d 



a-^c c a 



b-d d b 
Thus the ratio of 15 : 5 is 9 

And the ratio of 9 : 3 is 3 

Then adding and subtracting the terms of the two couplets, 



The ratio of 15+9 : 5+3 is 3 

And the ratio of 15 - 9 : 5 - 3 is 3 



} 



Here the terms of only two couplets have been added to- 
gether. But the proof may be extended to any number of 
couplets where the ratios are equal. For, by the addition of 
the two first, a new couplet is formed, to which, upon the 
same principle, a third may be added, a fourth, &c. Hence, 

363. If, in several couplets, the ratios are equal, the sum 

OF ALL THE ANTECEDENTS HAS THE SAMS RATIO TO THE 
SUM OF ALL THE CONSEQUENTS, WHICH ANT ONE OF THE 
ANTECEDENTS HAS TO ITS CONSEQUENT.* 

12: 6=2 

Thus the ratio i ^g ; J~| 

6 : 3=2 

Therefore the ratio of (12+10+8+6) : (6+5+4+3) =2. 

363. b. A ratio of greater inequality is dmmshed^ by adding 
the same qiuintity to both the terms. 

Let the given ratio be that of o+6 : a or 2lll- 

a 

Adding x to both terms, it benomes o+6+it : a+« or ^+ +? 



* Euclid, 1 and 12, 5. 
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Reducing them to a common denominator, 

The first becomes a'+ab+ax+bx 

And the latter (f+ah+ax 

a{a-\-x) 

As the latter numerator is manifestly less than the other, 
the ratio must be less. (Art. 356. cor.) 

But a ratio of lesser inequality is increased^ by adding the 
same quantity to both terms. 

n h 

Let the given ralio be that of a - 6 : a, or 

a 

Adding x to both terms, it becomes a - b-^-x : ar\-x or ?" ""^ 

Reducing them to a common denominator, 

TLe first becomes g'-gt+ax-ta; 

a{a-\-x) 

And the latter. ^11^+^. 

a{a-{-x) 

As the latter numerator is greater than the other, the ratio 
is greater. 

If the same quantity, instead of being added, is wbtracted 
from both terms, it is evident the eflect upon the ratio must 
be reversed. 

Examples. 

1. Which is the greatest, the ratio of 11 : 9, or that of 
44:35? 

2. Which is the greatest, the ratio of o+S : io, or that of 
2a+7 : {a % 

3. If the antecedent of a couplet be 65, and the ratio IS, 
what is the consequent 1 

4. If the consequent of a couplet be 7, and the ratio 18, 
what is the antecedent. 

5. What is the ratio compounded of the ratios of 3 : 7, and 
2a: 56,and7a:+l :3y-2l 

6. Wliat is the ratio compounded of x-\-y : fr, and 
x^y : o-f 6, and a-\-b : A? Ans. a?-y' : bh. 
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7. If the ratios of 5x4-7 : 2a: - 3, and a?+2 : J af+3 be com- 
pounded, will they produce a ratio of greater inequality, or of 
lesser inequality 1 Ans. A ratio of greater inequality. 

8. What is the ratio compounded of x-^y : a, and a: - y : i, 

and b : 1 Ans. A ratio of equality. 

9. What is the ratio compounded of 7 : 5, and the dupli- 
cate ratio of 4 : 9,, and the triplicate ratio of 3 : 2 ] 

Ans. 14 : 15. 

10. What is the ratio compounded of 3 : 7, and the tripli- 
cate ratio of a: : y, and the subduplicate ratio of 49 : 9 1 

Ans. a:' : y*. 
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V- 



363. An accurate and familiar acquaintance with the doc- 
trine of ratios, is necessary to a ready understanding of the 
principles of proportion^ one of the most important of all the 
brancnes of the mathematics. In considering ratios, we 
compare two qtianiitieSi for the purpose of finding either their 
difference, or the quotient of the one divided by the other. 
But in proportion, the comparison is between two ratios 
And this comparison is limited to such ratios as are equai. 
We do not inquire how much one ratio is greater or less than 
another, but whether they are the same. Thus the numbers 
12, 6, 8, 4y are said to be proportional, because the ratio of 
12 : 6 is the same as that of 8 : 4. 

364. Proportion, then, is an equality of ratios. It is ei- 
tlier arithmetical or geometrical. Arithmetical proportion is 
an equality of arithmetical ratios, and geometrical proportion 
is an equality of geometrical ratios.* Thus the numbers 6^ 
4, 10, 8, are in arithmetical proportion, because the difference 
between 6 and 4 is the same as the difference between 10 and 
8. And the numbers 6, 2, 12, 4, are in geometrical propor- 
tion, because the quotient of 6 divided by 2, is the same as 
the quotient bf 12 divided by 4. 

365. Care must be taken not to confound proportion with 
rcUio. This caution is the more necessary, as in commop 
discourse, the two terms are used indiscriminately, or rather, 

* See Note L. 

17 
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proportion is used for both. The expenses of one man are 
said to bear a greater proportion to his income, than those of 
another. But according to the definition which lias just been 

fiven, one proportion is neither greater nor less than anotiier. 
'or equality does not admit of degrees. One rado may be 
greater or less than another. The ratio of 12 : 2 is greater 
than that of 6 : 2, and less than that of 20 : 2. But these dif- 
ferences are not applicable to proportiony when the terai is 
used in its technical sense. The loose signification which is 
so frequently attached to this word, may be proper enough in 
familiar language : for it is sanctiojved by a general usage. 
But for scientific purposes^ the distinction between proportion 
and ratio should be clearly drawn, and cautiously observed. 

366. The equality between two ratios, as has been stated, 
is called proportion. The word is sometimes applied also to 
the series of terms among which this equality of ratios exists. 
Thus the two couplets 15:5 and 6 : 2 are, when taken to- 
gether, called a proportion. 

^367. Proportion may be expressed, either by the common 
cign of equality, or by four points between the two couplets. 

Th y ® ** ^~^ •• 2, or 8 •• 6 : : 4 •• 2 > are arithmetical 

^ (a '- b=zC"dy or a-' b: : C"d) proportions. 
* , C 12 : 6=8 : 4, or 12 : 6 : : 8 : 4 > are geometrical 
i a: hzss^d : A, or a:h::d:h\ proportions. 

The latter is read, * the ratio of a to b equals the ratio of d 
to A;' or more concisely, ^ a is to b, as d to A.' 

368. The first and last terms are called the extremes^ and 
the other two the means, HomologoiLs terms are either the 
two antecedents or the two consequents. Analogous terms 
are the antecedent and consequent of the same couplet. 

369. j^s the ratios are equal, it is manifestly immaterial 
which of the two couplets is placed first. 

If a • 6 : : c : d, then c: i : : a : 6. For if f^=f then i=% 

b d d b 

370. The number of terms must be, at least, four. For 
the equality is between the ratios of two couplets ; and each 
couplet must have an antecedent and a consequent. There 
may be a proportion, however, among three quarUities. For 
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one of the quantitieg may be repeated, so as to form two 
terms. In this case the quantity repeated is called the tnid^ 
die term, or a mean proporlimial between the two otlier quan- 
tities, especially if the proportion is geometrical. 

Thus the numbers 8, 4, 2, are proportional. That is, 8 : 
4 : * 4 : 2. Here 4 is both the consequent in the first couplet, 
and the antecedent in the last. It is therefore a mean pro* 
portional between 8 and 2. 

The last term i« called a tidrd proportional to the two other 
quantities. Th\is 2 is a third proportional to 8 and 4. 

371. Inverse or reciprocal proportion is an equality Ijetween 
a direct ratio, and a reciprocal ratio. 

Thus 4 : 2 : : i : i ; tliat is, 4 is to 2, reciprocally, as 3 to 6. 
Sometimes also, the order of the terms in one of the couplets, 
is inverted, without writing them in the form of a fraction. 
—(Art. 351.) 

Thus 4 : 2 : : 3 : 6 inversely. In this case, the first term 
13 to the second, as the fourth to the third ; that is, the first 
divided by the second^ is equal to the fourth divided by the 
third. 

372. When there is a serie*of quantities, such that the 
ratios of the first to the second, of the second to tlie third, of 
the third to the fourth, &c. are aU emial; the quantities are 
said to be in continued proportion. The consequent of each 
preceding ratio is, then, the antecedent of the following 
one. — Continued proportion is also called progression, as will 
be seen in a following section. 

Thus the numbers 10, 8, 6, 4, 2, are in continued arithme- 
tical proportion. For 10 - 8=8 - 6=6 - 4=4 - 2. 

The numbers 64, 32, 16, 8, 4, are in continued geometrical 
proportion. For 64 : 32 : : 32 : 16 : : 16 : 8 : : 8 : 4. 

If a, b, c, d, h, &c. are in continued geometrical propor- 
tion ; then a: b: :b:c::c:d: :d: h, &c. 

One case of continued proportion is that of three propor- 
tional quantities. (Art. 370.) 

373. As an arithmetical proportion is, generally, nothing 
more than a very simple equation, it is scarcely necessary to 
give the subject a separate consideration. 

The proportion a..b::c. . d 

Is the same as the equation a-b^c-d. 
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It will be proper, however, to observe that, if four quanti- 
ties are in arithmetical proportion, the svm of the extremes is 
equal to the sum of tfie means. 

Thus if a . . 6 : : A . . m, then a'\-m=b-\~h 

For by supposition, a — b^h-m 

And transposing - b and - m, a-|-m=fr-|-^ 

So in the proportion, 12 . . 10: : 1 1 . . 9, we have 12-}-9= 10+11. 

Again if three quantities are in arithmetical proportion, the 
sum of the extremes is equal to double the mean. 

If a . . b : : 6 . . c, then, a - 6=6 - c 

And transposing - 6 and - c, a-4-c= 26. 

GEOMETRICAL PROPORTION. 

S74. But if four quantities are in geometrical proportion, 
the PRODUCT of the extremes is equal to the product of the 
means. 

Ua:b::e:df ad=bc 

a___e 

6""5 

abd^^cbd 

"6 d' 

Reducing the fractions, ad=zbc 

Thus 12 : 8 : : 15 : 10, therefore 12x10=8x15. 

Cor. Any factor may be transferred from one mean to the 
other, or from one extreme to the other, without affecting the 
proportion. If a : m6 : : a; : y, then a :b::mx:y. For the 
product of the means is, in both cases the same. And if 
na : 6 : : a; >y, then a:b::x:ny. 

375. On the other hand, if the product of two quantities 
is equal to the product of two others, the four quantities will 
form a proportion, when they are so arranged, that those on 
one side of the equation shall constitute the means, and those 
on the other side, the extremes. 

For by dividing my=n& by ny, we have !!^= — 



For by supposition, (Arts. 346, 364.) 
Multiplying by 6rf, (Ax. 3.) 



If my=nhy then m : n : : A : y, that is. 



And reducing the fractions^ 



ny ny 
m h 



■x 
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Cor. The same must be true of any factors which fomi the 
two sides of an equation. 

If (a+6)xc=(^-w»)Xy> then«4-6 : d-m: :y : c. 

376. If three quantities are proportional, the product of the 
extremes is equal to the square of the mean. For this mean 
proportional is, at the same time, the consequent of the first 
couplet, and the antecedent of the last. (Art. 370.) It is 
therefore to be multiplied wio itself^ that is, it is to be squared, 

U a : b::b : Cy then mult, extremes and means, ac=b\ 

Hence, a mean proportional between two quantities may be 
found, by extracting the square root of their product. 

If a : x:: x: Cj then x^:=zacy and x=\/ac. (Art. 297.) 

377. It follows, from Art. 374, that in a proportion, eithei 
extreme is equal to the product of the means, divided by the 
other extreme ; and either of the means is equal to the pro- 
duct of the extremes, divided by the other mean, 

1. If a : b ::c : dy then ad=ibc 

2. Dividing by d, <*— -r 

d 

nA 

3. Dividing the first by c, i=-^ 



4. Dividing it by 6, c^ 



c 
ad 



h 

6. Dividing it by a, d=_ ; that js, the 

a 

fourth term is equal to the product of Uie second and third 

divided by the first. 

On this principle is founded the rule of ssimple proportion 
in arithmetic, comn^only called the Riile of Three, Three 
numbers are given to find a fourth, which is obtained by 
multiplying together the second and third, and dividing by 
the first. 

378. The propositions respecting the products of the 
means, and of the extremes, furnish a very simple and con- 
venient criterion for determining whether any four quantities 
are proportional. We have only to multiply the means 
together, and also the extremes. If the products are equal, 
the quantities arc proportional. If the products are not equal, 
ibe quantities arc not proportional 
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379. In mathematical investigations, when the relations 
of sevftral quantities are given, they are frequently stated in 
the form of a proportion. But it is commonly necessary that 
ihis first proportion should pass through a number of trans- 
formations before it brings out distinctly the unknown quan- 
tity, or the proposition which we wish to demonstrate. It 
may undergo any change which will not affect the equality 
of the ratios ; or which will leave the product of the means 
equal to the product of the extremes. 

It is evident, in the first place, that any alteration in the 
arrangement^ which will not affect the equality of these two 
products, will not destroy the proportion. Thus, if a:b::e:d^ 
the order of these four quantities may be varied, in any way 
which will leave ad=zbc. Hence, 

T'SSO. K four quantities are proportional, the order op 

THE MEANS, OR OF THE EXTREMES, OR OF THE TERMS OF 
BOTH COUPLETS, MAY BE INVERTED WITHOUT DESTROYING 
THE PROPORTION. 

If a : b::c : d) . 

And 12:S::6:4<^'^^^ 

1. Inverting the tneansy* 

a: c::b : d) .^ . . ( The first is to the thirds 
12 : 6 : : 8 : 4'J ^^^^ ^®' ( As the second to the fourth. 

In other words, the ratio of the antecedents is equal to the 
rntio of the consequents. 

This inversion of the means is frequently referred to by 
geometers, under the name of Altemation.'f 

2. Inoertmg the extremeSy 

d \hixc : a >.i ^. ( The fourth is to the second^ 
4 : 8 :; 6 : 12 J "^^^ ^®' ( As the tJiird to the first. 

S. Inverting the terms of each couplet, 

b : a : : d : c I ^ . C The second is to the first, 
8 : 12 : : 4 : 6 5 "^^^ ^®' I As the fourth to the third. 

Tliis is technically called Inversion, 

Each of these may also be varied, by changing the order 
of the two couplets, (Art. 369.) 

Cor. The order of the whole proportion may be inverted. 

If a :b: :c:d, then d : c::I) i a. 



* See Note M. t Euclid, 16. & 
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In each of these cases, it will be at once seen that, by 
taking the products of the means, and of the esttremes, we 
have ad=bcy and 12x4=8x6. 

If tlie terms of only one of the couplets are inverted^ the 
proportion becomes reciprocal. (Art 371.) 

U a : b::c : dy then a is to 6, reciprocally, as d to c. 

381. A difference of arrangement is not the only alteration 
which we have occasion to produce, in the terms of a pro- 
portion. It is frequently necessary to multiply, divide, involve, 
&c. In all cases, the art of conducting the investigation 
consists in so ordering the several changes, as to maintain a 
constant equality, between the ratio of the two first terms, 
and that of the two last. As in resolving an equation, we 
must see that the sides remain equal ; so in varying a pro- 
portion, the equality of the ratios must be preserved. And 
this is effected either by keeping the ratios the samCy while 
the terms are altered ; or by mcreasing or diminishing one of 
the ratios as mtich as the other. Most of the succeeding proofs 
are intended to bring this princii)le distinctly into view, and 
to make it familiar. Some of the propositions might be de- 
monstrated, in a more simple manner, perhaps, by multiplying 
the extremes and means. But this would not give so clear 
a view of the nature of the several clianges in the proportions. 

It has been shown that, if both the terms of a couplet be 
multiplied or divided by the same quantity, the ratio will re- 
main the same ; (Art. 360.) that multiplying the antecedent 
is, in effect, multipl3'^ing the ratio, and dividing the antece- 
dent, is dividing the ratio ; (Art. 357.) and farther, that mul- 
tiplying the conseqiLcnty is, in effect, dividing the ratio, and 
dividing the consequent is multiplying the ratio. (Art. 368.) 
As the ratios in a proportion are equal, if they are both 
multiplied, or both divided, by the same quantity, they will 
still be equal. (Ax. 3.) One will be increased or diminished 
as much as the other. Hence, 

y^^ -382. If four quantities are proportional, two analogous 

OR TWO HOMOLOGOUS TERMS MAY BE MULTIPLIED OR DI- 
VIDED BY THE SAME QUANTITY, WITHOUT DESTROYING THE 
PROPORTION. 

If analogous tenns be multiplied or divided, the ratios will 
not be altered. (Art. 360.) U Jyomohgous terms be multi- 
plied or divided, both ratios will be equally increased or 
diminished. (Arts. 357, 8.) 
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I{ a: b::c : dj then, 

1. Multiplying the two first terms, ma:mb::c: d 

2. Multiplying the two last terms, a:b::mc:md 

3. Multiplying the two antecedents,* ma : b::mc : d 

4. Multiplying the two consequents, aimbiicimd 

6. Dividing the two first terms, ^ : f.::c : d 

m m 

6. Dividing the two last terms, a:b::L : z. 

m m 

7. Dividing the two antecedents, ^ :b:: 1: d 

m m 

8. Dividing the two consequents, a: 2. ::c : £ . 

fit m 

Cor. 1. j9U the terms may be multiplied or divided by tbe 
same quantity.f 

L J a b c d 

ma :mb::mc : wo, -.:—:: — :—. 

m m m m 

Cor. 2. In any of the cases in this article, multiplication 
of the consequent may be substituted for division of the ante- 
cedent in the same couplet, and division of the consequent, 
for multiplication of the antecedent. (Art. S59, cor.) 

{ma:b::mc:d^ i fa:— ::mc:dl fmaibiic : ~L 
1*1) m l\ m 

Hib : : L: dl^ ] a:mb::^:d\ I— :6::c:mrf 
m mJ&L m J Im 

383. It is often necessary not only to alter the terms of a 
proportion, and to vary the arrangement, but to compare one 
proportion toUh another. From this comparison will freqtiently 
arise a new proportion, which may be requisite in solving a 
problem, or in carrying forward a demonstration. One of 
the most important cases is that in which two of the terms 
in one of the proportions compared, are the same with two in 
tbe other. The similar terms may be made to disa/ppear, 
and a new proportion may be formed of the four remaining 
tenns. For, 
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S84. If two ratios are respectively equal to a third, 

THET ARE EQUAL tO EACH OTHER.* 

This is nothing more than the 11th axiom applied to ratios. 

A ^^'^''^^'^] thena : b: :c:d,oxa:c: :b: d. (Art. 380.) 
And c:a::m:n) ' ^ ' 

2. If «:fr::w»-»J?thena:6::c:(?,ora:c::6:d. 
And m : n : : c : a 5 

Co'-If^^^li^^" thena:6>c:d.t 
minuend) ^ ' 

For if the ratio of m : n is greater than that of c : (2, it is 
manifest that the ratio of a : 6, which is t(iuaX to that of m : n, 
is also greater than that of c : d 

385. In these instances, the terms which are alike in the 
two proportions are the two jirit and the two lasL But this 
arrangement is not essential. The order of the terms may 
be changed, in various ways, without affecting the equality 
of the ratios. 

1. The similar tenns may be the two antecedentSy or th^ 
two consequentSy in each proportion. Thus, 

If m:a::n:b} ^ C By alternation, m:n::a:b 
And m:c::n:d) { And m:n::c: d 

Therefore a:b::c: dy or a :c::b: d^hy the last article. 

2. The antecedents in one of the proportions, may be the 
same as the consequents in the other. 

If m:a::n:b) ^j^^^ ( By inver. and altem. (ubiimm 
And c:m::d:ni (hy alternation, c:d::m:n 

Therefore a : by &c. as before. 

3. Two hrnnohgous terms, in one of the proportions, may 
be the same, as two analogous terms in the other. 

If a\m::b\n}^ , C By alternation, a : 6 : : m : n 
And c: d:\m\nS \ And . c\d::m:n 

Therefore, a : i, &c. 

All these are instances of an equality y between the ratios in 
one proportion, and those in another. In geometry, the 
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proposition to which they belong is usually cited by the 
words "ex aequOy*' or "ear oe^uaii."* The second case in 
this article is that which in its form, most obviously answers 
to the explanation in Euclid. But they are all upon the 
same principle, and are frequently referred to, without dis- 
crimination. 

386. Any number of proportions may be compared, in the 
same manner, if the two first or the two last terms in each 
preceding proportion, are the same with the two first or the 
two last in the following one.* 

Thus if a:b::c:d^ 

And c:d: :h:l \ .X. l 

And A:Z::m:nr^«*^'» = *'=* = y- 

And m:n::x:yj 
That is, the two first terms of the first proportion have the 
same ratio, as the two last terms of the last proportion. For 
it is manifest that the ratio of ail the couplets is the same. 

And if the terms do not stand in the same order as here, 
yet if they can be reduced to tliis form, the same 'principle is 
applicable. 

Thus \ia:c::b: dl fa:h::e:d 

Ajid m:x::n:yj Lm:n::y:y 

Therefore a : 6 : : or : y, as before. 

In all the examples in this, and the preceding articles, the 
two terms in one proportion which have equals in another, 
are neither the two mea»s, nor the two extremes, but one of 
the means, and one of the extremes ; a^d the resulting pro- 
portion is uniformly direct, 

y^^l. But if the two means, or the two extremes, in one 
proportion, be the same :with (he means, or the extremes, in 
another, the four remairUng terms will be reciprocally propor- 
tional. 

If a:m::n:by-^f * 11 j , 

A 1 J > then a:c::-- : -, or a : e : : a : 6. 

And t'lmim: di b d 

And fdZnm ] ^^^^' ^"^'^ Therefore afc=cd, and a : c : : d : 6. 

* Euclid 22. 5. 
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In this example, the two means in one proportion, are like 
thoj^e in tlie other. But the principle will be the same, if the 
Bxtretnes are alike, or if the extieiues in one proportion axe 
like the means in the other. 

A ^'"•'".•$:«i thena:c::d:6. 
And m:c:: d:n) 

Orifa:m::»:6U^„ ^ J 

And m : c : : amy 

The proposition in geometry which applies to this case, is 
usually cited by the words " ex aequo perturbateJ**^ 

388. Another way in which the terms of a proportion may 
be varied, is by addition or siU>tr(Ktion. 

If TO OR FROM TWO ANALOGOUS OR TWO HOMOLOGOUS 
TERMS OF A PROPORTION, TWO OTHER QUANTITIES HAVING 
THE SAMS RATIO BE ADDED OR SUBTRACTED, THE PROPORTION 
WILL BE PRESERVED. t 

For a ratio is not altered, by adding to it, or subtracting 
from it, the tenns of another equal ratio. (Art. 362.) 

If ' a:b:: c :d 
And a:b::m:n 

Then by adding to, or subtracting from a and b, the terms 
of the equal ratio m : n, we have, 

a-^m: b-\-n: : c: ct, tind a-^mib'-nitezd. 

- And by adding and subtracting m and n, to and from e and 
d we have, 

a : A : : c+»» ' d+n, and aibiic-mid-^n. 

Here the addition and subtraction are to and from andh' 
gous terms. But by alternation, (Art. 380,} these terms will 
become homologous^ and we shall have, 

a^n\ : c : : b-\-n : d, and a-miewb-^n-.d. 

Cor. 1. This addition may, evidently, be extended to any 
number oi equal ratios. J 

{c:d 
m\n 
x:y 

Then a : fc : : c+h^m-^-x : cZ+H-'*+y« 

«EacIid23,5. f Euclid 2, 5. t Euclid t, 6. Cor. 
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Cor. 2. If a : 6 : : c : rf ) . , . l . . ^ , . j » 

For by alternation a: c: ibid} there- ( a-\-m : c-^n ::b:d 
And mm: I b idy fore ( or a+m : 6 : ; c-^nid, 

389. From the last article it is evident that if, in any pro- 
portion, the terms be added to, or subtracted from each other^ 
that is, 

If two analogous or homologous terms be added to, 
OR subtracted from the two others, the proportion 

WILL BE PRESERVED. 

Thus, ifa:b::c:d, and 12 : 4 : : 6 : 2, then, 

1. Adding the two last terms, to the two first. 



o-f-c : 6+d iiaib 

and o-f-c : b-\-d iicid 

or a-^c I all b-\-d i b 

and a4-c : c : : 64-d : d 



12+6: 4+2:: 12: 4 
12+6: 4+2:: 6:2 
12+6: 12:: 4+ 2:4 
12-4-6: 6:: 4+ 2:2. 



2. •Adding the two antecedentSy to the two cansequenU. 

a+i>:6::c+d:rf 12+4: 4:: 6+2: 2 

a+b laii c+d i c, &c. 12+4 : 12 : : 6+2 : 6, &c. 

This is called Cmnpositicn.jf 

S. Subtracting the two first terms, from the two hut. 

c-a: a: i d-b :b 
c-aiciid—b:dy &c. 

4. Sfibtracting the two last terms from the two first. 

a-'Ci b-di :a: 6| 
a-cib-di : ci df &c. 

5. Subtracting the con5e9uen^s from the antecedents. 

a~b I b I ic-d: d 

a I a-6 : : c : c-rf, &c. 

The alteration expressed by the last of these forms is called 
Conversion. 

6. Subtracting the antecedaUs from the consequents. 

b-a : ail d- c: c 

b I b^-ai I d I d-Cy &c« 



« Euclid 24, 5. 



t Euclid 18, 5. 



X Euclid 19, 5. 
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7. Adding and subtracting, 

o-fft : a-6 : : c-j-d : c-rf. 

That is, the sum of the two first terms, is to their differ- 
ence, as the sum of the two last, to their diflerence. 

Cor. If any compound cjuantities, arranged as in the prece- 
ding examples, are proportional, the simple quantities of which 
they are compounded aie proportional also. 

Thus, if a-|-6 : b:: c+d : rf, then a: b::c i d. 

This is called Dmsion,* 

^S90. If the corresponding terms of two or more 

RANKS OF proportional QUANTITIES BE MULTIPLIED 
together, THE PRODUCT WILL BE PROPORTIONAL. 

This is compounding ratios, (Art. 352,) or compounding 
proportions. It should be distinguished from what is called 
composition^ which is an addition of the terms of a ratio. (Art. 
389. 2.) 

If a:h::c:d\ 12:4::6:2> 

And A : Z : : m : n 5 10 : 6 : : 8 : 4 > 



Then a/i : hl::cm:dn 120 : 20 : : 48 : 8. 

For from the nature of proportion, the two ratios in the 
first rank are equal, and also the ratios in the second rank. 
And multiplying the corresponding terms is multiplying the 
ratios, (Art. 357. cor.) that is, multiplying equals by equals ; 
(Ax. 3. ) so that the ratios will still be equal, and therefore 
the four products must be proportional. 

The same proof is applicable to any number of proportioiM. 

Ca'.hiic I d 
If < A : Z : : m : n 
. ip :q::x:y 
Then ahp : blq:: cmx : dny. 

From this it is evident, that if the temis of a proportion be 
multiplied, each into Uselfy that is, if they be raised to any 
poweTy they will still be proportional. 

If a: b::c:d S:4::6 : 12 

a:b::^c:d 2:4::6:12 



Then a' : 6« : : c« : d« 4 : 16 : : 36 : 144 



la 



* Euclid 17. 5. See Note N, 
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Proportionals will also be obtained, by reversing this pro- 
cess^ that is, by extracting the roots of the terms. 

If a : b::c : dy then >\/a : \^b : : \/c : \/d. 

For taking the product of extr. and means, ad=-bc 
And extracting both sides, ^ad=j^bc 

That is, (Arts. 251), 375.) V« = V* • • V^ • V^ 

Hence, 

391. If several quantities are proportional, their likb 

POWERS OR LIKE ROOTS ARE PROPORTIONAL.* 

If a: b: :c: d 
Then o" : *": : c^ : <i% and V« : V* • • V^ • \/^ 

in M n M 

AnAHI^/i^ : J^/t" : : iy/c* : ;;;/(f , that is, a"" : i" : : (F : ^. 

392. If the terms in one rank of proportionals be divided 
by the corresponding terms in another rank, the qubtienta 
will be proportional. 

This is sometimes called the resolution of ratios. 

If a:b::c:d) ' 12 : 6 : : 18 : 9 






And h: l::m 

Thenf:*::l:£ ^ 

h I m n 6 



2:: 


9: 


3! 


6.. 


18 


.9 


2 


9 


5 



This is merely reversing the process in Art. 390, cmd may 
be demonstrated in a similar maimer. 

This should be distinguished from what geometers eaU 
dmsum^ which is a stAtraction of the terms of a ratio. (Art. 
889. cor.) 

When proportions are. compounded by multiplication,- it 
will often he the case, that the same factor will be found in 
two analogous or two homologous terms. 

Thus if a:b::c : d 



And m 



:b::c : d} 
: a::n: cy 



am : ab i:cn : cd. 



Here a is in the two first terms, and c in the two last. Di* 
viding by these, (Art. 382,) the proportion becomes 

m : b::n:d. Hence, 



* It must not be inferred from this, that quantities have the same roft'o as 
their like powers or like roots. See Aru 354. 
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393. In compounding proportions, equal factors or divisors 
m two analogous or homologous terms, may be rqecied. 

a:b::c:d 12 : 4::9 :3 

If H:h::d:l 4:8::3:6 

h:m::l:n 8: 20::6 :15 



Thenar m::c:n 12:20::9:15 

This rule may be applied to the cases, to which the terms 
** ex aequo*^ and " ex aequo perturbate^^ refer. See Arts. 385 and 
387. One of the methods may serve to verify the other. 

394. The changes which may be made in proportions, 
without disturbing the equality of the ratios, are so nume- 
rous, that they would become burdensome to the memory, if 
they were not reducible to a few general principles. They 
are mostly produced, 

1. By inverting the order of the terms, Art. 380. 

2. By multiplying or dividing by the same quantUyf Art. 383. 

3. By comparing proportions which have like terms j Art. 384, 

5, 6, 7. 

4. By adding or subtracting the terms of equal ratios, Art. 

388, 9. 

5. By multiplying or dividing one proportion by another, Art. 

390, 2, 3. 

6. By involving or extracting the roots of the terms. Art. 391. 

395. When four quantities are proportional, if the first be 
greater than the second^ the third will be greater than the 
fourth ; if equal, equal : if less, less. 

For, the ratios of the two couplets being the same, if one is 
a ratio of equalityl ^^^ other is also, and therefore the ante- 
cedent in each is equal to its consequent ; (Art. 350,) if one 
IS a ratio of greater inequality y the other is also, and therefore 
the antecedent in each is greater than its consequent ; and 
if one. is a ratio of lesser inequality^ the other is also, and 
therefore the antecedent in each is less than its consequent. 

a=:i, c=rf 
Let a:bi:e : d; then if { a>6, c>rf 

a<6, c<rf. 
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Cor. 1. If the first be greater than the tJurd^ the second 
will be greater than the fourth ; if ecjual, equal ; if less, Jess.* 

For by alternation, aihiic : d becomes a: ciih i d^ with- 
out any alteration of the, quantities. Therefore, if a=:6, 
c=(2, &c. as before. 

Cor. 2. If a : fn : : c : n > ,1 .- , ■! « j. 

and m : 6 : : n : d ! '^^«° '^ «=*' "^'^ «^«=-t , 

For, by equality of ratios, (Ait. 385. 2.) or compounding 
ratios, (Arts. 300, 393.) 

a : 6 : : c : d. Therefore, if a=fe, c=rf, &c. as before. 

For, by compounding ratios, (Arts, 390, 393,) 
aihiici d. Therefore, if a=6, c=6?, &c. 

395. 5. If four quantities are proportional, their rmprocah 
are proportional ; and v. v. 

If a : b : : c : (2, then -:-::-:-. 

abed 

For in each of these proportions, w^e hay&, by reduction^ 
ud=zhc. 

CONTINUED PROPORTION. V 

396. When quantities are in continued proportion, all the 
ratios are eqwd. (Art. 372.) If 

a\h\ib \c:\c : d: \d: Cy 

the ratio of a : 6 is the same, as that of 6 : c, of c : (I, or of 
d : e. The ratio of the first of tliese quantities to the last^ is 
equal to the product of all the intervening ratios ; (Art. 353,) 
that is, the ratio of a : e is equal to 

a h c d . 

c d e 

But as the intervening ratios are all equals instead of multi- 
plying them into each other, we may multiply any one of 
them into i/sel/*; observing to make the number of factors 



* Eudid 14. 5. t Euclid 20. 5. X EucUd 2t. 5. 



PliOPORTION. 201 

equal to the number of intervening ratios. Thus the rano 
of a : e, in the example just given, is equal to 

a^ a a a a^ 

When several quantities are in continued proportion, the 
number of couplets, and of course the number of ratios, is 
one less than the number of quantities. Thus the five pro* 
portional quantities a, 6, e, dy e, form four couplets containing 
four ratios ; and the ratio of a : e is equal to the ratio of 
u* : b*y that is, the ratio of the fourth power of the first quan* 
tity, to the fourth power of the second. Hence, 

397. If three quantities are proportional, the first is to the 
thirdy as the square of the first, to the square oftM second; or 
as the square of the second, to the square of the third. In 
other words, the first has to the third, a duplicate ratio of the 
first to the second. And conversely, if the first of the three 
quantities is to the third, as the square of the first to the 
square of the second, the three quantities are proportional. 

If a: b::b : Cy then a : c::a^ : b\ Universally, 

398. If several quantities are in continued proportion, the 
ratio of the first to the last is equal to one of the intervening 
ratios raised to a power whose index is one less than the niun* 
ber of quantities. \ 

If there are four proportionals a, b, c, d, then a: d::a* : b^ 
If there are five a, 6, c, d, a ; a : e : : a^ : 6^ &e. 

399. If several quantities are in continued proportion, they 
vnM be proportional when the order of the whole is^ inverted. 
This has already been proved with respect to four proportional 
quantities. (Art. 380. cor.) It may be extended to any num* 
ber of quantities. 



Between the numbers. 


64,33,16,8,4, 


The ratios are 


2, 2, 2, 2, 


Between the same inverted 


4,8,16,32,64, 


The ratios are 


1111 
^9 i> 5> y 



So if the OTder of any proportional quantities be inverted, 
the ratios in one series will be the reciprocals of those in the 
other. For by the inversion, each antecedent becomes a con- 
sequent, and V, V. and the ratio of a consequent to its antece- 
dent is the reciprocal of the ratio of the antecedent to the 

19^ 
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consequent. (Art. 351.) That the reciprocals of equ&I quan- 
tities are themselves equal, is evident from Ax. 4. 



400. Harmonical or Musical Proportion may be con- 
sidered as a species of geometrical proportion. It consists in 
an equality of geometrical ratios ; but one or more of the 
terms is the difference between two quantities. 

Three or four quantities are said to be in harmonical propor^ 
Hon, when the first is to the {(»/, as the difierence between 
the two Jirsty to the difference between the two lasL 

If the three quantities a, 6, and c, are in harmonical pro- 
portion, then a : c : : a - 6 : 6 -c. 

If the ybur quantities a, 6, c, andd, are in harmonical pro- 
portion, then a: diia-h I e-d. 

Thus the three numbers 12, 8, 6, are in harmonical pro- 
portion. 

And the four numbers 20. IG, 12, 10, are in harmonical 
proportion. 

401. If, of four quantities in harmonical proportion, any 
three be given, the other may be found. For from the pro- 
portion» 

a : d:: a-fr : c-d, 

by taking the product of the extremes and the means, we 
liave oc - im{= oJ - 6d. 

And this equation may be reduced, so as to give the value 
of either of the four letters. 

Thus by transposing - oJ, and dividing by a» 

^ad-hd 



c= 



Examples^ in which the principles of proportion are applied to the 

soliUion of problems. 

1. Divide the number 49 into two such parts, that the 
greater increased by 6, may be to the less dimmished by 1 1 ; 
as 9 to 2. 

Let «= the greater, and 49 -«= the less. 
By the conditions proposed, a:-f-6 : 38 - ap : : 9 : 2 

Adding terms, (Art. 389, 2.) «+6 : 44 : : 9 : 11 

Dividing the consequents, (Art. 382, 8.) ar+6 : 4 : : 9 : I 
Multiply ing the extremes and means, x4-6=36. And opsSQ. 
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2. What number is that, to \i^hich if 1, 5, and 13, be seve- 
ra% added, the first sum shall be to the second, as the seo 
oM to the third '^ 

Let x= the number required. 

By the conditions, x+l : x+5 : : x+S : x+lS 

Subtracting^erms, (Art. 389, 6.) x+l : 4 : : x+5 : 8 
Therefore Qx+8=4x+20. And 4f=8. 

3. Find two numbers, the greater of which shall be to the 
less, as their sum to 43 ; and as their difference to & 

Let X and y = the nxmibers. 

By the conditions, x:y:: x+y : 42 

And «:y::a?-y: 6 

By equality of ratios, x+y : 42 : : a: -y : 6 

Inverting the means, ar+y : ar-y : :42 : 6 

Adding and subtracting terms, (Art. 389, 7,) 2x : 2y : : 48 : 36 
Dividing terms, (Art. 382,) a; : y : : 4 : 3 

Therefore Sx=z4y. And a:=-J? 

From the second proportion, 6ar=y X (^ - y) 

SubstiMrlng ^^ for ar, y-=:24. And ar=:32. 

4. Divide the number 18 into two such parts, that the 
squares of those parts may be in the ratio of 25 to 16. 

Let x=z the greater pait, and 18 - a?= the less. 

By the conditions, a? : (18- ar)* : : 25 : 16 

Extracting, (Art. 391,) a: : 18-a:: : 5 : 4 

Adding terms, -v«^-»-^ « : 18 : : 5 : 9 

Dividing terms, x : 2 : : 5 : 1 

Therefore, a:=10. 

5. Divide the number 14 into two such parts, that the quo- 
tient of the greater divided by the less, shall be to the quotient 
of the less divided by the greater, as 16 to 9. 

Let x= the greater part, and 14-ar=r the less. 
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By the conditioDB, 
Multiplying teims^ 


_* :"-J:;16:9 
14 - s X ^^ 

«»:(14-«)*::16r& 


Extracting, 


c:14-a;::4:3 


Adding terms, 


«:14::4:7 


Dividing terms, . 


x: 2::4: 1 


Therefore, 


^hmS. 


K T^ #i«^ •kWirw^Tv^w 


9i\ Vk^ ^ivritfl^kil t»\4^% ^vsT^v «%nv4<si crrl-kv^l* 



are to each other in the dupliccUe ratio of 3 to 1, what nmn- 
ber is a mean proportional between those parts 1 

Let x^ the greater part, and 20- :r= the less. 

By the conditions, x : 20 ^ x i : V : V : :9 : jff 

Adding terms, ar : 20 : : 9 : 10 

Therefore, «= 18. And 20 - a?= 2 

A mean propor. between 18 and 2 (Art. 376.) =^2 x 18=6. 

7. There are two numbers whose product is 24, and (\^e 
difference of their cubes, is to the cube of their difference, as 
19 to 1. What are the numbers 1 

Let X and y be equal to the two numbers. 

1. By supposition, a^iiB4 > 

2. And a?-j»: (a:-y)»;:19: 15 
S. Or, (Art. 217.) ar»-y» : «^-3a^+3a;y*-y»: : 19 : 1 

4. Therefore, (Art. 389, 5,) Sahf-Sxy* : (a?-y)» : : 18 : 1 

5. Dividing by x-y (Art. 382, 6,) 3«y : (ar- y)' : : 18 : 1 

6. Or, as 3ay=3x24=72, 72 : (x-y)' : : 18 : I 

7. Multiplying extremes and means, (x-y)*=4 

8. Extracting, - -, „ «"!(= 2 > 

9. By the first condition, we have xy=24 ) 

Reducing these two equations, we have x=6, and y=:4 

8. It is required to prove that a : x : : ^2a-y : A^y 
on supposition that (<*+*)' • (<* - *)* • • *+y • ^ -.¥•* 
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1. Expanding, a'+2aa?-[-a:' : a' - 2aa?+a:* : : x-\-y : x-y 

2. Adding and subtracting terras, 2a^-\-2x^ : 4ax : : 2jr : 2y 

3. Dividing tenns, a^+.r' : 2ax : : x:y 

4. Tiansf. the factor a:, (Art. 374. cor.) a^-{-a^ : 2a : : ar* : y 

5. Inverting the means, o'+x' :a^::2a:y 

6. Subtracting terms, a' : x* : : 2a - y : y 

7. Extracting, a : a? : : y>/2rt-y : >y/!/ 

9. It is required to prove that dx^cy^ if ar is to y in the 
*j"iplicate ratio of a : 6, and a : 6 : : ^/c-^-x : : \/d-{-y. . 

1. Involving terms, a^ : t' : : c-^-x : rf-j-J/ 

2. By the first supposition, a^ ih^iixxy 

3. By equality of ratios, c+a: : d-\-y : : x:y 

4. Inverting the meaife^ c-\-x : x: : d-\-y : y 

5. Subtracting terms, c: x: : d:y 

6. Therefore, w z / ^ )' dx=zcy. 

10. There are two mftnbers whose product is 135, and the 
difference of their squares, is to the square of their difference, ~ 
as 4 to 1. , What are the numbers 1 Ans. 15 and 9. 

11. What two numbers are those, whose difference, sum, ^ 
and product, arc as the niunbers 2, 3, and 5, respectively % 

"^^•■v^o':'^ Ans. 10 and 2. 

12. Divide the number 24 into two such parts, that their *• 
product shall be to the sum of their squares, as 3 to 10. 

l^Y-'r^''\\:lH-->>)^y-'.:^[ lO. Ans. 18 and G. 

13. In a mixture of rum and orandy, the difference be- 
tween the quantities of each, is to the quantity of brandy, as 
100 is to the number of gallons of rum ; and the same dif •„ 

"lerenuejsto the quantity of rum, as 4 to the number of 
gallons oTlSrandy. How many gallons are there of each ? 

Ans. 25 of rum, and 5 of brandy. 

14. There are two nmiibers which are to each other as 3 
to 2. If 6 be added to the greater and subtracted from the 
less, the sum and remainder will be to each other, as 3 to 1. 
What are the numbers ? . . n< , Ans. 24 and 1 6. 

15. There are two numbers whose product is 320 ; and the 
difference of their cubes, is to the cube of their diflefence, as 
61 to 1. What are the numbers? Ans. 20 and 16. 
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16. There are two numbers, which are to each other, in 
the duplicate ratio of 4 to 3 ; and 24 is a mean proportional 
between them. What are the numbers 1 Ans. 32 and 18. 

402. A hst of the articles in iliis section which contain the 
propositions in the 5th book of EucUd.* 



Prop. I. 


Art. 363. 


XIII. 


384, cor. 


II. 


388. 


XIV. 


395, cor. 1 


III. 


382. 


XV. 


360. 


IV. 


382, cor. 1. 


XVI. 


380. 


V. 


362. 


XVII. 


389, cor. 


VI. 


362. 


XVIII. 


,89, 2. 


VII. 


349, cor. 1. 


XIX. 


389, 4. 


VIII. 


367, cor. 358, 


cor. XX. 


^5, cor. S. 


IX. 


349, cor. 2. 


-^XXI. 


396, cor. 3. 


X. 


357, cor. 368, 


cor. XXII. 


386. 


XI. 


384 


XXIII. 


387. 


XII 


363. 


XXIV. 


388. cor. 2. 



SECTION XIII. 



VARIATION OR GENERAL PROPORTlON.f 

Art. 403. THE quantities which constitute the terms of 
a proportion are, frequently, so related to each other, that, if 
one of them be either increased or diminished, another de-* 
pending on it will also be increased or diminished; fiTsuch a 
manner, that the proportion will still be preserved.^ If the 
value of 50 yards of cloth is 100 dollars, and the quantity 
be reduced to 40 yards ; the value will, of course, be reduced 
to 80 dollars ; if the quantity be reduced to 30 yards, the 
value will be reduced to 60 dollars, &c. 



 See note O. __ 

t Newton's Princip. Book I. Sec I. Lemma 10, schol. Emerson on Fro- 

gsrtion, Wood's A?gebra, Ludlam*s Matk,,., Saunderson»s Algebra, Art, 299, 
orkinson's Mechanics, p, 24. 
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ya. yd. del. dot 
That is, 60 : 40 : : 100 : 80 
60: 30:: 100: 60 
60:20:: 100:40, &c. 

As the consequent of the first couplet is varied, the conse- 
quent of the second is varied, in such a manner, that the pro- 
portion is constantly preserved. 

If the two antecedents are A and B ; and if a represents a 
quantity of the samie kind with Ay but either greater or less ; 
and 6, a quantity of the same kind with B, but as many times 
greater or less, as a is greater or less than A ; then 

A: a:: B :b; 

that is, if A by varying becomes a, then B becomes b. This 
is expressed more concisely, by saying that A varies as 2/, or 
A is as B. Thus the wages of a laboring man vary as the 
time of his service. We say that the interest of money which 
is loaned for a given time, is proportioned to the principal. 
But a proportion contains fimr terms. Here are only two, 
the interest and the principal. This then is an abridged 
stcUementy in which two terms are mentioned instead of four. 
The proportion in form would be : 

As any given principal, is to any other principal; 

So is the interest of the former, to the interest of the latter. 

404. In many mathematical and philosophical investiga- 
tions, we have occasion to determine the general relations 
of certain classes of quantities to each other, without limiting 
the inquiry to any particular values of those quantities. In 
such cases, it is frequently sufficient to mention only two of 
the terms of a proportion. It must be kept in mind^ how- 
ever, that four are always implied. When it it said, for in- 
stance, that. th(^ weight of water is proportioned to its bulk, 
we are to undeistand. 

That one gallon, is to any number of gallons ; 

As the weight of one gallon, is to the weight of the given 
number of gallons. 

406. The character c« is used to express the proportion of 
variable quantities. 

Thus A c/) B signifies that A varies as J?, that is, that 

A: a:: B:b. 

Tl " expression A cnB may be called a general proportion. 
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406. One quantity is said to vary directly as another, when 
the one increases as the other increases, or is diminished as 
the other is diminished, so that 

•5 cy) i?, that is, .d : a : : B :b. 

The interest on a loan is increased or diminished, in pro- 
portion to tlie principal. If the principal is doubled, the in- 
terest is doubled ; if the principal is trebled, the interest is 
trebled, &c. 

407. One quantity is said to vary inversely or reciprocally 
as another, when the one is proportioned to the reciprx)csd 
of the otlier ; that is, when the one is duninished, as the other 
is increased, so that 

Acj) — that is, «/? : a .' : — : _, or .fl : a : : 6 : jB. 
B ' B h' 

In this case, if A is greater than a, B is less than b. (Art. 
395.) The time required for a man to raise a given sum, by 
his labor, is inveraely as his wages. The higher liis wages, 
the less the time. 

408. One quantity is said to vary as two others jointly , when 
the one is increased or diminished, as XhQftoduct of the othei 
two, 60 that 

A OD BCy that is j2 : a : : BC : he. 

The interest of money varies as the product of the princi- 
pal and time. If the time be doubled, and the principal 
doubled, the interest will be four times as great. 

409. One quantity is said to vary directly as a second^ and 
inversely as a third, when the first is always proportioned to 
the second divided by the third, so that 

Acii — , that is .4 : a ::--■: — 

C C c  

410. To understand the methods by which the statements 
of the relations of variable quantities are changed from one 
form to another, little more is necessary, than to make an 
application of the principles of common proportion ; bearing 
constantly in mind, that a general, proportion is only an 
abridged expression, in which two terms are mentioned in- 
stead of four. When tlie deficient tenns are supplied, the 
reason of the several operations will, m most cases, be appa- 
rent. 
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411. It is evident, in the first place, that the order of the 
terms in a general proportion may be inverted,- (Art 369.) 

If mA : a:: B : by that is, if AcuB ; 
Then B : b::A: a^ that is, B (Ji A. 

412. If one or both of the terms m a general proportion, 
De multiplied or divided by a constant quantity, the proportion 
will be preserved. ^ 

For multiplying or dividing one or both of the terms is the 
same, as multiplying or dividing analogous terms in the pro- 
portion expressed at length. (Art. 382. and cor. 1.) 

If A : a::B : by that is, if ,5 o) jB, 

Then nufl : ma : : J? : fc, that is, mA c/j B, 
And mJl :ma:: mB : mb, that is, mA en mBy &c. 

413. If both the terms be multiplied or divided even by 
a variable quantity, the proportion will be preserved. For 
tliis is equivalent to multipl)ring the two antecedents by one 
quantity, and the two consequents by another. (Art. 382.) 

If A : a: : B : by that is, if Ac/iB ; 

ThenMA : ma: : MB : mbythoXiBMA cr MBy &c. 

Cor. 1. If one quantity varies as another, the quotient of 
the one divided by the other is constant. In other words, if 
the numerator of a fraction varies as the denominator, the 
value remains the same. 

If A : a::B :by that is, it A(jiBy 

Then ^:^::^:^::1 : 1. (Art. 128.) 
B b B b ^ ' 

Here the third and fourth terms are equal, because each is 
equal to 1. Of c9u«|e the two first terms are equal ; ^Art. 
395.) so that if A be iilcreased or diminished as migay times 
as By the qw)\^^fnX will be invariably the same. 

Cor. 2. If the product of two quantities is constanty one 
varies reciprocally as the other. 

lfAB:ab::l:\ythen:^:^:il ilyOiAiai: 1 1 

B b B V B b 

Cor. 3. Any factor in one term of a general proportion 
may be transferredy so as to become a divisor in the other ^ 
and V. V. 

If A u)BCy then dividing hyBy :l<f> C. (Art. 118 ) 

19 ^ 



SIO AliGEBRA. 

fA cr JL, tlien inult. by C, AC (j> JL (Art. 159.) 
CU D ^ ' 

, 414. If two quantities vary reapectively as a thii'd, then 
one of tiie two varies as the other. (A.rt. 384.) 

And C:c::B:*r^^^'^''^ jccnfi; 
Tiien A\ awO \ c^ that is AwC. 

415. If two quantities vary respectively as a third, their 
9im or difference vfiU, vary in the same manner. (Art S88.) 

If A: a::B : b} ,. ^. . . - C ^ c/) J? 

AiKl C:c::B:br^^^'^^'^\ccr.B; 
Then A+C : a+c ::B :by that is, jJ+C (j> B, 
And «d-C: a-c: :jB : 6, thatis,«^-C(/)i9. 

Cor. The addition here may be extended to anymmber of 
quantities all varying alike. (Art. 388. cor. 1.) 

ifAij^Bj and CtjiB^ and D en jB, and Ec/i B^ then 

{A+C+D+E)ij>B. 

415. i. If the equare of the sum of two quontHiee, varies 
afl tiie square of thevr difference ; then the swn of thdr squares 
varies as their product. 

If (A+Bycr{A'-By; then A^+B* cm> AB. 

For by the supposition, 

{A+By : (^ - £)« : : (a+t)» : (a - 6)^ ' 

Expanding, adding, and subtracting terms. (Arts. 217, 
and 389, 7.) 

2^4-2B» : 4AB : : 2fl?+2t' : 4a6. 
Or, (Art. 382.) 
A^+B" :AB:: tf+b" : ab, that is, A'+B' u>AB. 

416. The terms of one general proportion mayjbe multi- 
plied or divided by the correspondmg terms of another.-— 
(Art. 390.) 

If A:a\\Bib\,... .^(AcjiB 

AndC:c::Z):dr ^ (Cu,D; 

Tlien AC.acM BD : bd that is, ACc/^BD. 

Cor. If two quantities vary respectively as a third, the pro 
duct of the two will vary as the sqtuire of the other. 
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'417. If any quantity vary as another, any pmeer or root of 
the former will vary, as a like power or root of tlia latter, 
(Art. 391.) 

If Jl : a::B:by that is, if .5 oo B, 

Then jJ" : aTiiB^ib" that is, Jt' odjB*> 

And wJ^: a": : JB^ : 6", that is. A" cd B". 

418. In compounding general proportions, equal /ac{or« or 
divisors^ in the two terms, may be rejected. (Art. 393.) 

If Jl:a;:B:b) (AcfiB 

AnAB:b::C:e\ that is, if iBcnO 
And C:c:: Did) (CcfiD 



Then A: a: :D: d, that is, AcdIK 

Cor. If one quantity varies as a second, the second, as a 
third, the third, as a fourth, &o. then the Jirat varies as the 
last. 

If ^ GO J? a> r? CO D, then jJ or) 1?. 

If A coB CO -- , then Acf> — ; that is, if the first varies dU 
C C 

redly as the second, and the second varies redproctdly as the 
third ; the first varies reciprocally as the third. 

419. If any quantity vary as the product of two others, 
and if one of the latter be considered constanty the first will 
vary as the other. 

If Wcf) LBy and if B be constant, then Wco L. 

Here it must be observed that there are ttco conditions ; 
First, that fF varies as the product of the two other quantities; 
Secondly, that one of these, quantities B is constant. 

Then, by tlie conditions, W :w: : LB :IB; B being the 
same in both terms. 

Divid. by the constant quantity B^WiioiiL : Z, that isWcnlu 
And if L be considered constant, fV ci> B. 

Thus the weight of a board, of uniform thickness and den- 
sity, varies as its length and breadth. If the length is given, 
the weight varies as the breadth. And if the bretSith is givejo, 
the weight varies as the length. 
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Cor. The same principle may be extended to any number 
of quantities. Tlie weight of a stick of timber, of given 
density, depends on the length, breadth, and thickness. If 
the length is given, the weight varies as the breadth and 
thickness. If the length and breadth are given, the weight 
varies as the thickness, &c. 

If WcfiLBT; 

Then making L constant, , FTco BT;, 

And making L and B constant, Wcf> T; 

420. On the other hand, if one quantity depends on two 
others ; so that when the second is given, the first varies as 
the third, an4 when the third is given, the first varies as the 
second ; then the first varies as the product of the other two. 

If the weight of a board varies as the length, when the 
breadth is given, and as the breadth when the length is giv- 
en : then if the length and breadth both vary, the weight va- 
ries as tliftir prndiir.t. 

If FTc/) L, wh^n B is constant, } , rarrr. P7 
And IPTcft J9, when L is constcjit, 5 ^^^^ W^ c« /^l.. 

In demonstrating this, we have to consider, two variable va^ 
lues of W; one, when L only varies, and the other, when L 
and B both vary. 

Let w'= the first of these variable values, 

And w = the other ; 

So that W will be changed to w% by the varpng of L; 

And v/ will be farther changed to w, by the varying of B. 

Then by the supposition, W:v/ :: Lil, when B is constant. 
And w^ :w: : B:by when B varies. 

Mult, correspond, terms, Ww' : ww^ : : BL : bl. (Art. 390.) 
Divid. by w' (Art. 382.) W:w: : BLibl^le. W cj^ BL. 

The proof may be extended to any number of quantities. 

The weight of a piece of timber, depends on its length, 
breadth, thickness and density. If any three of these are 
given, the weight varies as the other. 

This case must not be confounded with that in Art. 416, 
cor. In that, B is supposed to vary as A and as C, at the 
same time. In this, B varies as tfl, only when C is constant, 
and as C, only when A is constant. It cannot therefore vary 
OS tiS and as C separately* at the same time. 
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Art 420. 6. If one quantity varies aa anothet^, hie former is 
equal to the product of the latter into some wwAmnX quantity. 

If t/f : J? : : a : 6 ; then, whatever be the value of a, its ratio 
to 6 must be constant, viz. that oi A: B. Let this ratio be 
that of m: 1. 

Then A:B: :a:b::m:\. Thereforej2=fnjB; And a=mb. 

Hence, if the ratio between the two quantities be found 
for any given value, it will be known for any other period of 
their increase or decrease. If the interest of 100 dollars be 
to the principal as 1 : 20 ; the interest of 1000 or 10,000 will 
have the same ratio to the principal. 

421. Many writers, in expressing a general proportion, do 
not use the term vary^ or the character which has here been 
put for it. Instead of^crB, they say simply that Jlis asB, 
See Enfield's Philosophy. It may be proper to observe, al- 
so, that the word given is frequently used to distinguish cofu 
statu quantities, from those wiiich are variable ; as well as 
to distinguish known quantities from those wluch are un* 
known. (Art. 17.) 



^' 










SECTrbk XIV. 

V ' . 

I 

ARITHMETICAL AND G^METRICAL PROGRESSIOIT. 

Art. 422. QUANTITIES' which decrease by a common 
difference, as the numbers 40, 8, 6, 4, 2, are -in contmucd 
arithmetical proportion. {AfU 372.) Such a series is also 
called a progression^ which is only another name for continued 
proportion. 

It is evident that the proportion will not be destroyed, if 
the order of the quantities be inverted. Thus the numberi 
Si 4t 6| 8| 10, are in arithmetical proportion* 

19* '^ 
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QuanUUieSy then, are in arithmetkal progressumy when they 
kicreaee or decrease by a common difference. 

When they tncreaae^ they form what is called an ascending 
Mriesy as 3, 5, 7, 9, 11, &c. 

When they decrease^ they form a descending series, as 11, 
9, 7, 5, &c, 

The natural numbers, 1, 2, 3, 4, 5« 6, &c. are in arithmet- 
ieal progression ascending. 

423. From the definition it is evident that, in an ascending 
series, each succeeding term is found, by adding the common 
difference to the preceding term. 

If the first term is 3, and the common difierence 2 ; 

The series is 3, 5, 7, 9, 11, 13, &c. 

If the first term is a, and the common difference d ; 

Then a^d is the second term, a4-2<^-d=a-|-3(?, the fourth, 
ii-|.d^<2==a-|-2(2 the 3d, a+3i-f d=:a4.4(i the 5th, &c. 

18 8 4 

And the series is a, a'\-dy a-|-24, 0+^9 a-f-4c{, Xic. 

If the first term and the common difference are the same^ 
the series becomes more simple. Thus if a is the first term, 
and the common difference, and n th^ number of terms. 

Then a-f-a=2ais the second term, 
2a-|-a=3a the thud, &c, 

And the series is a, 2a, 9a, 4a, na, 

424. In a descending series, each succeeding term is found, 
by s^biTacfyig the commjon difference from the preceding term, 

If a is the first term, and d the common difference, the 

18.8 4 6 

series is c^ a - d, a - 2cl, a - 3(2, a - 4(2, &c. 

Or the common difference in this case may be considered 
as - (i, a negative quantity, by the addition of which to any 
preceding term, we obtain the ibllowhig term. 

In this manner, we may obtain any term, by continued 
addition or subtraction. But in a long series, this process 
would become tedious. There is a method much more exr 
peditious. By attending to the series 

1* S 8 4 6 

0, a-\-d^ a-|-2rf, o-|-3rf, a+4rf, &c. 
k will be seen, that the number of times d is added to a is 01^ 
kss than the number of the tenrn. 
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The second temi is a-f (2, i. e. a added to once d; 
The thxrd is a-\-2d^ a added to twice d; 

Sdj a added to thrice d, &c. 



The fourth is 

j3o if the series be continued, 

The 50th term will be a+49d 

The 100th tenn 0+99^ 

If the series be descending^ the 1 00th term will be a — 99d^ 

In the last temii the number of times d is added to a, is 
one less than the number of ail the terms. If then 

a=the first term, 2r=the last, n=the number of terms, we 
shall have, in all cases, z=za^(n-l)xd; that is, 

425. In an arithmetical progression, tfu last term is equal 
to thejirst9'{' the prfijiuct of the common difference into the number 
oftertfis less one. 

Any other term may be found in the same way. For the 
series may be made to stop at any term, and that may be 
considered, for the time, as the last. 

Thus the mth term=a-|-(m-l) xd. 

|f the first t^rm and the common difference are the samt^ 

fr=a-4-(n-l)a=:a-f-ria-a, that is, z^na^ 

In an ascending seriesj the first term is, evidently, the least, 
and the last, the greatest. But in a descending series, the 
first term is the greatest, and the last, the least. 

426, The equation z:^a-^{n-'l)d not only shows the value 
qf the last term, but, by a few simple reductions, will enable 
us to find other parts of the series. It contains four different 
quantities, 

a, the j$r^ term, n, the number of terms, and 

Sy the last term, dy the common difference. 

If any three of these be given, the other may be found, 

1. By the equation already found, 

2r= a+ {n -^ 1 )rf= the Uist tervit 
8. Transposing (n-l)i, (Art. 173.) 

Z'n(n- l)d=za=zthe first tervn^ 
g. Transposing a in the 1st, and dividing by u-1, 

z — a 

jpq:=d=rt? cmvm differences 
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4. Transp. a in the let, dividiDg by d, and ironsp. -1, 

— T— -f.l=:n=(A6 number of terms. 

By the third equation, may be found any number of arith' 
metkal meansy between two given numbers. _ For the tehoU 
number of terms consists of the two extremes^ and ail the 
intermediate terms. If then wi= the number of means, wi-f- 
2=:n, the whole number of terms. Substituting m-f-2 for n, 
in the third equation, we have 

Prob. 1. If the first term of an increasing progression is 7, 
the common difference 3, and the niimber of terms 9, what is 
the last term? Ans. r=a+(n-l)rf=7+(9-l)x3=31. 

And the series is 7, 10, 13, 16, 19, 22, 25, 28, 31. 

« . 

Prob. 2. If the last term of an increasing progression is 60, 
the number of tenns 12, and the common difference 5, what 
is the first tennl Ans. a=s-(n-l)rf=60-(12-l)x5=5. 

Prob. 3. Find 6 arithmetical means, between 1 and 43. 

Ans. The common difference is 6. 

And the series, 1, 7, 13, 19, 25, 31, 37, 43. 

y.427. There is one other inquiry to be made concerning a 
series in arithmetical progression. It is often necessary to 
find the stan of all the terms. This is called the summiUion of 
the series. The most obvious mode of obtaining the amount 
of the terms, is to add them together. But the nature of 
progression will furnish us with a method more expeditious. 

It is manifest that the sum of the tenns will be the same, 
in whatever order they are written. The sum of the ascend- 
ing series, 3, 5, 7, 9, 11, is the same, as that of the descend- 
ing series, 11, 9, 7, 5, 3. The sum of both the series is, 
therefore, ttoice as gieat, as the sum of the terms in one of 
them. There is an easy method of finding this double sum, 
and of course, the sum itself which is the object of inquiry. 
Let a given series be written, both in the direct, and in the in- 
verted order, and then add the corresponding terms together. 
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Take, for instance, the series 3, 5, 7, 9, 11, 

And the same inverted 11, 9, 7, 5, 3. 



The sums of the terms will be 14, 14, 14, 14, 14. 

. Take also the series a, o-f-rf, a-|-2d, o-f-Srf, a-f-4(f, 

And the same inver. a^idy a-|-3c{, a-^2dy a-\'dy a. 

The sums will be 2a+4rf,2a+4d,2a+4rf,2a+4d,2a-f4rf 
Here we discover the important property, that, 

428. In an arithmetical progression, the sum of; the ex- 
tremes IS EQUAL to the SUM OF ANY OTHER TWO TERMS 

EQUALLY DISTANT FROM THE EXTREMES. 

In the series of numbers above, the sum of the first and 
the last term, of the first but one and the last but one, &c. is 
14. And in the other series, the sum of each pair of corres- 
ponding terms is 2a-f-4df. 

To fijid the sum of all the terms in the double series, we 
httTc xjidy- to o baci v c , that it is equal 10 itic sum of the ex- 
tremes repeated as many times as there are terms. 

The sum of 14, 14, 14, 14, 14=14x5. 

And the sum of the terms in the other double series is 
{2a+4d) x5. 

But this is tuoice the sum of the terms in the single series. 
If then we put 

a=the first term, n=the number of terms, 

j2r=the last, 5= the sum of the terms, 

we shall have this equation, 

aA-z 
5=— g— X»». That is, 

429. In an arithmetical progression, the sum of all the 

TERMS is equal TO HALF THE SUM OF THE EXTREMES MUL- 
TIPLIED INTO THE NUMBER OF TERMS. 

Prob. What is the sum of the natural series of numbers 

1, 2, 3, 4, 5, &c. up to 1000] 

a+z 1+1000 
Ans. 5=-y- Xn= -^ X 1000=500500. 

If in the preceding equation, we substitute for z, its value 
as given in Art. 426, we have 

. 2a+(n-l)d 
1. 8= -^ xn. 
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In this, there are four different quantities, the first term of 
the series, the common difference^ the number of temis, and 
the sum of the terms; any three of which being given, the 
fourth may be foundL For, by reducing the equation, we 
have, 

2. a=: 5 ' the first term. 

, 2s-2an , 

3. o= — 5— I— > the common difference. 

n --n •*' 



4, fi= ^ — ~r, ^ — ^ » ^^^ number of terms. 

2d 

Ex. 1. If the first term of an increasing arithmetical series 
is 3, the common difference 2, and the number of terms 20 ; 
what is the sum of the series 1 Ans. 440. 

2. If 100 stones be placed in a straight line, at the dis- 
tance of a yard from each other; how far must a person tra- 
vel, to bring them one by one to a box placed at the (Tisiance 
of a yard from the first stone 1 Ans. 5 miles and 1300 yards. 

3. Wiat is the simi of 150 terms of the series 

12 4 5 7 „ „ 

3* 3 ' T T ^^ 3* -^^* 3>77S. 

4. If the sum of an arithmetical series is 1455, the least 
term 5, and the number of terms 30 ; what is the common 
difference] Aus. 3. 

5. If the sum of an arithmelical series is 567, the first 
term 7, and the conmion difference 2; what is the number 
of tenns] Ans. 21. 

6. What is the sum of 32 terms of the series 

1, U, 2, 2 J, 3, &C.1 Ans. 280. 

7. A gentleman bought 47 books, and gave 10 cents for 
the first, 30 cents for the second, 50 cents for the third, &c. 
WhaJt did he give for the whole? Ans. 220 dollars, 90 cents 

8. A person put into a charity box, a cent the first day of 
the year, two cents the second day, three cents the third day, 
&c. to the end of the year. What was the whole sum for 
865 days ? Ans. 667 dollars, 95 cents. 
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V 

480. In the geries of odd numbers 1, 3, 5, 7, 9, &c. con- 
tinued to any given extent, the last teim is always one less 
than twice the number of terms. 

For jr3=a-{-(n- l)d. (Art. 425.) But in the piaposed 
series ii=l, and £2=2. 

The equation, then, becomes r=14-(»i-l) X2=2n- 1. 

431. In the series of odd numbers, !» 3, 5, 7, 9, &c. the 
sum of the terms is cUtoays equal to the squ4ire of the nvmber of 
terms^ 

For s=^i {a+z)n. (Art. 429.) 

But here as=l, and by the last article, 2r=2n-l. 
The equation, then, becomes -«=i (l-|-2n-l)n=n*. 

Thus 1+3=4 ) 

l-}-3+5=9 > the square of the number of terms. 
1+3+5+7=16) 

432. If there be two ranks of quantities in arithmetical 
progression, the sums or differences will also be in arithmetical 
progression. 

For by the addition or subtraction of the corresponding 
terms, the ratios are added or subtracted. (Art. 845.) And 
by the nature of progression, all the ratios in the series are 
equal. Therefore equal ratios being added to, or subtracted 
from, equal ratios, the new ratios thence arising will also be 
equal. 

To and from 3, 6, 9, 12, 15, 18, 21 -v r i 

Add and sub. 2, 4, 6, 8, 10, 12, 14 f , . . 5^ 

Sums 5, 10, 15,^,"T5730r35 ( """^"^^ ^^^^^ ^ ) 5 

Diff. 1, JB, 3, 4, 5, 6, 7 ) ^1 

433. If all the terras of an arithmetical progression be muU 
tiplied or divided by the eame quantity, the products or quo- 
tients will be in arithmetical progression. 

For by the multi {Plication or division of the terms, the rcUios 
are multiplied or divided; (Art. 344,) that is, equal quantities 
are multiplied or divided by the given quantity. They will 
therefore remain equal. 

I f the series 3, 5, 7, 9, 1 1 , &c. be multiplied by 4 ; 

The prods, will be 12, 20, 28, 36, 44, &c. and if this be div. 1^2; 
The quots. will be 6^10, 14, 18, 22, &c. 
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Problems of various kinds, in arithmetical progression, may 
be solved, by stating the conditions algebraically, and then 
reducing the equations. 

Prob. 1. Find four numbers in arithmetical progression, 
whose sum shall be 56^ and the sum of their squares 864. 

If a:=:the second of the four numbers, 
And y= their common difference: 
The series will be a;-y, a?, a:+y> 3:+2y. 

By the conditions, {x - y) +«+ (^+y ) + (*+% ) = 56 > 

And {x-yy+x'+{x+yy+(x+2yy=:Q64S 

That is 4x+2y=5Q > 

And 4a;«+4a:i/+62/«=864 J 

Reducing these equations, we have ar=12, and y=4. 

The numbers required, therefore, are 8, 12, 16, and 20. 

Prob. 2. The sum of three numbers in arithmetical pro- 
gression is*9, and the sum of theu' cubes is 153. What are 
the numbers 1 Ans. 1, 3, and 5. 

Prob. 3. The sum of three numbers in arithmetical pro- 
gression is 15; and the sum of the souares of the twq^ ex- 
tremes is 58. What are the numbers) % K 

Prob. 4. There are four numbers Jn arithmetical pro§res- 
sion : the sum of the squares of the two first is 34 ; and the 
sum of the squares of the two last is 130. What are the 
numbers? , ; Ans. 3, 5, 7, and 9. 

Prob. 5. A certain number consists of three digits, which 
are in arithmetical progression ; and the number divided by 
the sum of its digits is equal to 26; but if 198 be added to 
it, the digits will be inverted. What is the number? 

Let the digits be equal to a?-y, x, and x-^y^ respectively. 
Then the number =100(«-y)4-10a:+(ar-j-y)=:lllar-99y, 

lllar-.99y 
By the conditions, g- — = 

And llla:-99y+198=100(ar+y)+10a:+(a? 

Therefore a;=3, y=l, and the number is 234. 

Prob. 6. The sum of the squares of the extremes of four 
numbers in arithmetical progression is 200 ; and the sum of 
the squares of the means is 136. What are the numbers ] 
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Prob. 7. There are four numbers in arithmetical progres- 
sion, whose sum is 28, and tiieir continual product 585. 
What are the numbers ? / : / ' O 'fs^ "1 

GEOMETRICAL PROGRESSION. - ' 

434. As arithmetical proportion continued is arithmetical 
progression, so geometrical proportion continued is geometri- 
cal progression. 

The numbers 64, 32, 16, 8, 4, are in continued geometri- 
cal proportion, (Art. 372.) 

In this series, if each preceding term be divided by the 
common ratio, the quotient will be the following term. 

V=32, and V=16, and V=8, and |=4. 

If the order of the series be inverted; the proportion vrfll 
still be preserved ; (Art. 399,) and the common divisor will 
become a m^iltiplien In the series 

4,8,16,32,64, &c.4x2=8,and8x2=16,andl6x2=S2,&e, 

435. Quantities then are in gi&ometrical progressioii, 

WHEN they increase BT A COMMON MULTIPLIER, OR DB- 
CREASE BT A COMMON DIVISOR. 

The common multiplier or divisor is called the ratio. For 
most purposes, however, it will be more simple to consider 
the ratio as always a mtdliplier^ either integral or fractional. 

In the series 64^ 32, 16, 8, 4, the ratio is either 2 a divisor, 
or J a multiplier. 

To inyprs(ligat^.tl^ propjtfrties of geometrical progrcseoon, 
we ma^ t^e ileauW course, as in arithmetical pro- 

gression, ^bs^i^dSb substitute '^continual multiplication and 
divisiony instead of^ddition and subtraction. It is eTidtnt, 
in the first {^ace, that, 

436. tnltn ascending geometrical series, each succeeding 
term is foupd, by midtiplying the ratio into the preceding tertii. 

If the fi^st term ii^ a, and the ratio r, 

Then axr=;firj the second term, ai^xr=:ar^i the fourth. 



[e<yn 



arxr=ar^, the thM, ar»x»'=a***, the fifth, &c. 

And the series is a, «&•, or*, ar*, ar*^ ai*y &c. 

437. If the first term and the ratio are the samef the pro- 

firession is simply a series of powers. 

20 'I 
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If the first term and the ratio are each equal to r, 
Then rX'*-='^% the second term, r'x»'=**S the fourth, 
r^Xr=r^i the third, r^xr=f^9 the fifth. 

And the series is r, r*, r^, r*, r*, r', &c. 

438. In Vi< descending series, each succeeding term is found 
by dividing the preceding tenn by the ratio, or multiplying 
by the fractional ratio. 

If the first term is ar^y and the ratio r, 
the second term is — , or or^x "J" > 

And the series is ar^^ ar^y ar^^ ai^, at^y or, a, &c. 

If the first term is a, and the ratio r, 

a a a 
The series is a,-^-;^'-^* &c. or a, or""', af^^ &c. 

12 8 4 5 6 

By attending to the series a, ar^ ar^, ar^y at^^ at^^ &c. it will 
be seen that, in each terra, the exponent of the^wer of the 
ratio, is one lessy than the number of the term. 

If then a=the first term, r=the ratio, 

z=:the last, n=the number of terms ; 

we have the equation z=iar'^\ that is, 

439. In geometrical progression, the last term is equal to the 
product of the firsts into that potoer of the ratio whose index is one 
less than the number of terms. 

When the least term and the ratio are the same^ the equa- 
tion becomes z^n^'^^z^f. See Art. 437. 

V 440. Of the four quantities a, z, r, an(i n, any three being 
given, the other may be found.* 

1. By the last article, 

z=ar^*=the last term. 

2. Dividing by f^\ 

^.=:a=th. Jtr.t term. . 
S. Dividing the 1st by a, and extracting the root. 



\a 



z\S^=3cr=the roHo.^ 
a) 



1 



 See Nole P. 
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By the last equation may be foiipd any number of geonie- 
triced meansj between two given numbers. If m= the num- 
betof means, m-{'2=n, the whole number of terms. Substi- 
tuting m-|-2 for n, in the equation, we have 



( 



— Wh-i =r, the ratio. 
a I 



When the ratio is found, tlie means are obtained by con- 
tinued multiplication. 

Prob. I. Find two geometrical means between 4 and 256. 
Ans. The ratio is 4, and the series is 4, 16, 64, 256. 

Prob. 2. Find three geometrical means between i and 9. 

Ans. iy 1, and 3. 

441. The next thing to be attended to, is the rule for find- 
ing the sum of all the tei^ms. 

If any term, in a geometrical series, be multiplied by the 
ratio, the product will be the succeeding term. (Art. 436.) 
Of course, if each of the terms be multiplied by the ratio, a 
new series will be produced, in which all the terms except 
the last will be the same, as all except the first in the other 
series. To make this plain, let tlie new series be written 
under the other, in such a manner, that each tenn shall be 
removed one step to the right of that from which it is pro- 
duced in the line above. 

Take, for instance, the series 2, 4, 8, 16, 32 

Multiplying each term by the ratio, we have 4, 8, 16, 32, 64 

Here it will be seen at once, that the four last terms in the 
upper line are the same, as the four first in the lower line. 
The only terms which are not in bothy are the first of the one 
series, and the last of the other. So that when we subtract 
the one series, h'om the other, all the terras except these two 
will disappear, by balancing each other. 

If the given series is a, ar, ar\ ar^y .... ar^^K 
Then nmlt. by r, we have avy ar\ ar\ . . . . ar^~^, ar^. 

Now let s= the sum of the temis. 

Then 5=a-j-ar4-«»''+ar^ . . . .-}-ar"~^, 

And mult, by r, rs=: ar-^-ar^-^-ar^ . . . .-\-a7^''^-\'ay*, 

Subt'g the first equation from the second, rs-5=ar'*-a 

And dividing by (r- 1,) (Art. 121.) j=^^"?. 

r^ 1 
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In this equation, or" is the lasttemi in the new senes, and 
is therefore the product of the ratio into tlie lost term in the 
given series, \ 

Therefore «=ll!^llf*, that is. 

442. The sum of a series in geometrical progression is 
found, by multiplying the last term into the ratio, subtract- 
ing the first term, and dividhig the remainder by the ratio 
less one. 

Prob. 1. If in a series of numbers in geometrical pro- 
gression, the first term is 6, the last term 1458, and the ratio 
S, what is the sum of all the tenns ] 

Ans. ,^rz-a^3xl458^6^g^s^ 
r-1 8-1 

Prob. 2. If the first term of a decreasing geometrical se- 
ries is ^j the ratio j, and the number of tenns 5 ; what is the 
sum of tiie series 1 

The last term=ai*-*=jx(5)*=-i^- 

And the sum of the terms==3jixO-ZJ==--::^^ 

i-1 163 

Prob. 3. What is the sum of the series, 1, 3, 9, 27, &c. to 
12 terms 1 Ans. 265720. 

Prob. 4. What is the sum of ten terms of the series 1, f, 

>, IT, &c. Ans. — - — - . 

' 59049 

443. Quantities in geometrical progression are proportional 
to their differences. 

Let the series be a, ar^ ar^y ar^, ar*^ &c. 

By the nature of geometrical progression, 

a : an: ar : ai^ ::ar^ : 03^ : lar* : ar\ &c. 

In each couplet let the antecedent be subtracted from the 
consequent, according to Art. 389, 6. 

Then a: an: or-- a: ar^-^ar : : at^-ar : ar^- ar^^ &c. 

That is, the first term is to the second, as the difference 
between the first and second, to the diflerence between the 
second and third ; and as the difference betw^een the second 
and third, to tlie difference between the third and fourth, &c 
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Cor. If quantities are in geometrical progression, their dif* 
firences are also in geometrical progression. 

Thus the numbers 3, 9, 27, 81, 243, &c. 
And their differences 6, 18, 54, 162, &c. are in geo- 
metrical progression. 

444. Several quantities are said to be in harmonical progres- 
sumy when, of any three which are contiguous 4n the series, 
the first is to the last, as the difference between the two first, 
to the difference between the two last. See Art. 400. 

Thus the numbers 60, 30, 20, 15, 12, 10, are in harmoni- 
cal progression. 

For60:20::60-30:30-20,And20:12::20-15:15-.12 
And 30 : 15 : : 30- 20 : i)-15, And 15 : 10 : : 15-12 : 12-10. 

Problems in geometrical progression, may be solved, as in 
other parts of algebra, by the reduction of equations. 

Prob. 1. Find three numbers in geometrical progression, 
such that their sum shall be 14, and the sum of their 
Squares 84. 

Let the three numbers be a:, y, and z. 

By the conditions, ' . a? : y : : y : ^, or arz— *•' 
And ar+y+z 

And a*-f.y»-|-«»: 

Reducing these equations, we find the numbers required 
to be 2, 4 and 8. 

Prob. 2. There are three numbers in geometrical progres- 
sion whose product is 64, and the sum of their cubes is 584. 
What are the numbers 1 

If a: be the first term, and y the common ratio ; the series 
will be a?, ay, a^^ 

By the conditions, xx^X ^9 -or xh/^ =64, > 

And a?'+a:»y=+a:y=584. J 

These equations reduced give ar=2, and y=:2. 
The numbers required, therefore are, 2, 4 and 8. 

Prob. 3. There are three numbers in geometrical progres- 
sion : The sum of the first ^Hd last is 52, and the square of 
the mean is 100. What are the nmnbers ? Ans, 2, 10,and 50. 
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- Prob. 4. Of four numbers in geometrical progression, the 
sum of the' two first is 15, and the sum of the two last is 60. 
What aie the numbers 1 

Let the series be x^ xy, xy\ xy^ ; and the numbers will be 
found to be 5, 10, 20, and 40. 

Prob. 5. A gentleman divided 210 dollars among tfa^ee 
servtints, in such a manner, that their portions were in geo- 
metrical progression ; and the first had 90 dollars more than 
the last. How much had eacli % / . , / / r a 

Prob. 0. There are three niimbiers in geometrical progres- 
sion, the greatest of which exceeds the least by 1^ ; and the 
dijQference of the squares of the greatest and the least, is to 
the sum of the squares of all the t]pree numbers as 5 to 7. 
What are the numbers 1 Ans. 5, 10, and %0. 

Prob. 7. There are four numbers in geometrical progres- 
sion, the second of which is less than the fourth by 24 ;* and 
the sum of the extremes is to the sum of the means, as 7 to 3. 
Wl»at are the numbers ? Ans. 1, 3, 9, 27. 
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SECTION XV. ^v 



INFINITES AND INFINITESIMALS.* 



Art. 446. THE word infimie is used in different senses. 
The ambiguity of the term has been the ck:casion of much 
perplexity. It has even led to the absurd supposition that 
propositions directly contraiiictory to each otner^ niay be 
mathematically demonstrated. These apparent contradic- 
tious are owiixg, to the fact, that what is proved of infinity 



 lionke's fissays, Bbak 2, Chan. 1 7 H^rkcley's Analyst Preface to Mac, 
laurin's Fluxions. Newton's Prinoip. Saunderson^s Algfsbra, Art. 38d» 
Mansfield's Essays. Emefson's^lgebra, Prob. 73. Baffler. 
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• 
when understood in one particular manner, is often thought 
to be true also, when the term has a very different significa- 
tion. The two meanings are insensibly shifted, the one for 
the other, so that the proposition which is really demonstra- 
ted, is exchanged for another which is false and alisurd. To 
prevent mistakes of this nature, it is impotent that the dif- 
ferent meanings be carefully distinguished from each other. 

. 446. Infinite, in the highest, and perhaps the most proper 
sense of the word, is that whicTi is so greaty that nothing can be 
added to ity or supposed to be added. 

In this seiise, it is frequently used in speaking of moral and 
metaphysical subjects. Thus, by infinite wisdom is meant 
that which will not admit of the least addition. Infinite power 
is that which cannot {Jfcssibly be increased, even in supposi- 
tion. This meaning of infinity is not applicable to the ma- 
thematics. That which is the subject of the mathematics is 
quantity; (Art. 1.) such quantity as may be conceived of by the 
human mind. But no idea can be formed of a quantity so 
great that nothing can be supposed to be added to it. In this 
sense, an infinite number is inconceivable. We may increase 
a number by continual addition, till we obtain one that shall 
exceed any limits which we please to assign. By this, how- 
ever, we do not arrive at a number to which nothing can be 
added ; but only at one that is beyond any limits which we 
have hitherto set. Farther additions may be made to it with 
the same ease, as those by which it has already been in- 
creased so far. It is therefore not infinite, in the sense in 
which the term has now been explained. It is absurd to 
speak of the greatest possible number. No nunibef can ^ be 
imagined so great as not to admit of being made greater. 
We must therefore look for another meaning of infinity, be- 
fore we /can apply it, with propriety, to the mathematics. 

447. A MATHEMATICAL QUANTITY IS SAID TO BE INFINITE, 
WHEN IT IS SUPPOSED TO BE INCREASED BEYOND ANY DETER- 
MINATE LIMITS. 

By determinate limits are meant such as can be distinctly 
stated.* In fhis sense, the natural series of numbers, 1, 2, 3, 4, 
5, &c. may be said to be infinite. For, if any number be men- 
tioned ever so great, another may be supposed still gieater. 

The two significations of the word infinite are liable to, be 
confounded, because they are in several points o^ view the 

* See Note (sU 
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• 
saine. The higher meaning includes the lower. That whivh 
IS so great as to admit of no addition, must be beyond any 
determinate limits. But the lower does not necessarily imply 
the higher. Though number is capable of being increased 
beyond any specified limits ; it will not follow, that a nimiber 
can be found to which no farther additions can be made. 
The two infinites agree in this, that according to each, the 
things spoken of are great beyond calculation. But they 
differ widely in another respect. To the one, nothing can be 
added. To the other, additions can be made at pleasure. 

448. In the mathematical sense of the term, there is no 
absurdity in supposing one mjimte greater than another. 

We may conceive the numbers a 2 2 2 2 2 2 2, &c. 

4 4 4 4 4 4 4, &c. 

to be each extended so far as to reach round the globe, or to 
the most distant visible star, or beyond any greater boundary 
which can be mentioned. But if the two series be equally 
extended, the amount of the one will be twice as great as the 
other, though both be infinite. 

So if the series a-|- «*+ ^+ ^^+ ***> ^^• 
and 9a+9a»+9a?+9a'+9a*, &c. 

be extended together beyond any specified limits, one will be 
nine times as great as the other. But it would be absurd to 
suppose one quantity greater than another, if the latter were 
already so great that nothing could be added to it. 

' 449. An infinite number of terms must not be mistaken for 
an infinite quantity. The terms may be extended beyond 
any given limits, when the amount of the whole is a finite 
quantity, and even a small one. If we take half of a imit ; 
then half of the remainder ; half of the remaining half, &c. 
we shall have the series 

in which each succeeding term is half of the preceding one. 
Let the progression be continued ever so far, the sum of all 
the terms can never exceed a unit. For, by the supposition, 
there is still a remainder equal to the last term. And this 
remainder must be added, before the amount of the whole 
can be equal to a unit. 

So l+l+l+iVi-^+Fr &c. can never exceed 8, 
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450. When a quantity is diminished till it becomes 
less than any determinate quantity, it is called an 
INFINITESIMAL. 

Thus, in a series of fractions yV' liit^ I'SiHi^ Tciisjs^ &c- ^ 
unit is first divided into ten parts, then into a hundred, a 
thousand, &c. One of these parts in each succeeding term 
is ten times less than in the preceding. If then the progres- 
sion be continued, a portion of a unit may be obtained less 
than any specified quantity. This is an infinitesimal, and in 
mathematical language, is said to be infinitely small. By this, 
however, we are not to understand that it cannot be made 
less. The same process that has reduced it below any limit 
which we have yet specified, may be continued, so as to di- 
minish it still more. And however far the progression may 
be carried, we shall neVer arrive at a point where we must 
necessarily stop. 

451. In the sense now explained, mathematical quantity 
may be said to be infinitely divisible ; that is, it may be sup- 
posed to be so divided, that the parts shall be less than any 
determinate quantity, and the number of parts greater than 
any given number. 

In the series i^,, -pj^y, -nnnn ioeoo > ^c. a unit is di^vided 
into a greater and greater number of parts, till they become 
infinitesimals, and the number of them infinite, that is, such 
a nmnber as exceeds any given number. But this does not 
prove that we can ever arrive at a division in which the parts 
shall be the lea^t possible or the number of parts the greatest 
possible, 

452. One infinitesimal may be less tHan another. 

The series, nr, yJirj tAxtj -nrSmrj &c. > 

And 3 3 3 8 ^c ( 

may be carried on together, till the last teim in each becorpies 
infinitely small ; and yet one of these terms will be only luilj 
as great as the other. For the denominators being the same, 
the fractions will be as their numerators, (Art. 360, cor. 2,) 
that is, as 6 : 3, or 2 : 1. 

Two quantities may also be divided, each into an infinite 
number of parts, using the term infinite in the mathematical 
sense, and yet the parts of one be more numerous than those 
of the other. 



The series A, xthfi tttW) i uuou> &c. 
And i, |;Tnrj ¥Tnnr> nnnnr> ^^ 
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may both be infinitely extended ; and yet a unit in the last 
series, is divided into four times as many parts as in the first. 
But if, by an infinite number of parts were meant such a 
number as could not be increr sed, it would be absurd to sup- 
pose the divisions of any quantity to be still more numerous.* 

453. For all practical purposes, an infinitesimal may be 
considered as absolutely nothing. As it is less than any de- 
terminate quantity, it is lost even in numerical calculations. 
In algebraic processes, a term is often rejected as of no value, 
because it is infinitely small. 

It is frequently expedient to admit into a calculation, a 
small error, or what is suspected to be an error. It may be 
diflScult either to avoid the objectionable part, or to ascertain 
its exact value, or even to determine, without a long and 
tedious process, whether it is really an error or not. But if it 
can be shown to be infinitely small, it is of no account in 
practice, and may be retained or rejected at pleasure. 

It is impossible to find a decimal which shall be exactly 
equal to the vulgar fraction J. Dividing the numerator by 
the denominator, we obtain in the first place ft. This is 
nearly equal to i. But i%is^ nearer^ j^iftft, still nearer, &c. 

~ The error, in the first instance, is A • 

For A+A=A+8^=i*=^. 

In the same manner it may be shown, that 

the difference between \ { ^^^ 'H^^ ^! ^» - 

I i and .333, is ^^^ &c. 

If the decimal be supposed to be extended beyond any as- 
signable limit, the difference still remaining will be infinitely 
small. As this error is less than any given quantity, it is of 
no account, and may be considered in calculation as nothing. 

454. From the preceding example it will be seen, that a 
quantity may be continually coming nearer to another, and 
yet never reach, it. The decimal 0.3333333, &c. by repeated 
additions on the right, may be made to approximate continu- 
ally to J, but can never exactly equal it. A difference will 
always remain, though it may become infinitely small. 



 See Note R. 
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When one quantity is thus made to approach continually 
to another, without ever passing it; the latter is called a 
limit of the former. The fraction § is a Hmit of the decimal 
0.666 &c. indefinitely continued. 

455. Though an infinitesimal is of no account of itself y 
yet its eflfect on other quantities is not always to be disre- 
garded. 

When it is a factor or divisor, it may have an important . 
influence. It is necessary, therefore, to attend to the rela- 
tions which infinites, infinitesimals, and finite quantities have 
to each other. As an infinitesimal is less than any assigna- 
ble quantity, as it is next to nothing, and, in practice, may be 
considered as nothing, it is frequently represented by 0. 

An infinite quantity is expressed by the character QO 

456. A* an infinite quantity is incomparably greater than 
a finite one, the alteration of the former, by an ctddition or 
subtraction of the latter, may be disregarded in calculation. 
A single grain of sand i^ greater in comparison with the 
whole earth, than any finite quantity in comparison with one 
which is infinite. If therefore infinite and finite quanti- 
ties are connected by the sign -f. or -, the latter may be re- 
jected as of. no comparative value. For the same reason, if 
finite quantities and infinitesimals are connected by -4~ oi^ -^y 
the latter may be expunged. 

457. But if an infinite quantity be multiplied by one which 
is finite, it will be as many times increased as any other quan- 
tity would, by the same piultiplier. 

If the infinite series 2 2 ^ 2 2 2 &>c. be multiplied by 4 ; 

The product will be 8 8 8 8 8 8 &c. four times as great a« 
the multiplicand. See Art. 448. 

458. And if an infinite quantity be divided by a finite quan- 
tity, it will be altered in the same manner as any olheV quan- 
tity. 

If the infinite series 6 6 6 6 6 6 6 6 &c. be divided by 2 ; 

The quotient will be 3 3 3 3 3 3 3 3 &c. half as great as 
the dividend. 

459. If a finite quantity be multiplied by an infimtesimaly 
the product will be an infinitesimal ; that is, putting z for a 
finite quantity, and for an infinitesimal, (Art. 455. 

zXO^O. 
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If the multiplier were a unit, the product would be equa 
to the multiplicand. (Art. 90.) If the multiplier is less than 
a unit, the product is proporticnally less. If then the multi* 
plier is inpnitely less than a unit, the product must be lufi- 
nitely less than the multiplicand, that is, it must be an infi- 
nitesimal. Or, if an infinitesimal be considered as abso- 
lutely nothing, then the product of z into nothing is nothing. 
(Art. 112.) 

460. On the other ha^d, if a finite quantity be divided by 
an infinitesimal, the quotient will be infinite. 

z 

-= CD, 



For, the less the divisor, the greater the quotient. If then 
the divisor be infantdy small, the quotient will be infinitely 
great. In other words, an infinitesimal is contained an infi- 
nite number of times in a finite quantity. This may, at first, 
appear paradoxical. But it is evident, that the quotient must 
increase as the divisor is diminished. 

Thus 6-^3=r2, 6-^0.03=200, 

6-f.0.S=20, 6-r-0.00S:s2000, &>c. 

If then the divisor be reduced, so as to become less than 
any assignable quantity, the quotient must be grecUer than 
any assignable quantity. 

461. If a finite quantity be divided by an infinite quantity, 
the quotient will be an infinitesimal. 

1=0. 

For the greater the divisor, the less the quotient. If then, 
while the dividend is finite, the divisor be infinitely great, the 
quotient will be infinitely smalL 

It must not be forgotten, that the expressions inpnitely great 
and infaiitely smalls are, all along, to be understood m the 
mathematical sense according to the definitions in Arts. 447} 
and 450. 
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SECTION XVI. X 

DIVISION BY COMPOUND -DIVISORS, GREATEST 

COMMON MEASURE.- 

Art. 462. IN the section on division, the case in which 
the divisor is a compound quantity was omitted, because the 
operation in most instances, requires some knowledge of the 
nature of powers ; a subject which had not been previously 
explained. 

Division by a compound divisor is performed by the foL- 
lowing rule, which is substantially the same, as the rule for 
division in arithmetic ; 

To obtain the first term of the quotient, divide the fii*st 
tenn of the dividend, by the first term of the divisor j* 

Multiply the whole divisor, by the term placed in the quo- 
tient ; subtract the product from a part of the dividend ; and 
to the remainder bring down as many of the following terms, 
as shall be necessary to continue the operation : 

Divide again by the first term of the divisor, and proceed 
as before, till all the terms of the dividend are brought down 

Ex. 1. Divide ac-|-6c-f-cwf-|-^^> ^7 «+6. 

a+6)ac+ic+ac?-|-6d(c-|-(i 

flc-f-tc, the first subtrahend. 



ad- 



■bd 



^ad-\-bdy the second subtrahend. 



Here oc, the first term of the dividend, is divided by «, 
the first term of the divisor, (Art. 116.) which gives c for the 
first term of the quotient. Multiplying the whole divisor by 
tliisj we have'ac-f-6c to be subtracted firom the two fir^t 
terms of the dividend. The two remaining terms are tho^ 
broyght down, and the first of them is divided by the firs! 



 See Note #. ^ 
21 ^ ^ 
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tenn of the divisor as before. This gives d for the second 
tenn of the quotient. Then miirUpiying the divisor by d, 
we have ad'\-bd to be subtracted, which exhausts the whole 
dividend without leaving any remainder. 

The rule is founded on this principle, that the product of 
the divisor into the several parts of th^ quotient, is equal to 
the dividend. (Art. 115.) Now by the operation, the pro- 
duct of the divisor into the first term of the quotient is sub- 
tracted from the dividend ; tben the product of the divisor 
into the second term of the quotient ; and so on, till the pro- 
duct of the divisor into each term of the quotient, that is, 
the product of the divisor into the whole quotient, (Art. 100.) 
is taken from the dividend. If there is no remainder, it is 
evident that this product is equal to the dividend. If there 
18 a remainder, the product of the divisor and quotient is equal 
to the whole of the dividend except the remainder. And this 
remainder is not included in the parts subtracted from the 
dividend, by operating according to the rule. 

463. Before beginning to divide, it will generally be ex- 
pedient to make some preparation in the arrangement of the 
terms. 

The letter which is in the first term of the divisor, should 
be in the first term of the dividend also. And the powers of 
this letter shoidd be arranged in order, both in the divisor 
and in the dividend ; the highest power standing first, the 
next highest next, and so on. 

Ex. 2. Divide 2a*6+6»+2o6»+(^, 1:^ ff+V'+ab. 

Here, if we take d^ for the first tenn of the divisor, the 
other terms should be arranged according to the powers of a, 
thus, 

a«+o6+6«)a*+2a*6+2a6"+y(a-f-6 

if+d'b+ab^ 



I I n 



In these operations, particular care will be necessary m the 
management of negative quantities. Constant attention must 
be paid to the rules for the signs in subtraction, multiplica- 
tion and division. (Arts. 82, lOo, 123.) 
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Ex. S. Divide 2a«-2«*ar-.3a«a:y+6a»«HHwy-ayby 0««y, 

If the temis be arranged accordmg to the powers of a, 
they will stand thus ; 






■axy 
-mxy 



* +2oa: - xy 



464 In multiplication, some of the terms, by balancing 
each other, may be lost in the product. (Art 110.) These 
may re-'Oppear in division, so as to present teon^ in the 
course of the process, different from any which are in the 
dividend. 



Ex.4. 



Ex.5. 

n?- 2a»-f2a!^)(j«4-4:r*(a'+2flar4.2a» 

a* - 2a»x +2aV 



* +2a»a: - 2aV+43?* 
+2a'a:-4aV+4aa:» 

* +2aV-.4iM:»4.4a^ 
--2aV-4aar»+4**. 



If the learner will take the trouble to multiply the q«o* 
tient into the divisor, in the two last examples, ne will find. 
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in the partial products^ the several terms which appear in the 
process of dividing. But most of them, by balancing each 
other, are lost in the general product. 

Ex. 6. Divide a»+a«+a*i+a6+Sac+3c, by o+l. 

Quotient. c^-^ab-^Se, 

Ex. T.^Divide a^-i-c-<M:-4a:-4-^«, by a-|-6-c. 

Quotient. 1 - x. 

Ex. 8. Divide 2rt«- lSrf«+llaV-8(W^+2:r*, by 2a«-a» 
+«•. Quotient. a^-6ad;-f-2ar.* 

465. When there is a remainder after all the terms of the 
dividend have been brought down, this may be placed over 
the divisor and added to the qpotient, as in arithmetic. 

Ex. 9. 

a+b)ac+be+ad+bd+x{c+d+ J— 

a+b 

ac-\-bc 

* * ad+bd 
ad+bd 



Ex. 10. 
d - h)ad - ah+bd ^ 6A+y (o+i+^iL.. 

O — A 



ad- 


-ah 








• 


^ » 


bd- 
bd. 


 bh 
■bh 






• 


« 


y 



It is evident that o+i is the quotient belonging to the 
whole of the dividenu, excepting the remainder y. (Art. 662.) 

And^^.£^ is the quotient belonging to this remainder. (Art. 
124.) 
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Ex. Us Divide Qax^ixy - Sab - 6y4-^ac4-€y4-A» by So-f-jf. 

Quotient. 2a? -64-^4- -— 

Ex. 12. Dividetfi-8a*+2afr-6a-464.22, by6-S. 

Quotient. (^+2a - 4+..l^, 

Ex. IS. See Art. 283. 

a+j^b)aC'\'Cj\^b+a^d+\^bd{c-\'^d. 
ac+cVfr 

* * a\/d+A,/bd 



Ex. 14. Divide o+^y+arA^y+ry, by a+\fy. 
^ Quotient. l-H'W* 

1 5. Divide a? - 3a«*4-3a'ar - a", by ar - a. 

16. Divide 2j/»- 19y'+26y - 17, by y -8. 

17. Divide «'-l,bya?-l. 

^18. Divide 4a:*-.9ar*+6a:-3, by 2a;*+Sa?- 1. 
^19. Divide a*+4a*b+Sb\ by 0+26.^ 
20. Divide «* - aV+2a'a; - 1«*, by a;^ - ax+(^. 

466. A regular series of quotients is obtained, by drriding 
the difference of the powers of two quantities, by ike differ- 
ence of the quantities. Thus, 

if- a»)^(y - a) ^y'+ay+a\ 

(y* - «^)•^(y - «) =y*+fly'+ay+rfV+a*. 

&c. 

Here it will be seen, that the index of y, in the first tenn 
of the quotient, is less by 1, than in the dividend ; and that 
it decreases by 1, from the first tenn to the last but one : 

While the index of a, increases by 1, from the second temi 
lo the last, where it is less by 1, than in the dividend. 

2P 
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This maybe expressed in a general formula, thus, 

To demonstrate this, we have only to multiply the quo- 
tient into the divisor. (Art. 115.) 

All the terms except two, in the partial products, will be 
balanced by each other ; and will leave the general product 
the same as the dividend. 

Mult. j^+ay»+ay+(i^+a* 
Into y -a 

y»+ay^+ay+ay+fl*y 
-ay*- a'y'- oy-a^y-o* 

Producty" * * * * -a* 

Mult, y-'+ay^-'^+ay-' +a— ^+af— » 

Into y-a 

y*+oy'"~*+«y~*- • • •+^"*"y+^*~V 

-ay""*- ay-'. . . .- a"*""y- a?"""'y-(f" 
Prod, y"   *  «a». 

466. b. In the same manner it may be proved, that the dif- 
fj^rence of the powers of two quantities, if the index is an 
even number, is divisible by the sum of the quantities. That 
is, as the double of every nmnber is even ; 

(y*"-a^).=.(y+a)=y*-*-ay^-«. . . .+a*— ^-a*— '. 

And the sum of the powers of two quantities, if the index 
18 an odd number, is divisible by the sum of the quantities. 
That is, as 2m4-l is an odd number ; 

(y*^»+a'^»)^(y+a)=y*--ay*-^ . . . -a*»-^+a*-. 

For in each of these cases, the product of the quotient and 
divisor, is equal to the dividend. 

Thus, 

(y'-rf')-^(y+«)=y-a, 

(y* - flO-^(y+a) =»• - ay'+aV - a*, 
(y«-a*)4-(y+o)=y*-ay+ay-ay+a*y-a'» &c. 
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And, 
y+a')^(y+a) =y« - ay+a, 

GREATEST COMMON MEASURE. 

466. c. The Greatest Common Measure of two quantities, 
may be found by the following rule ; 

Divide one of the quantities by the other, and the 
preceding divisor by the last remainder, till nothing 

remains; THE LAST DIVISOR WILL BE THE GREATEST COMMON 
/'^ASURE. 

The algebraic letters are here supposed to stand for whole 
numbers. In the demonstration of the rule, the following 
principles must be admitted. 

1. Any quantity measures itself , the quotient being 1. 

2. If two quantities are respectively measured by a third, 
their sum or difference is measured by that third quantity. — 
If b and c are each measured by d, it is evident Uiat 6-{-c, 
and 6 - c arc measured by d. Connecting them by the sign+ 
:)r -, does not affect their capacity of being measured by d. 

Hence, if b is measured by d, then by the preceding pro- 
position, b-\-d is measured by d. 

3. If one quantity is measured by another, any multiple 
of the former is measured by the latter. If b is measured 

by df it is evident that &-|~^9 ^^9 ^^» ^^' ^^* ^^^ measured 
hyd. 

Now let D=the greater, and rf=the less of two algebraic 
quantities, whether simple or compound. And let the pro- 
cess of dividing, according to the rule be as follows : 

d)Diq 
dq 

r)d{q' 
rq; 

r'yiq'' 
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Ill which Oy if q'\ are the qaoHeaUy from the guccoBsive 
divisions ; ana r, r^, and o the raiiaxnAern. And as the divi- 
dend is equal to the product of tlie divisor and quotient added 
to the remainder, 

i>=rclg-|-r, and d=rqr'-^r'. 

Then, as the last divisor r^ measures r the remainder being o, 

it measures (2, and 3,) r<)''-j-*^=^> 
and measures ti^-f-r=X>, 

That is, the last divisor r' is a common measure of the two 
given quantities jD and i. 

It is also their greatest common measure. For every com- 
mon measure of D and dj is also (3, and 2) a measure of 
D-dq^r; and every common measure of d and r, is also a 
measure of d-rq'^r^. But the greatest measure of r^ is 
Uself. Thisy then, is the greatest common measure of D 
and d. 

The demonstration will be substantially the satne, what* 
ever be the number of successive divisions, if the operation 
be continued till the remainder is nothing. 

To find the greatest common measure of three quantities ; 
first find the greatest common measure of two of them, and 
then, the greatest common measure of this and the third 
quantity. If the greatest common measure of D and d be 
r^, the greatest common measure of / and c, is the greatest 
common measure of the three quantities J7, c/, and c. For 
every measure of r^, is a measure of D and d; therefore the 
greatest common measure of r^ and c, is also the greatest 
common measure of 1), d, and c. 

The rule may be extended to any number of quantities. 

466. rf. There is not much occasion for the preceding 
operations, in finding ihe greatest common measure of wm- 
pie algebraic quantities. For this purpose, a glance of the 
eye will generally be sufficient. In the application of the 
rule to compound quantities, it will frequently be expedient 
to reduce the divisor, or enlarge the dividend, in confonnitj* 
with the following principle ; 

7?ie greatest common measure of two quantities is not altered^ 
by multiplying or dimding either of them by any quantity which 
is not a divisor of the other^ and winch contains no factor which 
is a divisor of the other. 

The common measure of ab and ac is a. If either be 
multiplied by d^ the common measure of abd^ and oc, or of 
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ab and acd^ is still a. On the other hand, if ab and acd are 
the given quantities, the common measure is a; and if acd 
be divided by d^ the common measure of ab and oc is a. 

Hence in finding the common measure by division, the 
divisor may often be rendered more simple, by dividing it by 
some quantity, which does not contain a divisor of the divi- 
dend. Or the dividend may be mtUHplied by a factor, which 
does not contain a measure of the divisor. 

Ex. 1. Find the greatest common measure of 
ea*+Uax+Sa^, and 6a*+7aa; - S«». 

6a«4.7(W - Sa?)6a'+1 1 aa;+Sx'(l 

6^4- lax-Sx" 

Dividing by 2x)4ax-\'6a^ 

2a+Sx)e(f+7ax - 3a?(3a - r 
6(^^9ax 

^2ax^Sa^ 



V. 



After the first division here, the remainder is divided by 
Sx, which reduces it to 2a+3x. The division of the pre- 
ceding divisor by this, leaves no remainder. Therefore 2a-}- 
Sx is the common measure required. 

2. What is the greatest conmion measure of af •- b*Xy and 
a^4-26a:+6M Ans. a?-f6. 

3. Wliat is the greatest common measure of cx-^-a^^ and 
a'c-f-rt'a: 1 Ans. c-\-x. 

4. What is the greatest common measure of 3a:* - 24a: - 9, 
and 23:* - 16a:- 6 1 Ans. a:>- 8a:- 3. 

5. What is the greatest common measure of a* - 6*, and 
a»-6V1 Ans.a«-6^ 

6. What is the greatest common measure of a;'- 1, and 
ay-fyl Ans. a:-f-l. 

7. What IS the greatest common measure of s^-^cf^ and 
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8. What is the greatest common measure of i^-ab-26% 
anda«-3aA+26M ^^ ., » I 

9. What is the greatest common measure of o* - a^, and 

10. What is the greatest common measure of i^ - oft", anA 



SECTION XVII. ■*' 

INVOLUTION AND EXPANSION OP BINOMIALS.* 

Art. 467. THE manner in which a binomial, as well as 
any other <x>mpound quantity, may be involved by repeated 
multiplications, has been shown in the section on powers. 
(Art. 213.) But when a higb power is required, the opera- 
tion becomes long and tedious. 

This has led mathematicians to seek for some general prin- 
ciple, by which the involution may be more easily and expe- 
ditiously performed. We are chiefly indebted to Sir Isaac 
Newton for the method which is now in common use. It is 
founded on what is called the Binmdal Theorem^ the inven- 
tion of which was deemed of such importance to mathemati- 
cal investigation, that it is engraved on his monmnent in 
Westminster Abbey 

468. If the binomial root be a-\-b, we may obtain, by mul- 
tiplication, the following powers. (Art. 213.) 



* Simpson's Algebra, Sec 15. Simpson's Fluxions, Art. 99. Ruler's Alge- 




1817. Woodhouse's Analytical Calculation. 
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By attending to this series of powers, we shall find, that 
the exponents preserve an hivaviahle order through the whole. 
This will be very obvious, if we take the exponents by them- 
selves, unconnected with the letters to which they belong. 

In the square, the exponents ] fh o' 1 * 2 

In the cube, the exponents j^Jj:;: ^ f; J; ? 

In the 4th power, the exponents {^^tStVlllk* 

&c. 

Here it will be seen at once, that the exponents of a in the 
first term, and of 6 in the Itist, are each equal to the index of 
the power ; and that the sum of the exponents of the two let- 
ters is in every term the same. Thus in the fourth power, 

C in the first term, is 4-|-0=4 
The s\un of the exponents < in the second, d-f-1 =4 

( in the tliird, 24-2=4,&g. 

It is farther to be observed, that the exponents of a regu- 
larly decrease to 0, and that the exponents of 6 increase from 
0. That this will universally be the case, to whatever ex- 
tent the involution may be carried, will be evident, if we con- 
sider, that in raising from any power to tlie next, each term 
is multiplied both by a and by b. 

Thus (a+6)'=a«4-2a&-|.tf 
Mult, by a+6 

 [of a in each term. 

a'+go^ft+aft*. Here 1 is added to the exp. 

a?6+2afe«+R Here 1 is added to the 

 [®^« of 6 in each term. 

(a+by-a'+Sa'b+&ab^+bK 

^ 

If the exponents, before the multiplication, increase and 
decrease by 1, and if the multiplication adds 1 to each, it is 
evident they must still increase and decrease in the same 
maimer as before. 
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469. If then a-]-5 be raised to a power whose exponent is ii. 
The exp's of a will be w,* n- 1, n- 2, .... 2, 1, ; 
And the exp's of b will be 0, 1, 2, .... n - 2, n - 1, n- 

The terms in which a power is expressed, consist of the 
ktters with their exponentSy and the co-efficieiits. Setting aside 
the co-efficients for the present, we can determine, from the 
preceding observations, the letters and exponents of any 
power whatever. 

Thus the eighth power of a-{-6, when written without the 

a« + a'b 4- a«6« + a»6' + tf^ft* + a'b' + a?V+ ab' + V. 

And the nth power of a-f-6 is, 

ar + a"*-' 6+a"-«6* a«6»-'*+ afr""* +6\ 

470. The nutnher of terms is greater by 1, than the index 
of the power. For if the index of the power is n, a has, in 
different terms, every index /from n down to 1 ;. and there is 
one additional term which contains only b. Thus, 

The square has 3 terms, The 4th power, 5, 
The cube 4, The 5th power, 6, &c. 

471. The next step is to find the co-efficients. This part 
ot the subject is more complicated. 

In the series of powers at the beginning of Art. 468, the 
co-efficients, taken separate from the letters are as follows ; 
In the square, 1, 2, 1, whose sum is 4=2' 

In the cube, 1, 3, 3^ 1, 8=2' 

In the 4th power, 1, 4, 6, 4, 1, 16=2* 

In the 5th power, 1, 5, 10, 10, 5, 1, 32=2*. 

The order which these co-efficients observe is not obvious, 
like that of the exponents, upon a bare inspection. But they 
will be found on examination to be all subject to the follow- 
ing law ; 

472. The co-efficient of the first term is 1 ; that of the 
second is equal to the index of the power ; and universally, 
if the co-efficient of any term, be multiplied by the index of 
the leading quantity in that term, and divided by the index of 
the following quantity increased by 1, it will give the co* 
efficient of the succeeding term.* 

* See Note T. 
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Of the two letters in a term, the first is called the leading 
quantity, and the other the follotoing quantity. In the ex 
amples which have been given in this section, a is the 
leading quantity, and b the following quantity. 

It may frequently be convenient to represent the co^ffi* 
cient^ in the several terms, by the capital letters, .d, B^ C, &c. 

The nth power of a+fe, without the co-efficients, is 
a"+a— *6+a"-V+a— 36'+a"-*6S &c. (Art. 469.) 

And the co-efficients are, 
A=nj the co-efficient of the second term ; 

B =nx^-^, of the third term ; 

C =nx^^ X^"^> of the fourth term ; 
D=nX^X^X^ of thefifthterm; &c. 

/i O 4t 

The regular manner in which these co-efficients are dc 
rived one from another, will be readily perceived. 

473. By recurring to the numbers in Art. 471, it will be 
seen, that the co-efficients first increase, and then decreasey at 
the same rate ; so that they are equal, in the first term and 
the last, in the second and last but one, in the third and last 
but two ; and universally, in any two terms equally distant 
from the extremes. The reason of this is, that (a-f-6)" is the 
same as (6-}-«)" > and if the order of the terms in the bino- 
mial root be changed, the whole series of terms in the oowcr 
will be inverted. 

It is sufficient, then, to find the co-efficients of ha^ the 
terms. These repeated will serve for the whole. 

474. In any power of (a-f-6,) the sum of the co-efficients 
IS equal to the number 2 raised to that power. See the list 
of co-efficients in Art. 471. The reason of this is, that, ac- 
cording to the rules of multiplication, when any quantity is 
involved, the letters are multiplied into each other, and the 
cO'cfficients into each other. Now the co-efficients of a-^b 
being 1+1 = 2, if these be involved, a series of the power? 
of 2 will be produced. 

475. The principles which have now been explained mny 
mostly be comprised in tlie following general theorem^ calJeiJ 
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THE BINOMIAL THEOREM. 

The index op the leading quantity op the power 
OF A Binomial, begins in the first term with the in- 
dex OF THE power, AND DECREASES REGULARLY BY 1. 

The index op the following quantity begins with 1 
in the second term and increases regularly by 1. 
(Art. 468.) 

The CO-EFFICIENT op the first term is 1 ; that 
op the second is equal to the index of the power; 

AND universally, IF THE CO-EFFICIENT OF ANY TERM BE 
MULTIPLIED BY THE INDEX OF THE LEADING QUANTITY IN 
THAT TERM, AND DIVIDED BY THE INDEX OP THE FOLLOW- 
ING QUANTITY INCREASED BY 1, IT WILL GIVE THE CO-EF- 
FICIENT OF THE SUCCEEDING TERM. (Art.472.) 

In algebraic characters, the theorem is 

(a+6)"=a--|-nXo""' 6+nX— a— »6», &c. 

It is here supposed, that the terms of the binomial have no 
other co-efficients or exponents than 1 . Other binomials may 
be reduced to this form by substitution. 

Ex. 1. What is the 6th power of a?-f-y 1 

The terms without the co-efficients, are 
^^ x% x*fy a^\ xYy xy", f. 
And the co-efficients, are 

1, 6, ^JSl, l£><f, ?^, 6, 1. 
2 3 4 ' 

that is 1, 6, 15, 20, 15, 6, 1. 

Prefixing these to the several terms, we have the power 
required ; 

a;«_|.6a/'j/+ 1 5a;y-f 20:t^/'+ 1 ba^+^xif+y\ 

3. What is the nth power of 6-f-J/ '' 

Ans. 6-+,i46»- H/+£6"-y+Cfe"-y+J96«- y, &c. 

That is, supplying the co-efficients which are here repre- 
sented by w9. By C, &c. (Art. 472.) 

f-j-n X t"~ V+^ X ^- X 6" - y, &c. 
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4. Wliat is tlie 5tli power of a^+3y^ 1 

Substituting a for x\ and b for Sy\ we have 
(a+6)*= a'+5a*b+ 1 Oa^b^+ 1 0a«i^4-5a6*+6*, 

And restoring the values of a and 6, 

5. What is the sixth power of (3a;+2y) 1 

Ans. 

729a:'+29I 6ar«y+ 4860a;y4-4320ar^'+2160x*j/*+576ai/* 

+64i/^ 

476. A residudl quantity may be involved in the saine 
manner, witjiout any variation, except in the signs. By re- 
peated multiplications, as in Art. 213, we obtain the follow- 
ing powers of (a -6.) 

a-6)'=a«-2a6+6«. 

a- 6)«=a' - 3a'6+3a6' - b\ 

[a - by=a* - 4a'6+6aW - 4ab^+b\ &c. 

By comparing tliese with the like powers of (a+6) in Art 
468, it will be seen, that there is no difference except in the 
si^. There, all the terms are positive. Here, the terms 
which contain the odd powers of b arc negative. See Art. 
218. 

The sixth power of (x - y) is 
3^ - 6ar''i/4- 1 5xY - 20a:*i/'4- 1 5xY - 6a:y*4-y*. 
The nth power of {a -J)) is 
a"-w2a"-*6+Ba— «6*- Ca'^-n^ &c. 

477. When one of the terms of a binomial is a unity it is 
generally omitted in the power, except in the first or last 
term; because every power of 1 is 1, (Art. 209.) and this 
when it is a factor, has no effect upon the quantity with 
which it is connected. (Art. 90.) 

Thus the cube of (a?+ 1 ) is ar'+3a:' X 1 +3a; X 1'+ 1', 

Which is the same as a;'+^^+3^+^* 

The insertion of the powers of 1 is of no use, unless it 
be to preserve the exponents of both the leading and the fol- 
lowing quantity in each term, for the purpose of finding the 
co-efficients. But this will be unnecessary, if we bear \o 
mind, that the sum of the two exponents, in each term, i; 
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equal to the index of the power. (Art. 468.) So that, if we 
have the exponent of the leading quantity, we may know 
that of the following quantity, and v. v. 

Ex. 1. The sixth power of (1 -y) is 

1 . 6y+ 1 5f - 20/+ 1 5y' - 6y»+y. 
2. (!+«)"= l+^x+B:^+Ca?+Dx\ &c. 

478. From the comparatively simple manner in which the 
power is expressed, when the first term of the root is a unit, 
18 suggested the expediency of reducuig other binomials to 
this form. 

The quotient of {a+x) divided by a is ( 1+- ) • This mul 
tiplied into the divisor, is equal to the dividend ; that is, 
(a+a:)=ax (l+-) therefore (a+a?)-=o-x (^+-)"- 

1-|-_| , we have 

• 

479. When the index of the power to which any binomial 
is to be raised is a positive uhole number^ the series will termi- 
nate. The numljer of terms will be limited, as in all the 
preceding examples. 

For, as the. index of the leading quantity continually de- 
creases by one, it must, in the end, become 0, and then the 
series will break off. 

Thus the 5th term of the fourth power of a-\-x is x\ or 
ifx\ (f being commoftly omitted, because if is equal to 1, 
(Art. 207.) If we attempt to continue the series farther, the 
co-ef!icient of the next term, according to the rule, will be 

i21_=0. (Art. 112.) And as the co-efficients of all suc- 
ceeding tenns must depend on this, they will also be 0. 

480. If the index of the proposed power is negative^ this 
can never become 0, by the successive subtractions of a unit. 
The series will, therefore, never terminate; but like many de- 
cimal fractions, may be continued to any extent that is de- 
sired. 



INyOLCJTION OF BINOAnALS. S49 

Ex. Expand into a series . -=(€j-|-y)"*. 

The terms without the co-efficients, are 

«-', a-»5, a-y, o-y, a-y, &«. 

The co-efficient of the 2d term is - 2, of the 4thi?^-Ill=i-4. 

S 

Of the third, "^^"^=+3, of the 5th Z*2Lzl=+5. 
' 2 ^ 4 ^ 

The series then is 

a"-*-2a-'y+Sa-y-4a-y4-5a-y, &c. 

Here the law of the progression is apparent ; the co-effi- 
cients increase regularly by 1, and their signs are alternately 
positive and negative. 

^481. The Binomial Theorem is of great utility^ not only 
in raising powers, but particularly in finding tlie roots of bino- 
mials. A root may be expressed in the sante manner as a 
power, except that the exponent is, in the one case an inte- 
ger, in the other a fracHon. (Art. 245.) Thus (a-f-6)" may 
be either a power or a root. It is a power if ft=2, but a root 
if n=J. 

482. if a root be expanded by the binomial theorem, the 
series wiU never terminate. A series produced in this way 
terminates, only when the index of the leading cpmntity be- 
comes equal to 0, so as to destroy the co-efficients of the suc- 
ceeding terms. (Art. 479.) But according to the theorem, 
the difference in the mdex, between one term and the next, 
is always a unit ; and a fraction^ though it may change from 
positive to negative, cannot become exactly equal to 0, by 
successive subtractions of units. Thus, if the index in the 
first term be |, it will be, 

- In the 2d, i - 1 = -i. In the 4th -f— 1 = - j^ 
In the 3d,* I *l=-t» In the 5th -t-l = -f,ftc 

Ex. What is the square root of (a-f-() 1 
The terms, without the co-efficients, are. 
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The co-efficient of the second term is -j-l 

of the 3d, *^"^= -i, of the 4th, zi2<Sl=+f^. 

And the series is a'-f-ia"^6--Ja"^6'+ 1^0*^6', &c. 

When a quantity is expanded by the Binomial Theorem, 
the law of the series will frequently be more apparent, if the 
factors^ by which the co-efficients are formed, are kept dis- 
tinct 

1. Expand into a series (a'-|-a:) . 
Substituting b for a\ we have 

Jl=\, (Art. 472.) 



2 2 2 4 2.4 



2.4 3 2.4 6 2.4.6 



2.4.6 4 2.4.6 8 2.4.6.8 

Restoring, thcfln, the value of 6, and writing -for cr\ we have 

a 

^ ' ^^2a 2.40^ ^ 2.4.6a» 2.4.6.8a' 

2. Expand into a series (1+a:) . 

Ans. 1+? — ^+^ --M^ &c. 
^2 2.4^2.4.6 2.4.6T8^ . 

3. Expand V^5 or (1+1)^. 

Ans. 14.1 ^ ±+-i . ^^+-M:L^, &c. 

^2 2.4^2.4.6 2.4.6.8^2.4.6.8.10' 

4. Expand (o+x)*, or a * X (l+-) '• See Art. 478. 

^ Ans.a*xfl+^— ^+-^^— ?:^,&c.) 

\ ^2a 2.4a^^ 2.4.6a» 2.4.6.8a*' / 
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5. Expand (o+i) % or a* x ( 1+-) *• 

V ^3a 3.6a«^3.6.9a' 3.6.9.T2a? / 

6. Expand into a series (a- 6) . 

Ans. aix f 1 - 1--?^ - -^- - -^^^^ &c.) 
\ 4a 4.8a' 4.8.12a^ 4.8.12.16a* / 

7. Expand (a+ar)"^, g. Expand (1 -ar). 

9. Expand (l+x) "" t 10. Expand (a'+a?) ""•*. 

483. The binomial theorem may also be applied to quan- 
tities consisting of more than two terms. By substitution, sev- 
eral terms may be reduced to two, and when the compound 
expressions are restored, such of them as have exponents 
may be separately expanded. 

Ex. What is the cube of a+i-f-^ *? 

Substituting /i for (6+^j) we have a+(64-0=M"'** 

And by the theorem, (a+^)'=a'+Sa'A+SaA'+A». 

That is, restoring the value of A, 
(a-|-6+c)'=a'+3a^X (6+0+3ax (6+c)*4-(6+c)*. 

The two last terms contain powers of (i-f*^) > ^^^ these 
may be separately involved. 

Promisctums Examples. 



1. What is the 8th power of {a+h) 1 

Ans. a''+8a'fe+28aV4-56a^6^+70a'6^-f56a'^ 4- 
28aV+8a6'+6^ 

2. What is the 7th power of (a -6) 1 

8. Expand into a serici , or (1 -a)'"V 

1 — a 

Ans. l-|-a-f-o'+«^+flJ+a'> &c- 
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4. Expand -A-, or fc X (« - *)"*• 

5. Expand into a series (fl?+i*)*. 

6. Expand into a series (o+y)-*. 

Ans. V§+^-^^- *'^- 

7. Expand into a series (c'-j-a') . 

8. Expand j..^ or d(«»+«?)"*, 

9. Find the 5th power of (o*+y*.) 

10. Find the 4th power of (o-f 6+x.) 

11. Expand (a»-«)*. 18. Expand (1-y*) • 
IS. ISxpand (o-x)* 14. Expand ^i^ -»•)*. 
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SECTION XVIII. X 

EVOLUTION OF COMPOUND QUANTITIES. 

Art. 484. THE roofs of compound quantities may be ex- 
tracted by the following general rule : 

After arranging the terms according to the powers of one 
of the letters, so that the highest power shall stand first, the 
next highest next, &c. 

Takt the root of the first temi^for the first term of the requbr" 
edroot : 

Subtract the power from^the given quantity^ and divide tlie 
first term of the remainder^ by the first term of the root involved 
to the next inferior power^ and midtiplied by the index of the 
given power ;t the quotient will be tlie next term of tlie root. 

StAtract the power of the terms already found from the given 
quantity^ and using the same divi^or^proceed as before. 

This rule verifies itself. For the root, whenever a new 
term is added to it, is involved, for the purpose of subtract- 
ing its power from the given quantity : and when the |)ower 
is equal to this quantity, it is evident the true root is fouud* 

Ex. 1. Extract the cube root of 

o«+So' - 3a* - 1 1 a»4-6a»+12a - 8(a»+a - 2, 
a*, the first subtrahend. 



8a*)* Sa'*, &c. the first remainder. 

(i«-|-3a*+3a*-f a^ the 2d subtrahend. 
3a*)* * -Ca*, &c. the 2d remainder. 

a«+3a*- 3a' - 1 la'+6a'+12a - 8. 



t By the gititn power is meant a power of the same name with the required 
\ rooL As powers and roots are correlative, any quantity is the square of its 
square root, tlie cube of its cube root, &c. - 
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Here a*, the cube root of a% is taken for the first term of 
the required root. Tlie power cf is subtracted from the given 
quantity. For a divisor, the first term of the root is squared, 
that is, raised to the next inferior power, and multiplied by 
3, the index: of the given power. 

By this, the first term of the remainder 3a', &c. is divided, 
and the quotient a is added to the root. Then a'-f"^ ^^^ 
' part of the root now found, is involved to the cube, for the 
second subtrahend, which is subtracted from the whole of 
the given quantity. The first term of the remainder -6a*, 
&c. is divided by the divisor used above, and the quotient - 2 
is added to the root. Lastly the whole root is involved to 
the cube, and the power is found to be exactly eaual to the 
given quantity. 

It is not necessary to write the remainder at length, as, in 
dividing, the first term only is wanted. 

2. Extract the fourth root of 

a*+8a>+24a*+32a+ 1 6 (a+2 



4a»)* 8a», &c. 



a*+8a»+24a«+32a4. 1 6. 

3. What is the 5th root of 

a»+5a*6+10aV+10a»6»+5a6*+6»1 Ans. a+6. 

4. What is the cube root of 

a!^^Mh+\2aV'-W\ Ans. a -26. 

6. VfhsX is the square root of 

4a«- 12a6+96'+16aA-246/i+16AV2a-S6+4A 
4a« 



4a)*-12a6, &c. 
4a'-i2a6+96* 



4o)*  *4- 16aA,&c. 



Ac? - 1 2a6+96'*+ 1 6a/i - 246A+ 1 6/A 
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In finding the divisor here, the term Za in the root is not 
involved, because the power next below tiie square is the 
first power. 

485. But the square root is more commonly extracted by 
the following rule, which is of the same nature as that which 
is used in Arithmetic. 

After arranging the terms according to the powers of one 
of the letters, take the root of the first term, for the first term 
of the required root, and subtract the power from the given 
quantity. 

Bring down two other terms for a dividend. Divide by 
double the root already found, and add the quotient, both to 
the root, and to the divisor. Multiply the divisor thus in- 
creased, into the term last placed in the root, and subtract 
the product from the dividend. 

Bring down two or three additional terms and proceed as 
before. 

Ex. 1. ^WTiat is the square root of 

c?4.2a64-6«4-2ac+26c+c'(a-f6-fc. 
a\ the first subtrahend. 



Into 6= 2ab- 



• 



6' 

■Vy the second subtrahend. 



2a+25+c)  * 2ac+^c+<? 

Into c= 2ac-j-2frc-^c', the third subtrahend. 

Here it will be seen, that the several subtrahends are suc- 
cessively taken from the given quantity, till it is exhausted. 
If then, these subtrahends are together equal to the square 
of the terms placed in the root, the root is truly assigned by 
the rule. 

The first subtrahend is the square of the first term of the 
root. 

The second subtrahend is the product of the second tenn 
of the root, into itself, ^nd into twice the preceding term. 

The third subtrahend is the product of the third term 
of the root, into itself, and into twice the sum of the two pre- 
^eding terms, &c. 

That is, the subtrahends are equal to 

a»4.(2a+6) x6+(2a+26+c) xc, &c. 
and this expression is equal to the square of the root. 
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For (a4.6)«=a«+2a5+6»=a«+(2a+6)x6. (Art. 120.) 

And putting A=rt4-i, the square /i'=a'4-(2o+*) X*- 

And {a+b+cy={h+cy=h:'+(2h+c)xc; 

that is, restoring the values of h and A*, 

(a4.6+c)'=o'+(2a+6) xh+{2a+2b+c) xc 

In the same manner, it may be proved, that, if another 
tenn he added to the root, the power will be increased, by 
the product of that term into itself, and into twice the sum 
of tlie preceding terms. 

The demonstration will be substantially the same, if some 
of the terms be negative. 

2. What is the square toot of 

1 - 46+46'+2i/ - 46y+y*(l - 26+y 
1 



2 - 26) * - 46+46« 
Into -2fc= -46+46^ 



2 - 46+1/) * * 2i/ - 46i/+y* 
Into y=: 2y-46jf+y*. 



M. 



3. What is the square root of 

a« - 2a*+3a^ - 2a'+a» t Ans. cf - a^+a. 

4. What is the square TOOt of 

a*-j_4a'6-|-46« - 40* - 86+4 1 Ans. a'+26 - 2. 

486. It will frequently facilitate the extraction of roots^ 
to consider the index as composed of two or more /actors. 

Thuso*=a*>^*. (Art. 258.) And a*=a*^* That is, 

The fourth root is equal to the square root of the square 
oot; 

The sixth root is equal to the square»root of the cube root ; 

The eighth root is equal to the -square root of the fourth 
loot, &c. 

To find the sixth root, therefore, we may first extract the 
cube root, and then the square root of this. 
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1 Find the square root of a:* -4«^-4-()a^-4jr-}-'« 

2 Find the cube root of z'-X»/'4-15x*t- 20a;'+l5ar'-6a:+l. 

3 Find the square root of 4x* -4a'»+13j;*- 6x+9. 

4. Find the fourth root of 

\ Ga* - 96a'x+216aV - 21 6a.r'+8iy . 

5. Find the .5th root of x'+5x'+\0jc^+\0x^+5x+\. 

6. Fmd the sixih root of 

a« - U'b+ 1 5rt*6' - 20aV+ 1 6oV - 6a6»+6*. 

ROOTS OF BINO>UAL SURDS. X 

486. b. It is sometimes expedient to express the square 
root of a quantity of tlie fonn at^by called a binomial or re- 
sidual surd, by the siim or ditlert^uce of iwo other surds. A 
formula for tliid purpose may be derived from the ibUowing 
pro|)Oditions; 

1. The square root of a whole number cannot consist of 
two parlSy one of which is rcUionalf and tlie other a surd. 

If It be posstbte, let V**— ^+Vy» ^ which the part x is 
rational. 

Scjuaring both sides, a;=i*+2a:\/y+y 

a 

And reducing, ^yz=?Jl^-Ilif, a ra^tional quantity , 

Zx 

which is contrary to the supposition. 

2. In every equation of the form ar4- Vy=^+V^> "^^^ ^^' 
tional parts ou each side arc equalj and also the remaining 
parts. 

If X be not equal to a, let x=zatz. 
Then a±z-\-^y=:a-\-\^b. And \/^=^+\/yi 
That is, \/6 consists of two parts, one of which is rational, 
and the other not ; which, according to the precedkig pr£>po» 
sition, is impossible. 

In the same manner it may be shewn, that in iha equa^ 
tion, a; -\/i/= a- \/6, the rational parts on each side are 
equal, and also the remaining parts. 



3. If V^^+V'^^^+VJ/i then ^a- V^^'^'^'V^* 

For, by squaring the first equation, we have 

c+V6=x'+2jvy4-y 



^3 
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And by tlif lost prcf osition, 



By subtraction, a - V6 =ar^~ 2j\/i/+y 
By evolulion, Va-/y/6=a: - Vl/- 

486. c. To find, now, an expression for tlie sc[uare root of 
a binoinial or residual surd, 

Let ^a-\-\^b = ar+\/y 

Tiien \^a-'\/b=x-\^y 

Squaring both sides of each, we have 

a+V* = x^-\-2x\^y-\-y 

o - \/6 = a:* - 2ar Vy +y 
Addmg the two last, and dividing, a=rrt*-{-y 

A^lultiplying the two first, \/a*-i=a?-jf 

Adding and subtracting, 



a:=V 



a+^u* - b 



a4-\/a'-6=2«* Or x=\/ j 

i9 



Therefore, as yg+ yfr = a:- f Vy> and >v'a--\/^=ar-\/|^. 

Or, substituting d for \/a* - 6, 

1. V«+V*=\/i(«+«')+Vi(»-<^) 

2. ^a-v*=VJ («+^) - Vi (« - ^)- 
Ex. 1. Find the square root of 3+2.^2. 

Here a=3, a'=9, V*=^\/^> 6=8, o«- 6=9 -8=1. 
Therefore ^S+^/Z:=.^lp+^lzl=.^2+h 
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2. Find the square root of 1 1+6^/2, Am. S+V*- 

3. Find the square root of 6-2^5. An?. ^5- 1. 
4L Find the square root of 7+4/^/3. Ana. 2+^3. 
5, Find the square root of 7 - 2^10. Ans. y/5 - ^8L 

Tliese resuUs may be verified, in each instance, by ninltN 
plying (he root inio iisetf, and thu^ re-producing tlie Uin.QtBial 
from which it is derived. 
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Art. 467. IT is frequently the case, that, in attempting* to 
extract the root of a quantify, or to divide one quantity by 
another, we find h ipi|K)ssibIe to assign the quotient or root 
with exactness. But, by continuing the o|>cration, one terra 
after another may be addeil, so as to bring the resuU nearer 
and nearer to the value recjuired. When the number of 
terms is supfiosed to be extended beyond any r^eierminate 
limits the expression is called an mfimU series. The quantity^ 
however, may be finite, though the number of terms be un- 
limited. 

An infinite series may appear, at first %new, much less sim- 
ple than the expression from which it is derived. But the 
former is, frequently, more within the power of calculation 
than the latter. Much of the labor and ingenuiiy of mathe- 
maticians has, accordingly, been employed on the subject of 
series. If it were necessary to find each of the terms by ac- 
tual calculation, the undertaking would be hopeless. But a 
few of the leading terms will, generally, be suilicient to de- 
termine the law of the progression. 
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488. A fraction iTKiy often rue expanded into nn infinite 
series, by dividing Uie mimiralor by the denominator. For liie 
value of a fmclion is eiiiml lo the (juotient of t!)e numerator 
divided by tlie denonnnator. (Ait. 135.) When this quotient 
^mot be expressed, in a liinited number of ternis, it may be 
represented by an infinite series. 

Ex. To reduce the fraction to an infinite series, 

1 -a 

div'de 1 by 1 - a, according to the rule in Art. 462. 

l-a)l (I +a+o'+o', &c. 

1-a 



* a 



* a\ &c. 



By continuing the operation, we obtain the terms 

l-|_a-f-«'+o'+o^ +«*+«*» &c. which are sufficient to 
show that the series, after the first term, consists of the 
powers of a, rising regularly one aboVe another. 

That the series may converge, that is, come nearer and 
nearer to the exact vakie of the fraction, it is necessary that 
the first term of the divisor be greater than the second. In 
the example just given, 1 must be greater than a. For at 
each step of the division, there is a remainder; and the quo* 
tient is not complete, till this is placed over the divisor and 
annexed. Now the first remainder is a, the second a\ the 
third a\ &c. If a then is greater than 1, the remainder con- 
tinually increases ; which shows, that tha farther the division 
is carried, the greater is the quantity, either positive or nega- 
tive, which ought to be added to the quotient. The series 
is, therefore, divergmg instead of converging. 

But if a be less than 1, the remainders, a, a% o^, &c. will 
continually decrease. For powers are raised by muUiplica- 
Uon; and if the multiplier be less than a unit, the product 
will be less than the multiplicand. (Art. 90.) If a be taken 
equal to i, then by Art. 22S, 
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and we have 

Here the two first terms =1-{-i» which is less than 2, by } ; 
the three first =1-|-J, less than 2, by J ; 

the four first ^ =l-j-}, less than 2, by i ; 

So tlmt the farther the series is carried, the nearer it ap- 
proaches to the value of the given fraction, which id equal 
to 2. 

2, If be expanded, the series will be the same as thai 

1+a ^ 

from , except that the terms which consist of the odd 

powers of a will be negative. 

So that _L-= 1 - a+a"-- al'+a* - (f+af, &c. 
1+a 

h * . . 

S. Reduce to an infinite series. 

a-6 






* bh . 

— ^ &c. 

a 

h 
Here h divided by a gives - for the first term of the quo- 

a 

tient. (Art. 124.) This is multiplied into rt - 1, and the product 

is A--- ; (Arts. 159, 158.) which subtracted from h leaves 
a 

^ This divided by a gives ^ (Art. 163.) for the second 
a or ^ 

term of the quotient. If the operation be continued in the 

same manner, we shall obtain the series, 

in which the exponents of 6 nn<i of a increase resrularly by 1. 

23* " Y 
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4. Reduce Jil? to an infinite series. 
1 -a 

Ans. l+2a+2a*4-2a'4.2a*, &c. 

489. Another method of forming an infinite series is, by 
extracting the root of a compound surd. 

Ex. 1. Reduce Va'-f^* to nnjnfinife series, hy extracting 
tne square root according to tlie rule in Art. 48o. 



\ ' 2a Sa* ' 16a* 



a« 



b*\  



^4a« 



^^a 8aV 4? 

Here a the root of the first term, is taken for the first temi 
of the series ; and tlie power a* is subtracted from the given 
quantity. The remainder 6^ is divided by 2a, whicli gives 

— » for tlie second teim of the root. (Art. 124.) The divi- 
2a ^ ' 

sor, with this term added to it, is then multiplied into the 

b* 
term, and the product is 6'+ — ^. (Arts. 165, 159.) This 

b* 
subtracted from 6' leaves - — ^, which divided by 2a gives 

4a*^ 

b* 
- — . for the third teim of the root. (Art. 163.) &c. 

8«r 



6» 6* 6« 



2a 8a' 16a* 



8. V2=Vl+l = l+i-i+TV> &c. 
^ ^ ^2 8^16 128 
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490. A binomial which hits a neg^ative or frcictional expo- 
nent, may be expanded into an infinite series by the binomial 
tlieorem. See Aits. 480, 482, and the examples at the eud 
of Sec. xvii. 

INDETERMINA,TE CO-EFFICIENTS. 

4C0. b. A fourth method of expanding an algebraic ex- 
pressjion, is by assuming a series, with indelemiinate co^tffi* 
cienls ; and afterwards finding the vaUie of these co-efficients. 

If the series, to which any algebraic expression is assumed 
to be equal, be 

A+Bx+Cx^'+Dx^^+Ex*, &c. 

let the equation be reduced to the form in which one of the 
me]nl:>ers is 0. (Art. 178.) Then if such values be assigned 
to *3, J5, C, &c. that the co-efficients of the several |X)vvers 
of Xy as well as the aggregate of the terms into which x does 
not enter, shall be ec^h equal to ; it is evident that the wlwle 
will be equal to 0, and that, upon tliis condition, the equation 
is correctly stated. 

The values of Jt^ B, C, &c. are determined, by reducing 
the equations in which they arc respectively contained. 

Ex. 1. Expand into a series — !^. 
^ c+bx 

Assume --fL-=j2+Ba?+Ca^-f JDjr'-f jBa:*, &c. 
c^bx 

Then multi|)lying by the denominator c-f-brv, and trans- 
posing 0, we have 

0= {Jlc " a)+{M+Bc)x+ (Bb+ Cc)x''+ ( C6+jDc)ar», &c. 

Here it is evident, that if {Ac -a), {Ab+Bc)y {Bb+Cc)y 
&c. be made each equal to 0, the several parts of the second 
member of the equation will vanish, (Art. 112,) and the 
tohole will be equal to 0, as it ought to be, according to the 
assumption wliich has been made. 
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Reducing the following equations, 


/ 


j2c-a=:0, we 


have Jl=i% 
e 


M+BC^Oy 


B=-ti, 
e 


Bb+Cc=:Oy 


C= - tB, 

e 


Ct+Dc=0, 


D= - * C, 
c 


&c. 


&c. 



That is, each of the co-efficients, C, D, and £, is equal to 

the preceding one multiplied into - ^ We have therefore 

c 

a ab . ab* 9 cA* 9 , ab* i o. 



c+6x c c' c' c* c* 

2. Expand into a series -_i-f---. 

Assume ^^^ = .^4. jgar+ Cal'+Dj^, &c. 

Then multiplying by the denominator of the fraction, and 
transposing 04-60:, we have 0=z{Ad'-a)-\-{Bd'{-Ah^b)x 
+{Cd+Bk-\-Ac)x''+{Dd+Ch+Bc)x'y &c. 

Therefore .i=t C= - ^B - ijJ, 

a d d 

d d d d 

And _^.^=^-/b-*W-f^B+ij3V,&c. 
5+5+cr» d U dy \d ^d I ' 

3. Expand into a series "* '^ . 

Ans. 1 4.3ar+4a;'+7a:'4- 1 1 a;*+ 1 Sx'-fSSa:', &c. 

In which, the co-efficient of each of the powers of ar, is equal 
to the sum of the co-efficients of the two preceding terms. 



4. Expaixd into a series 
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d 



b -ax 



Ans. §ll+^+^+^+^, &c.\ 
b\ ^ b^ b^ ^ b' ^ b* ' I 

5. Expand into a series " ^ 



Ans. 14-:r+5x'+13a;^+4la?'-pl2U^+365x*, &c, 
6. Expand into a series 



1 — « - aj*-|-ar* 
Ans. \+x+2a^+2x^+Sx*+Sx'+43f'+4x\ &c. 

7. Ejtpaod -JH 8. Expand ^ " * 



I - to; 1 - 5j-f-6a?' 

9. Expand _?±*f lo. Expand J±!L. 

SUMMATION OF SERIES. 

491. Though an infinite series consists of an unlimited 
number of terms, yet, in many caset^, it is not difficult to find 
what is called the sum ofUte lemif; that is, a quai^tity which 
differs less, than by any assignable quantity, from the value 
of the whole. This is also called the livtU of 'the series. — 
Thus the decimal 0.33333, &c. may come infinitely near to 
Ihe vulgar fraction ^, but never can exceed it, nor, indeed, 
exactly equal it. See Arts. 453, 4. Therefore i is the limit 
of 0.33333, &c. that is, of the series 

1 I TH ir4"ro iTTT I m I i n mm Tr> &C. 
If the number of terms be supposed infinitely great, the 
dilTerence between their sum and i, will be infinitely small. 

492. The sum of an infinite series whose terms decrease 
by a common divisor, may be found, by the rule for the sum 
of a series in geometrical progression. (Art. 442.) Accord- 
ing to this, S=2 ^' " ^, that is, the sum of the series is found 

by multiplying the greatest term into the ratio, subtracting 
the least term, and dividing ty tlte ratio less 1. But, in an 
infinite series decreasing, the least term is infinitely small. — 
It may be neprlected therefore as of no comparative value. 
(Art. 456.) T-lie formidu will then become, 

S=rizO or S= »•* 



r-1 r-1 



y 
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Ex. 1. '\^nmt is (he sum of the infinite scries 

T pH~t fiT- rrmrn j i fu i wi> [ i n <r innr» **^C. 1 

Here the Qrst term is ^^ and the ratio is 10 

Then S=J1- =:il!2£j3=f = J, The answer, 
r-l 10-1 

2. Wiiat is the sum of the infinite series 

Ans. 5f=Jl-=?2<l=2. 
r-l 2-1 

3. What is the sum of the infinite series 

l+i+i+«'S+<'t, &c. 1 Ans. |=l+f 

^, 493. Ttiere are certain classes of infinite series, whose 
sums miiy be found by subtraction. 

By the rules for tlie reduction and subtraction of fractions, 

1 l_3-2_ 1 

2"3 2x3 2x3' 

1 l_4-3_ 1 

8 "4 3x4 3x1' 

1^1 5^4_. I 4 

4 6 4x5 4x5 

If then (he fractions on the right be fomied into a series, 
they wiii.be equal to the dijfp^ence of two series formed from 
the fractions on the left. Tliis difference is easily foimd ; 
for if the first term be laken away from one of these two 
series, it will be equal (o the other. 

Supi>ose wo have to find the sum of the infinite series 

2-3^ 3-4^ 4-5^ 5^ 

From this, let another be derived, by removing the lost 
factor from each of the denominators; and let Xhe sum of 
the new series be represented by S, 

Thai is, let «= 1+1+1+1, &c. 
^ 2^3^4^5 

Then S-l=l+\+l+l,>.c. 



And oy subtraction -.=--._+----+^-+.~~-, &c. 
^ 2 2-3^ 3-4^ 4-5^ 5-6 
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Here the new series is made one side of an equation, and 
directly under il, is written tlie same series, after tlie first 
term ^ is taken away. If the upper one is equal to S, it is 
evident that the lower one must be e(|ual to 5- J. Then 
subtracting the terms of one equation from those of the 
other, (Ax. 2,) we have the sum of the proposed iseries 
equal to J. For S - (S - i) = iSf - S+i =i. 

2. What is the sum of the infinite series 

Here a new series may be formed, as before, by omitting 
the last factor in each denominator. 

Let 5=1+1+1+]+^, &c. 

Then S^ ^=^+^+1+^+1, &c. 
2 3^4^6^6^7 



And by subtraction |=^-+|^+_^^.+-.^+^^ &c. 

Or ?= J-+J—U J-f i.+_L, &c. 
4 1 -3 2-4^3-5^4-6^5-7 

In repeating the new series, in this case, it is necessary to 
omit the two first terms, which are l4-i=3-. 

S. What is the sum of the infinite series 

-1-4—I-H — I — h I , &C.1 

Here a new series may be formed by omitting the last fac- 
tor, and retaining the l;wo first, in eacJi denominator. And 
we shall find 

8 2-4-6"*"4-6-8'^6-810'**'810-12* 

32 2-4-6^4-6-8^6-8-10^S-10-12* 
4. What is the sum of the infinite series 

l-2T^2-3-4^3-4-5^4o-6 4 
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493. 6. Series wliose snms can be determiiied, may also 
befoiiiul by tite fdknvijig nielliod. Ansunie a ikcrenjsing 
series, i-atiialHiiig; tlie {towers of a varialiie quanUty x^ whose 
sum =5. Multiply boili sides of the equation, by a com- 
pound factor, in wliich x and some cons(niii quantity are oon- 
tained ; and give to x sucli a value, that (he compound fac- 
tor shnll be e(|ual to 0. If one or nMM'e of the first tenns be 
then transposed, these will be equal to the sum of the re- 
maining series. 

Ex. 1. Lei S=l+^-\-^+-+^+^iLc. 
Multiplying both sides by a:- 1^ we have 

^ ' ^1 2^2-3^3-4^4-5^5-6 

If we make a:= 1 , the first member of the equation becomes 
Sx{\ - 1 )=0. (Art. 112.) Tlkeii traasposing - 1 from the 
other side, we have 

1= L+J 4-1.4. JL+ L &c 

2. Let S=14-f4-^4-?!+?!, &c. asbelore. 
Multiplying by x' - 1, we have. 

Making £=!, And transposing the two first terms of (he 
series, we hare 

^2 2 l-3^2-4^3-5^4'6^5-7 

3. Multiplymg iS=:l+?4-^+^, &c. by 2a?-.3a:+U 

we have 

Sx(2x'-3j4-l) = l-^4-^4--5?!-f-2fl, &:c. 
^^ ^ ' 2^1-2-3^2^3T^3-4-6' 

And if X be put equal to 1, 

3_ 5  6 , 7 , 8 ^^ 
2 l-2-3"^2-3-4"*'3-4-5 4-5-6' 
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From the two Inst examples it will be seen, thftt diJjflarefU 
series may have the sume sv/nu 

RECURRING SERIES. 

493. c. When a series is so constituted, that a certa^ 
nmiiber of contiguous terms, taken in any part of the series, 
have a given relation to the term innnediately succeeding, 
it is called a recurring series ; as any one of the following 
terms may be found, by recurring to those which precede. 

Thus in the series 1 -f 3a:+4x^+7a?'+ 1 1 x^+ 1 8a;*, &c 

the sum of the co-eificlentsof any two contiguous terms^ is 
equal to the co-eiiicient of the following term. If the series 
be expressed b}' 

^i+B+C+D+E, &c. 

Theii •5=1, tlie first term, B=3a-, the second, 
C^zBx+Ax'^ix^ the tliird, 
D^ Cx'{'Bs!^=z7a?, the fourth, &c. 

That is, each of the terms, after the second, is equal to the 
one imnie^Uately preceding multiplied by or, 4* ^^^ ^^^ ^^^ 
preceding multiplied by x\ 

In the series 1 +2ar+3a:?4-4a:''+5a:*4-6a;^, &c., 
each term, after trie second, is equal to 2:S multiplied by the 
temi immediately preceding, -x^ multiplied by the term 
next preceding. The co-efficients of x and a;*, that is +2 - 1, 
constitute what is called the scale of reltui&ru 

In the series l+4ar46ar«-l-llx'+28a;'+63a:«, &c., 
any three contiguous t«rms have a constant relation to the 
succeeding term. Th^ scale of relation is 2 - 1+3 ; so that 
each term, after the thud, is equal to 2a; into the term hnme- 
diately preceding, -ar'uito the term next preceding, -i-Sa:^ 
into the third preceding term 

Let any recurring series be expressed by 
^-\,S+C+D+E+Fy &c. 

If the law of progression depends upon tvto contiguous 
terms and the scale of relation consists of two purts, m 
andn, 24 
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Tlien C— Bmx^Anx\ the third tcnn, 
l)^Cmx-\'Biu^y the foiuthy 
E-Dmx\-Cnx\ the fifth, 
&c. &c. 

If tlie law of progression depends on three contiguous 
Icnnsy and the scale of relation is m4-»+^> 

Then J)=Cma:+-Bwa:*4-•^''*^ ^^^ fourth term, 
£=Z>jrx-f Cnx'+Brx', the fifth, 
F=Emj+Dnx'-\-Crx\ the sixth, 
&c. &c« 

If the law of progression depends on more than three terms^ 
the succeeding terms are derived from them in a similar 
manner. 

493. d. In any recurring series, the scale of relation^ if it 
consists of tioo parts, may be founds by reducing the equa- 
tions expressing the values of two of the tenns ; if it con- 
sists of three parts, it may be found by reducing the equations 
expressing the values of three terms, &c. As the scale of 
relation is the same, whatever be the value of a; in the series, 
the reduction may be rendered more simple, by making x= 1. 

Taking then the fourtli and fifth tei-ms, in the first exam- 
ple above, and making x=l, we have 

K^ihnjic [ ^^ ^"^ ^^^ values of m and n. 
These reduced, (Art. 339,) give 

CC-^BD " CC^BD' 

in f hp flpriPH S*A B C D E F 
in me senes ^ i^^^^^^_^'^^^Q^ij^^ii^'i^ i^c. 

Making ar= 1, we have 

5^-3x7 5«-3x7 

Therefore, the scale of relation is 2 - 1 . 

To know whether the law of progression depends on two, 
Ihree^ or more terms ; we may first make trial of two terms ; 
aud if the scale of relation tl\us found, does not correspond 
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with the given series, we may try three or more terms. Or 
if we begin witli a number of terms greater than is neces- 
sary, one or more of the vahies found will be 0, and the 
others will constitute the true scale of relation. 

y 493. e. Wien the scale of relation of a decreasing recur- 
ring series is known, the sujh of Uie terms may be found. 

j^^ {A B C D E F 

be a recurring series, of which the scale of relation is tii-^-n. 

Then ^=z the first term, £:= the second, 
C=Bxn^+^Xna^i the third, 
J>=Cx»wr-f J^xn^'S the fourth, 
E=:IJx^nxA-Cxn3^, the filth, 
. &c. &c. 

Here mx is multiplied into every term, except the first and 
the last ; and tu^ into every term except the two last. It 
the series be infinitely extended, the lai*t terms may be neg- 
lected, as of no coniparatjve value, (Art. 456,) and i£ S=s: 
the sum of the terms, we have 

S=.9+B+mxX{B+C+D, &,c.)+nx^x{^+B+C, &c.) 
But S-A=B+C+Dy &c. And &=jJ+B+C, &c. 
Therefore S^^+B+nixxi^- 'S)+nx'xS. 
Reducing this equation, we have 

o JlA-B^Jimx 
1 - nix - nx* 
Ex. 1. What is the sum of the infinite series 

14-6x4. 12a:'+48x'+120ar\ &c. 1 
The scale of relation will be found to be I4-6. 
Thenj3=l, ^=6x, m^l, n=6. 

The series therefore = i-f--. 

1 - X - 6ar 

2. What is the sum of the infinite series 

l-j-3ar+4a;^4.7ar*+llx'+18x'4-29j:«, &c. 1 

Ans. ,J±!i^ 
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5. What IS the sum of the infinite seriefl 
l+,4.5^+I3a'+4lx^4-121«»+S65«*, &c. f 

Ans. -—— . — —-. 
l-2x-3a; 

4. Wiat is the sum of the infinite series 

|+2j-2j?_ 1 

l-2x+x« {i-xy 

6. THiat is the sum of the infinite series 



Ans. 



1+x 



(l-x)' 

6. ^\liat is the sum of the infinite series 
14.2x+8x*+28x»+100x*, &c.1 

1-i 



Ans. 



l-3x-2x« 



„. . . iA B C D E F 

If in the senes | a+bx+ca^+dui'+e^+f^f &c. 

the scale of relation consists of three parts, m+ii4-»f 

Then JJ= the first term, B— the second, C= the third, 
I>=Cxmx+Z?x«ar«+.«X»-arS the fourth, 
EzzzDxmx+Cxnx^'Bxrr^y the fifth, 
Fz^zExmx+Bxnx^+Cxrx", the sixth, 

&c. &c. 

Therefore 

S=zA+B+C+nixx{C+D+E &c.)+n«'X 

{B+C+n &c.)+rjr^X(^+-B+C&c.) That is, 
S^A+B+C+rnxxiS-A' B)+nx'x{S--A)+rx'xS 
Reducing this equation, we have 
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Ex. 1. What is the sum of the infinite series 

in whicn the scale of relation is 2 - 1+3 1 
Ans l+gx+x'-2x^ _( l+a:)^-2x^ 
* l-2x+ar*-3«» {i-xy^Sx'' 

2. What is the sum of the infinite series 
\+x+%x''+2a^+Sx'+Sx'+4x''+4x\ Slc 
in which tiie scale of relation is l+l ~ H 

Ans. 

METHOD OF DIFFERENCES. X 

493. e. In the Summation of Series, the object of inquii-y 
IS not, always, to determine the value of the whole when in- 
finitely extended ; but frequently, to find the sum of a cer* 
tain number of terms. If tfie series is an increiising one, the 
sum of all the terms is infinite. But the value of a limited 
number of terms may be accurately determined. And it is 
frequently the case, that a part of a decreasing series, may 
be more easily summed than the whole. A moderate num- 
ber of terms at the commencement of the series, if it ponver- 
ges rapidly, may be a near approximation to the amount of 
the whole, when indefinitely extended. 

One of the methods of determining the value of a limited 
number of terms, depends on finding the several orders of de- 
ferences belonging to the series. The differences between 
the terms themselves, are called the ^r^l order of difierenceff ; 
the differences of these differences, tne second order, &c. In 
the series, 

I, 8, 27,64, 125, &c. 

by subtmcting each term from the next, we obtain the first 
order of diiTerences 

7, 19, 37,61, &c. 

and taking each of these from the next, we have the second 
order, 

12, 18, 24, &c. 

Proceeding in this manner with the series 

a, 6, c, d, c, /, &c. 

we o])tain the fallowing ranks of diflerence% 

24* 
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1st. DiflT. 6-a, c*-6, d-e, t-d^f-^e^ &c. 
2ii Diff. c- 2fr-l-rt, d- 2c+6, e- 2d4-«,/-2«4.rf, &c. 
3d. Diff. d - Sc+3fr - a, e - 3c/+3c - i, /- 3c+3rf - c, &c. 
4th. Diff. f - 4c/-f 6c - 46+0, /- 4c-|-6c/- 4c+fc &c, 
5th. Diff. /- 5e+ 1 Od - 10c+6fr - a, &c. 

&c. ^ &c. 

In these e!q|)ression8, each diflerence, here pointed off by 
commas, though a compound i{UHntiry, is caileu a term. Thus 
the first temi \\\ the first rank is 6 - a ; in the second, c - 2b-(-a; 
in the third, £l-3c+36-a; &c. Tlie fiist lemiSy in the 
several orders, are those wiiich are principally einpi03'ed, in 
investigating and applying the method of differences. It will 
be seen, that in the preceding scheme of the successive dif- 
ferences, the co-efficients of the first term. 

In the second rank, are 1^ 2, 1 ; 
In the third, 1, 3, 3, 1; 

In the fourth, 1, 4, 6, 4, I ; 

In the fifth, 1, 5, 10, 10, 5, 1; 

Which are the same, as the co-efficients in the pwert ofhU 
nomials. (Art. 471.) Therefore, the co-efficients of the first 
t«rm in the nth order of differences^ (Art. 472,) are 

1, n, »X5^ nx^X^, &c. 

493. /. For the purpose of obtaining a general expression 
for any term of the series a, 6, r, d, Slc. let D\ iy\ iy'\ D'^ 
&c. represent the first terms^ in the first, second, thicd, fourth, 
&c. oniers of differences. 

Then iy=:b- a, 

J>''=c-2fc+a, 
I}''^=rf-3c+36-a, 
2> '"^=6-4^+60 -46+0, 
&c. &c. 

Transposing and reducing these, we obtain the following 
expressions for the terms of the original series, a^b, c^ d^ &c. 

The second term bz=za^D\ 

The third, c=a+2n'+D'\ 

The fourth d=a+SD'+Siy'+jy'', 

The firth, t=za+4D'+eiy'+4D^'+iy'\ 
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Here the co-eflicients observe the same law, as in the pow^ 
ers qf a binomial; with this difi'erence, that the co-eiricients 
of the nth tern) of the series, are the co-eiiicieuts of the 
(n- l)th power of a binomiuL 

Thus the co-efficients of (lie fifth tenin are 1, 4, 6, 4, 1 ; 
which are the same as the co-efficients of the fourih power 
of a binomial. Substituting, then, n- 1 forn, in the formula 
for the co-efficients of an involved binomial, (Art. 472,) and 
applying the co-efficients thus obtained to //, D^\ D'^\ iy"\ 
&c. as in the preceding equations, we have the following gen- 
eral expression, for the nth term of the series, a, fr, c, d^ &c. 

The nth term 

=a+(n-l)iy+(n-l)!LT^i>''-fn^l!L:^X~^/>n &c. 

When the differences, after a few of the first orders, become 
0, any term of the series is easily found. 

Ex. I. What is the nth term of the series 1, 3, 6, 10, 15, 21 1 
Proposed series 1, 3, 6, 10, 15, 21, &c. 
First order of diflT. 2, 3, 4, 5, 6, &c. 
Second do 1, 1, 1, 1, &c. 

Third do. 0, 0, 0, 

Herea=l, 1>'=2, D''=l, D'^'^.O. 

Therefore the nth terra =:14-(n-l)2-fn-l?'"^ 



■*•• 



The 20th term = 1 +38+ 171=210. The 50th = 1 275. 

5. What is the 20th term of the series P, 2', 3', 4', 5*, &c. 1 
Proposed series 1, 8, 27, 64, 125, &c. 
First order of diflT. 7, 19, 37, 6 1 , &c. 
Second do. 12, 18, 24, &c. 

Third do. 6, 6, &c. 

IIereZy=7, I>''=12, IV^'^e. ' 

Therefore the 20th term =8000. 

3. What i^ the 12th term of the series 2, 6, 12, 20, 30, SlcA 

Ana. 156. 

4 What is the 15th term of the series \\ 2', 5\ 4^ 5", 6\ &c.1 

Ans. 225. ' 
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493. g To obtain an expression for the mm of any number 
of terms of a series a, 6, c, of, &c. let one, two, three, &c. terms 
be successively added together, so as to form a new series^ 

Taking the differences in this, we have 

1st Diff. a, 6, c, rf, e, / &c. 
2d Diff. b-OyC-hy d-c^e-d^f-tytLC. 
8d Diff. c - 26-1-0, d - 2c-|-6, e - 2d+CyU 2e+d, &c. 
4th Diff. (i-3c-f36-a, e-Sd+Sc-bj-Se+Sd-c, to. 

&c. &c. 

Here it will be observed that the second rank of differences 
in (he new series, is the same as the first rank in the crigmal 
series a, 6, c, (f, e, &c. and generally, tliat the (n-{-l)th rank 
in the new series is the same as the nth rank in the original 
series. If, as before, D^= the first term of the first differen- 
ces in the original series, and d^= the first term of the first 
differences in the new series ; 

Then d'=a, dr'=iy, d'''=:iy\ d!"'^jy",ti.z. 

Taking now the formula (Art. 493./.) 

«+(«-i)iy+(«-i)!Lz2iy'+(«-i)!Li!x!^"+*e. 

which is a general expression for the nth term of a series in 
which the first term is a ; applying it to the new series, in 
which the first term is 0, and substituting n-}-l for n, we have 

[&c. 

Or na+n5zliy+n!Lll x — iy'+n!Lll x?-!!? X— ?i>'''+ 
^2 ^23 ^234^ 

[&c. 

VPhich is a general expression for the (n4-l)tb terra of the 
■eries 

0, a, a-|-6, a4-fr+^> o-i-b-^-c-f-d, &c. 
or the nth term of the series 

0, a-|-6> «+*+^> a-j-fc-J-c-frf, &c. 
But the nth term of the latter series, is evidently the nnn 
of n terms of the series, a, i, c, d, &c. Therefore \ivt 
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general expression for tlie sum of n terms of a series of toluch a 
U the first term^ is 

'^2 ^23 ^234 

Ex. 1. What is the sum of n terms of the scries of odd 
nnmbersy 1, 3, 5, 7, 9, &c.1 

Series proposed !» 3, 5, 7, 9, &c. 

First order of diff 2, 2, 2, 2, &c. \ 

Second do. 0, (J, 0, ,' 

Herea=l, 1^=2, IT'^^O. 



.''%' 
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n— 1 
Therefore the simi of n terms =n4-ii x^^n*. 

2 
That is, the sum of the terms is equal to the square of the 
n/omber of terms. See Art. 431. 

2. What is the sum of n terms of the series 

!•, 2«, y, 4% 6\ &c. 1 
Herea=l, 2)^=3, I>''=:2, J5"'=0. 

Therefore n terms =4 (2n'-f 3»'+n) - in(n+ 1 ) X (2n+ 1). 
Thus the sum of 20 terms =2870. 

3. What is the sum of n terms of the series 

|8 2^ 3^ 4** gif» f 

Herea=i, 'j5''=:7, X>^'=12, jD^^'=0, D'^'^O. 



Therefore n terms = J (*»^+2n'4-«') = (i«X »+!)*• 
Thus the sum of 50 terms =1625625. 

4. What is the sum of n terms of the series 

2,6, 12,20,30, &c.? 

Alls. ln(n+l)x(n+2.) 

5. Wliat is the sum of 20 terms of the series 

1,3,6, 10, 15, &c.? 

6. What is the sum of 12 terms of the series 

IS 2\ 3*, 4*, 5% &C.1  



* See Note U. 
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COMPOSITION AND RESOLUTION OP THE mCHER 

EQUATIONS. 

Art. 494. EQUATIONS of any degree may be produced 
from simple equations, by muLlipiication. Tiie manner in 
wliich they are compounded will be best understood, by: 
taking them in that state in which they are ail brought on 
one side by trarisposition. (Art. 178.) It will also be neces- 
sary to assign, to the same letter, tUfrereut values, hi the 
different simple equations. 

Suppose, that in one equation, x=:r2 ) 
And, that in another, x=3 ) 

By r ransposition, or - 2 = 

And or -3=0 



Multiplying them together, a;* - 5x-\-6=z0 
Next, 8up}x>se a? - 4 = 



And multiplying, «?» - 9x«+26ar - 24=0 

Again suppose, a? - 5 = 

And mult, as before, «?•- Hai'+Tla;'- 154«4.120=0, &c. 

Collecting together the pi'oducts, we have 
(x~2)(3r-3) =«»-5x+6=0 

(a?-2)(x-S)(a:-4) =a^-9a;'+26x-24=0 
Or-2) (x-S) (x-4) (x-5) =x«- 14x»+71x«- 154x4-120=0 &c. 



:^ 
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That IS, the product 

of two simple equations, is a qtuidratic equation ; 
of three simple equations, is a cubic equation ; 
of four simple equations, is a biquadratic^ or an equa- 
tion of the fourth degree, &c. (Art. 300,) 

Or a cubic equation may be considered as the product of a 
quadratic and a simple equation ; a biquadratic, as the 
product of two quadratic ; or of a cubic and a simple equa- 
tion, &c. 

495. In each case, the exponent of the unknown quantity, 
in tlie first term, is equal to the degree of the equation ; and, 
in the succeeding terms, it decreases regularly by 1, like the 
exponent of the leading quantity in the power of a binomial. 
(Art. 468.) 

In a quadratic equation, the exponents are 2, 1. 

In a cubic equation, 3, 2, 1. 

In a biquadratic, 4, 3, 2, 1, &c. 

496. The number of terms, is greater by 1, than the degree 
of the equation, or the number of simple equations from 
which it is produced. For besides the terms which contain 
the different powers of the unknown quantity, there is one 
which consists of knovm quantities only. The equation is 
here supposed to be complete. But if there are in the partial 
products, terms which balance each other, these may di$ap^ 
pear in the result. (Art. 110.) 

497. Each of the values of the unknown quantity is cal- 
led a root of tlic equation. 

Thus, in the example above. 

The roots of the quadratic equation are 3, 2, 

of the cubic ecjuation 4, 3, 2, 

of the biquadratic 5, 4, 3, 2. 

The term root is not to be understood in the same sense 
here, as in the preceding sections. The root of an equation 
is not a quantity which multiplied into itself vfWl produce the 
equation. It is one of the values of the unknown quantity; 
and when its sign is changed by transposition, it is a term in 
one of the binomial factors which enter into the composition 
of the equation of which it is a root. 
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The value of the unknown letter ar, in the equation, is a 
quantity wliicli may be substituted for Xy without affecting 
the equality of tlie membei^. In the equations which we 
are now considering^ each member is equtil to 0; and the 
first is the product of several factors. Tliis product will coiv 
tinue 10 be equal to 0, as long as any one of its factors is 0. 
(Art. 112.) If then in the equation 

(a:-2)x(:p-3)x(x-4)-(a?-5)=0, 
we substitute 2 for a:, in the first factor, we have 
0x(«-3)x(a?-4)-(x-5)=0. 

So, if we substitute 3 for a:, in the second factor, or 4 in 
the third, or 6 in the fourth, the whole product will still be 0. 
This will also be the case, when the product is formed by an 
actual multiplication of the several factors into each other. 

Thus, as ar* - 9a:'4-26ar- 24=0 ; (Art. 494. 
So 2'-9x2*+26x2-24=0, 
And3'-9x3'-f26x3-24=0, &c. 

Either of these values of a;, therefore, will satisfy the con- 
ditions of the equation. 

498. The number of r'X)ts, then, which belong to an equa- 
tion, is equal to the degree of the equation. 

Thus, a quadratic equation has two roots ; 
a cubic equation, three; 
a biquadratic, /our, &c. 

Some of thece roots, however, may be imaginary. For an 
imaginary expression may be one of the factors from which 
the equation is derived. 

499, The resolution of equations, which consists in finding 
their roots, cannot be well understood, without bringing into 
view a number of principles, derived from the maimer in 
which the equations are compounded. The laws by which 
the co'ejjlcienls are governed, nuiy be seen, from the following 
view of the multiplication of the factors 

X -^ a, X "by X -—Cy X— dy 

each of which is supposed equal to 0. 

The several co-ef!icients of tlie same power of a:, are pla^ 
ced under each other.- 
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Thus, -ax - bx is ^'ritten ~ ^ ( J? ; and the other co-effi 

cients iii the same manner. 

The product, then 

Of (ar-a)=0 
Into(ar-6)=0 ^ 

Is x^Zbi *+^^=^> a quadratic equation. 
This into a: -c=0 




x-^abcz^Of a cubic equation. 



Tliis into x - rf=0. 



Is a;" 





x-\-abcdz=zOy a biquadratic 



&c. 



600. By attending to these equations, it will be seen thioit, 

In the first term of each, the co-efficient of a; is 1 : 

In the second term, the co-efficient is the sum of all the 

roots of the equation, with contrary signs. Thus the rooti 

of tlie quadrati'*. equation are a and 6, and the co-efficients, 

in the second tenn, are - a and - 6. 

In the third term, the co-efficient of rr, is the sum of nil 
the products which can be made, by multiplying together 
any two of the roots. Thus, in the cubic equation, as the 
roots are a, 6, and c, the co-efficients, in the third term, are 
a6, acj be. 

In the fourth term the co-efficient of x is the sum of all 
the products which can be made, by multiplying together 
any three of the roots after tlieir signs are changed. Thui 
the roots of the biquadratic equation are a, fr, c, and rf, and 
the co-efficients in the fourth term are - a6c, - a6(2, — ord^ 
-6cJ. 

Tlte last term is the product formed from all the roots of 
ihe equation after the signs are changed. 

25 
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In the cubic equation, it is - a x - * X "^ c=s - abc. 
In the biquadratic, -ax-^X-cX -d=+o6cd!, &c. 

501. In the preceding examples, the roots are all positwe. 
The signs are changed by transposition, and when the seve- 
ral factors are multiplied together, the terms in the product, 
as in the power of a residual quantity, (Art. 476,) ore alter- 
nately positive and negative. But if the roots are all nega^ 
Hvey they become positive by transposition, and aU the terms 
in the product must be positive. Thus if the several values 
of ar are - 0, - 6, - c, - d, then 

x+a=iOy ar+tzsO, ar+c=0, af+rf=0 ; 

and by multiplying these together, we shall obtain the same 
equations as before, except that the signs of all the terms 
will be positive. In other cases, some of the roots may be 
positive, and some of them negative* " 

502. As equations are raised, from a lower degree to a 
higher, by multiplication, so they may be depressed^ from a 
higher degree to a lower, by diviHon, The product of (x - a^ 
into {x - fr) is a quadratic equation ; this into {x - c) is a 
cubic equation ; ainl this into {x - c2) is a biquadratic. (Art. 
494.) If we reverse this process, and divide the biquadratic 
by (a: -J), the quotient, it is evident, will be a cubic equa- 
tion ; ^nd if we divide this by {x - c) the quotient will be 
quadratic, &c. The divisor is one of trie factors from which 
the equation is produced ; that is, it is a binomial consisting 
of X and one of the roots with its sign changed. When» 
therefore, we have found either of tte roots, we m^y divide 
by this, connected with the unknown qucgxtity, which, wiil 
ri^iK^ the equation to the next inferior degree. 

RESOLUTION OP EOUATIONB. 

503. Various methods have been devised ifr the resabOian 
of the higher equations ; but many of them aire intricate and 
tedious, and others are applicable to particular cases only. 
The roots of numerical equations may be found, however, 
with sufficient exactness, by successive approxmations. From 
t)ie laws of the co-efficients, as stated in Art. 500, a general 
estimate may be formed of the values of the roots. They 
must be such, that, when their signs are changed, their 
product shall be equal to the laH term of the equation, and 
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their sum equal to the co-efficient of the second term. A trial 
may then be made, by substituting, in the pkice of the un- 
known letter, its supposed value. If this proves to be too 
small or too great, it may be increased or diminished, and 
the trials repeated, till one is found which will nearly satisfy 
the conditions of the equations. After we have discovered or 
assumed two approximate values, and calculated the errors 
which result from them, we may obtain a more exact cor- 
rection of the root, by the following proportion, 

Jls the difference of the errors^ to the tUfference of the assumed 
numbers ; 

So is the least error^ to the correction required^ in the corres^ 
wmding assunud number. 

This is founded on the supposition, that the errors in the 
esults are proportioned to the errors in the assumed numbers^ 

Let JV* and n be the assumed numbers ; 

S and *, the errors of these numbers ; 

R and r, the errors in the results. 

Then by the supposition R:r:: S :s 

And subt. tlie consequents (Art. S89.) R-r: S-siir: s. 

But the difference of the assumed numbers is the same, 
as the difference of their errors. If for instance, the true 
number is 10, and the assumed numbers 12 and 15, the er- 
rors are 2 and 5 ; and the difference between 2 and 6 is the 
same as between 12 and 15. Substituting, then, JV-n for 
S-Sf we have A -r : A*- n : : r : 5, which is the proportion 
stated above. 

The term difference is to be understood here, as it is com- 
monly used in algebra, to express the result of subtraction 
according to the general rule. (Art. 82.) In this sense, the 
difference of two numbers, one of which is positiye and the 
other negative, is the same as their sum would be, if their 
signs were alike. (Art. 85.) 

The supposition which is made the foundation of the rule 
for finding the true value of the root of an equation, is not 
strictly correct. The errors in the results are not exactly 
proportioned to the errors in the assumed numbers. But 
as a greater error in the assumed number, will generally lead 
to a greater error in the result, than a less one, the rule will 
answer the pmpose of approximation. If the value which is 



284 ALGEBRA. 

first found, is not sufficiently correct, this maybe taken as one 
of the numbers for a second trial ; and the process may be 
repeated till the error is diminished as much as is ref|Uired. 
There will generally be an advantage in assumiivg two num- 
bers whose difference is .1, or .01, or .001, &c. 

Ex. 1. Find the value of ar, hi the cubic equation, 

«'-8«^+17a;-10=0. 

Here as the signs of the terms are alternately positive and 
negative, the roots must be all positive ; (Art. 501.) their 
product must be 10 and their sum 8. 

Let it be sui^sed that one of them is 5*1 or 5*2. Then, 
substituting these numbers for or, in the given equQ^tion, we 
have, 

Bythelst8uppos'n,(5-l)»-8x(5-l)'+17x(5-lH0=l-271. 
By the second (5*2)' - 8 x (5-2)^+ 17 X (5*2) - 10=2*688. 
That is. By the first supposition. By the second sfupposition. 

The 1st term, a?=: 132*651 140 608 

The 2d - 8ar«= - 20808 - 21 6*32 
The 3d 17a:=: 86.7 88*4 

The 4th -10=- 10. - 10-- 



Sums or errors, 4-1-271 +2*688 

Subtracting one from the other, 1 -271 



Their difference is 1 -4 1 7 

Then stating the proportion ^ 
1-4 : 0*1 :: 1*27 : 0*09, the correction to be sub- 
iracted from the first assumed number 5*1 : The remainder 
IB 5*01, which is a near value of op. 

To correct this farther, assume ar=5-01, or 5*02. 

By the first supposition. By the second supposition 

The 1st term a;'= 125*751 126*506 

The 2d -80;^=..- 200*8 -201*6 

The 3d 17x = 85*17 85*34 

The 4th -10 = - 10- -10. 



Errani + 0-121 4. 0*246 

0-121 



Difference 0*125 
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Tlien 0-125 : O'Ol : : 0'121 : 0-01, the correction. This 
subtracted from 5*01, leaves 5 for the value of x; which will 
be found> on trial, to satisfy the conditions of the equation. 

For 5'-8x5'+17x5-10=0. 

We have thus obtained one of the three roots. To find 
the other two, let the equation be divided by «-5, according 
to Art 462, and it will be depressed to the next inferior de- 
gree, (Art. 502.) 

« « $)ar» - 8«»+17:b - 10(a;» - 3jf4-2=0. 

Here, the equation becomes quadratic. 
By transposition, a?' - 3^?= - 2. 

Completing the square, (Art. 305.) a:*-Sa?-|-f=-f-2=|. 
Extract, and transp. (Art. 303,) a:=3±\/i=t±i- 
The first of these values of x, is 2, and the other 1. 

We have now found the three roots of the proposed equa- 
tion. When their signs are changed, their sum is -8, the 
co-efficient of tlie second term, and their product -10, the 
last term. 

2. What are the roots of the equation . 

x»-8a:*+4a?-f-48=0l Ans. -2,+4,.f6. 

3. What are the roots of the equation 

a;3 . t6x*^65x - 50=0 1 Ans. 1, 5, 10. 

4* What are the rootd of the equation 

a;3^2;e«-3Sa?=90 ? Ans. 6, - 5, - 3. 

5. What is a near value of one of the roots of the equation 
• «»+9x*-f4a;=801 

$. What is a near value of one of the roots of the equation 
ai'+is'+x=lOOl 

503. 6. Another method of approximdting to the roots of 
numerical equations^ is that of Newton, by successive substi- 
tutians. 

Let r be put for a number found by trial to be nearly equal 

to the root required, and let z denote the difieience between r 

and the true root x. Then in the given equation, substitute 

riz for X, and reject tlie terms which contain the mwers of z. 

2b^ 
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This will redace the equation to a rimph one. And if r 
be less than a unit, its powers will be still less, and therefore 
the error occasioned by the rejection of the terms in which 
they are contained, will be comparatively small. If the 
value of Zy as found by the reduction of the new equation, 
be added to or subtracted from r, according as the lattbr is 
found by trial be too great or too small, the assumed root will 
be once corrected. 

By repeating the process, and substituting the corrected ' 
value of r, for its assumed value, we may come nearer and 
nearer to tlie root required. 

Ex. 1. Find one of tlie values of a:, in the equation 

Letr--r=ar. 

Then \ - 16a;'= - 16(r-z)*= -a6r'+32rz-16z« } =60l 
( 65a: = 65(r-z) = 65r -65z ) 

Rejecting the t^rms which contain s^ and z*, we hav0 
r» - 16r*+6or - 3r»z+32rz - 65z=50. 

This reduced gives 
^_ 5Q~r'+16r'-65r 

-3r« +d2r-65' 

60 
If r be assumed =11, then z:± — =0'8 nearly. 

76 ^ 

and »=r-z nearly =11 -0'8=10*2. 

To obtain a nearer approximation to the root, let the cor- 
rected value of 10-2 be now substituted for r, in the preceding 
equation, uistead of the assumed value 1 1, and we shall have 

z=-188 x=:r- 2= 10-012. 

For a Airrf appioximation, let rsslOO}% and we have 
js='012 «=r--s=rlO. 

2. What IS a near value of one of the roots of the equation 
a*4.10a;»+5a:=2600r An& U'0067. 

9. "Wliat are the roots of the equation 

«»+2x'-ll»=12l 
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4. Wliat are the roots of the equation 

503.C. An equation of the mth.degree consists of rc^, the 

several inferior powers of x with their co-efficients, and one 

term in which x is not contained. If jJ, By Cy . , , . T, be 

put for the several co-efficients, and U for the last term, 

then x^+Jtar-'+BtxT'^+C^-^ .... +Tx+U=Oy 

will be a general expression for an equation of any degree. 

If a, 6, Cy &c. be roots of any equation, that is, such quan- 
tities as niay be substituted for x ; (Art. 497.) it may be 
shown, without reference to the method of producing the 
equation by multiplication^ that the first member is exactly 
dmsibU byx-ayX-byX - c, &c. 

For by substituting a for a:, we have 

a--|-.aa'»-'4.JBa— 24-Ca'»-» .... +Ta+U=:0. 

Ana trai>sposing terms, 

17= - or - jJa"-' - BaT-^ - CqT-^ ^Ta. 



Substituting this value for (7, in the original equation. 



Or, uniting the corresponding terms, 

(C;r— '- Ca"-') . . . . -f T(a?-a)=:0. 

In this expression, each of the quantities (x* •«"•), 
(•/Jaf- *— .4a*-*), &c. is divisiWeby «?-a; (Art. 466.) there- 
fore the whole is divisible by x - a. 

In the same manner it may be shown, that the equation is 
divisible by a? - i, x - c, &c. 

503.c{« The tpiotient produced by dividing the original 
equation by a: - a, is evidently equal to the aggregate of the 
particular quotients arising from the division of the several 
quantities (ar-cT), (x'"-*-a"*-'), &c. 

The quotient of (a:^- a~)-r(y - «)> (Art. 466) is 
x'-'+oaT-'+a'ar-^-a^a?'"-' . . • -f a—^ 

The quotient of A {sT^^ -a'—*) -J- (a? -a) b 
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Collecting these particular quotients together, and placing 
under each other the co-efficients of the same power of «, we 
have the following expression for the quotient of 

divided by a? - a. 

+B ) +Ba (* +B^-* 

I. +C > +Ca^'* 



• * • m • • 

The quotient of the same equation divided hy x-b, is 



+^5 



II. 



+6» ) _|.i» \ \. 4— » 

+C ) +C6—  



The quotient from dividing by x-e, is 

+^r +^c' J a*-+v?c» . , 
+5 ) +Be ^ '^ 

m. +c 



• • • 



4-r. 



+cr- « 

• • •  

+T. 



In the same manner may be found the quotients, produeed 
by introducing successively into the divisor the several roots 
of the equation ; which are equal in number to m. 

o03.c. From the known relations between the roots and 
the co-efficients of eqjmtions, as stated in Art. 500, Newton 
has derived a method of delennining the co-efficients, from 
the sum of the roots, the sum of tbelr squares^ the sum of 
their cubesy &c., though the roots themselves are unknown ; 
and 3n th« other hand of determining from the co-efficients, 
the sum of the roots, the sum of ihpir squares, the sum of 
theii cubes, &c. For this pur|K>pe, the folJowing plan of no- 
tation is adopted. Sih put for tlie sum of the roots, 4^, for 
the sum of their squares^ S^ for the sum of their cubesy ^c^ 
U the roots are a, h^c^d^ . . . /, then 
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JSO 



St-a-\-b+c+d... +1 

&c. &c. 

By means of this notation, we obtain the following expros 
eion for the sum of all the qnotieiits marked I, II, 111, &c 
(Art. 503.cf.) and continued till their number is equal to m. 



Y. 



4-m-B 







4-n;r. 



In the original equation, 

the co-efficients, «d, £, C, &c. have determinate relations to 
the sum and products of the roots, a, 6, c, &c. (Art. 500.) 
But the quotient marked I, (Art. 503. d.) produced by divid- 
ing by a: -a, is the first member of an equation of the next 
vrferiir degree^ (Art. 502.) from which the root a is excluded. 
So 6 is excUided from the quotient If, c from the quotient III, 
&c. In the expression above marked F, which is the sum 
of m quotients, the co-efficient of t in the 8e<!ond term is 
^1 -^niS. But «9, which is the co-efficient of x in the second 
term of the original ec) nation, is equal to the sum of the 
roots 0, by c, &c. with contrary signs ; (Art. 500.) that is 
Si = - A Therefore, 

iSi+i?iw9=(m-l)«9. 

In the tMrd term of the original equation, B the co-effi- 
cient of Xy is equal to the sum of all the products which can 
be made liy multiplying together any two of the roots. (Art. 
500.) But each of these products will be excluded from 
two of the quotients, I, II, III, &c. For instance, ab will not 
be found in the^ first, from which a is excluded, nor in the 
second, from which b is excluded. Therefore in the expres- 
sion F, the co-efficient of » in tlie third term is equal to 
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mB - 2ab - 2a6 - 2ady &c. But - 2ab, - Zae^ - 2ad, &c. = - 
2B. Bo that 

Srf jJiSf,+mB= (m - S)-B. 

In the fourth term of the original equation, C the co-effi- 
cient of Xy is equal to the sum of all the products which can 
be made by multiplying together any three of the roots, after 
their signs are changed But each of these products will be 
excluded from three of the quotients, I, II, III, &c. So that, 
in the expression F, the co-efficient of x in the fourth term, 
is equal to mC - ScAc - Sabd^ &c. That ia^ 

St+^S^+BSi+mC^ (m - S) C. 

In the same manner, the values of the co-efficients of x in 
succeeding terms may be found ; the number of the co-effi- 
cients being one less than the number of roots in the equation. 

Collecting these results, we have 

iS2+-4iSi+mB= (m - 2)B, 
Sv+JiS.,+BSi+mC^ (m - 8) C, 
S,+ASr-{'BSt+CS,+mD:^ (m - 4) A 
&c. &c. 

Transposing and uniting terms, 



&c. 



BS, 
BS^ 



3C=0, 
C5|+4D=0, 
&c. 



Substituting for iS„ Ss, iSf„ &c. their values, and reducing, 
II. S.= -^, 

S,r:=:^JP+SAB-SC, 

184=: •fl*-4w9«^+4j3C+21P-4A 

&c. &c. 

We have here obtained S3nnnmetrical expressions for the 
sum of the roots of an equation, the sum of their squarecf, 
the sum of their cubes, &c. in terms of the co-efficients. 
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By transposing the terms m the expressions marked I, we 
have the following values of Jly By C, &c. 

III. ^= - S, 

D= - i{CS,+BSrlJiSr\-S,) 

&Ct. «c. 

By which the eo-efficUnts of an equation may be found, 
from the sum of its roots, the sum of their squares, the sum 
of their cubes, &c. 

Ex, 1. Required the sum of the roots, the sum of thmr 
squares, and the sum of their cxibes, in the equation 

X* - 10ar»+S5«»- 50ar - 24=0. 

Here Jiz^ -^ la J?^35. C» *-50, 

Therefore <S,= 10 

S,= 10«-(8x35)=S0. 

5g=lQ"+(3x - 10x35) - (3x - «0)«100. 

9. Required the terms of the biquadratic equation in which 
£fi=l, iSs^39, 5j= -89, and the product of all tbie^ rooU 
after their signs are changed is -^ 30, 

Ans. «^ - «» -. 19a;«4-49ar - SOc=0.* 
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SECTION XXL 



APPLICATION OP ALGEBRA TO GEOMETRY.* 

Art. 604. It is often expedient to rocike use of the alge- 
Draic notation, for expressing tiie relations of geometrical 
quantities, and to throw the several steps in a demonstration 
into the form of equations. By this, the nature of the reason- 
ing is not altered. It is only translated into a different /an- 
guage. Signs are substituted for wordsj but they are intend- 
ed to convey the same meaning. A great part of the de- 
monstrations in Euclid, really consist of a series of equa- 
tions, though they may not be presented to us under the al- 
gebraic forms. Thus the proposition, that the 'sum of the 
three angles of a triangle is eqwxl to two right angles^ (Euc. 82. 
1.) may be demonstrated, either in common language, or by 
means of the signs used in Algebra. 

Let the side ^B^ of the triangle ABC, (Fig. 1.) be con- 
tinued toD; let the line BE be parallel tojSC; and let 
GHI be a right angle. 

The demonstration, in words, is as follows ; 

1. The angle EBD is equal to the angle BAC, (Euc. 23. 1.) 

2. The angle CBE is equal to the angle ACB. 

3. Therefore, the angle EBD added to CBEy that is, the 

angle CBDj is equal to BAC added to ACB. 

4. If to these equals, we add the angle JIBC^ the angle CBD 

added to ABC^ is equal to BJIC added to ACB and 
ABC. 



* This and the following section are to be re&d afler the Elements of 
Geometry. 



APPLICATIOJ*^ TO GEOMETRY. 293 

6. But CBD added to JIBC^ is equal to twice GHly that is, 
to two right angles. (Euc. 13. 1.) 

6. Therefore, the angles BAC^ and JtCB, and ABC^ are to- 
gether equal to twice G///, or two right angles. 

Now by substituting the sign +, for the word addtdy or 
and^ and the character =, for the word equals we shall have 
the same demonstration in the following: form. 

1. By Euclid 29. 1. EBD=BAC 

2. And CBE=ACB 

3. Add the two equations EBD-\-CBE=zBAC-\'ACB 

4. Add ABC to both sides CBD+ABC=:BAc4-ACB+ 

ABC 

5. But by Euclid 13. 1. CBD+ABC=2Gm 

6. Make the 4th & 5th equal BAc4'ACB+ABC^%GtiL 

By comparing, one by o^e, tlie steps of these two demon. 
Btrations, it will be seen, that they are precisely the same, ex- 
cept that they are differently expressed. The algebraic mode 
has often the advantage, nol only in being more concise than 
the other, but in exhibiting the order of the quantities more 
distinctly to the eye. Tlius, in the fourth and fifth steps of 
the preceding example, as the parts to be comparea are 
placed one under the other, it is seen, at once, what roust be 
the new equation derived from these two. This regular ar- 
rangement is very important, when the demonstration of a 
theorem, or the resolution of a problem, is unusually compli- 
cated. In ordinaiy language, the numerous relations of the 
quantities, require a series of explanations to make them un- 
derstood ; while by the algebraic notation, the whole may be 
placed distinctly before us, at a single view. The disnosi- 
tion of the men on a chess-board, or the situation of the ob- 
jects in a landscape, may be better comprehended, by a 
glance of the eye, than by the most labbured description \n 
words. 

605. It will be observed, that the notation m the example 
just given, differs, in one respect, from that which is general- 
ly used in algebra. Each quantity is represented, not by a 
single letter^ but by several. In common algebra* when one 
letter stands immediately before another, as a6, without any 
character between them, they are to be considered as mtM^ 
plicil together. 
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Bui in geotnetry, JIB is an expression for a single Kne, and 
not for tlie pioduct of w9 into B, Miiitipticatiou •s denoieil, 
either by a point or by the character X. ' The product oif 
JIB into CD, is ^BCD, or JlBxCD. 

606. Tliere is no impropriety, however, in representing a 
gcometncn! quantity by a single letter. We may make 6 
stand for a line or an angle, as well as for a number. 

If, in the example above, we put the angle 

EBD=a, .9CBz=zd, JIBC=h, 

RaC:=b, CBD=g, GHl^li 

CBE=zc, 

the demonstration will stand thus ; 

1. By Euclid, 39. 1. a-b 

2. And €=:d 

3. Adding the two equations, {i-^c=g=zb-]-d 

4. Adding h to both sides, g-\-h=b'\'d^h 

5. By Euclid 13. 1. g+h=:^2l 

6. Making the 4th and 5th equal, b'\'d'{-hz=2l 

This notation is, apparently, more simple than the other ; 
but it deprives us of what is of great importance in ^eometri* 
cal demoostrations, a continual and easy reference to the 
figure. To distinguish the two methods, capitals are gener- 
ally used, for that which is peculiar to geometry ; and small 
leiiersj for tha:t wiiich is properly algebraic. The latter has 
the advantage in long and complicated processes, but the 
other ifl often to be preferred, on account of the facility with 
which the figures are consulted. 

507. If a line, whose length is measured from a given 
point or line, be considered poW/ive ; a line proceeding in the 
Ofvposite direction it to be considered negative. If .SB (Fig. 
2.) reckoned from DE on the right, is positive ; AC on the 
left is negative. 

A line may be conceived to be produced by the motion of 
a point. Suppose a point to move in the direction of JIB, 
and to descnbe a line varying in length with the distance of 
the point fiiom ^9. While the point is moving towards JB, its 
distance from «d will incnase. But if it move from B to- 
wards C, its distance from A will dimimshy till it is reduced 
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to iK)tliing, and then will increase on the oppfmtt side. As 
that which increases the distance on the right, diminishes it 
on the left, f he one is considered positive, and the otlier nega* 
tjve. See Arts. 59, 60. 

Hence, if in tlie course of a calculation, the algebraic 
value of a line is found to be negative; it must be measured 
in a direction opposite to that whiciv, in the same process, 
has been considered positive. (Art. 197.) 

508. In algebraic calculations^ there is frequent occasion 
for multiplication^ division^ mvohition^ &c. But liow, it may 
be asked, can geometrical quantities l>e multiphed into each 
other 1 One of the factors, in nudtiplication, is always to Ije 
considered as a nwnber. (Art. 91.) .The operation cotisists in 
repeating the multiplicand as many times as there are units 
in the multiplier. How then can a /me, a surface^ or a soUd^ 
become a multiplier 1 

To ejq)lain this it will be necessary to observe, t hat when- 
ever /One geometrical quantity is nudtiplied into another, 
some parti^Uar extent is to be considered the unit. It is innna- 
terial wlmt this extent is, provided it reiifmins tlie same; in 
difierent parts of the same calculation. It may be an inch, 
a foot, a rod, or a mile. If an inch is taken for the unit, 
each of the tines to be multiplied, is to be considered ns niade 
up of so many parts, as it contains inches. The nuiltiplicand 
will then be repeated, as many times, as there are units in 
the multiplier. If, for instance, me of the lines be a foot 
long,^ and the other half a foot ; the factors will he, 0!ie 13 
inches, and the other 6,- and the product will be 73 inclies. 
Though it would be absurd to say that one line is to he re- 
peated as often as aiwlher is long ; yet there is no impropriety 
in saying, that one is to be repeated as many times, as there 
o.re feet or rods in the other. This, the nature of a calcula- 
tion often requires. 

509. If the line which is to be the multiplier, is only a 
part of the length taken foi the unit; the product is a like 
part of the multiplicand. (Art. 90.) Thus, if one of the 
factoi's is 6 inches, and the other half an inch, the product is 
3 inches, 

510. Instead of referring to the measures in common use, 
as inches, feet, &c. it is often convenient to fix upon one of 
the lines in a figure, as tne unit with which to compare all tho 
others. When there are a number of hues drawn witiiin 
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and about a drchj the radius is commonly taken for the unit. 
This is particularly the case m trigonometrical calculations. 

611. The observations which have been made concerning 
lines, may be applied to surfaces and solids. There may be 
occasion to multiply the area of a figure, by the number of 
inches in some given line. 

But here another dijfficulty presents itself. The product 
of two lines is often spoken of; as being equal to a surface ; 
aad ihe product of a line and a surface, as equal to a solid. 
Thus the area of a parallelogram is said to be equal to the 
product of its base and height ; and the solid contents of a 
cylinder, are said to be equal to the product of its length into 
the area of one of its ends. But if a line has no breadth^ 
how can the multiplication, that is the repeiilion^ of a line 
produce a surface 1 And if a surface has no thkkness, how 
can a repetition of it produce a solid 1 

If a parallelogram, represented on a reduced scale bj^ 
ABCDy (Fig. 3.) be five inches long, and three inches wide ; 
the area or surface is said to he equal to the product of 5 into 
3, that is, to the number of inches in AB^ multiplied by the 
number in BC> But the inches in the lines AB and BC are 
linear inches, that is, inches in length only; while those 
which compose the sur%ce JIC are superficial or squesrt 
inches, a different species of magnitude. How can one of 
these be converted into the other by multiplication,' a process 
which consists in repeating quantities, without changing 
their nature ? 

512. In answering these inquiries, it must be admitted, 
that measures of length do not belong to the same class of 
magnitudes with supei*ficial or solid measures ; and that none 
of the steps of a calculation can, properly speaking, trans- 
form the one into the other. But, thougli a line cannot be- 
come a surface or a solid, yet tlie several measuring units in 
common use are so adapted to each other, that squares, 
cubes, &c. are bounded by lines of the same name. Thus 
the side of a square inch, is a linear inch ; that of a square 
rod, a linear rod, &c. The length of a linear inch is, there- 
fore, the same as the length or breadth of a square inch. 

If then several square inches are placed together, as from 
Q to /2, (Fig. 3.) the number of them in the parallelogram 
OR is the same as the number of linear inches in the side 
Qft : and if we know the length of this, we have of course 
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the area of the paiallelograin, which is here sypposed to be 
one inch wide. 

But, i^^hn breadth is several inches, the larger parallelo- 
gram contains as inany smaller ones, each an inch wide, as 
there are inches in the whole breadth. Thus, if the paral- 
lelogram AC (Fig. 3.) is 5 inches long, and 3 inches broad, 
it may be divided into three such parallelograms as OR. To 
obtain, then, the number of squares in the large parallelo- 
gram, we have only to multiply the number of squares in 
one of the small parallelogiams, into the number of such 
parallelogi'ams contained in the whole figuic. But the num- 
ber of square inphes in one of the small parallelograms is 
equal io the number of linear inches in the length JIB, And 
the nmnber of small parallelograms, is equal to the number 
of linecU' inches in the breadth JBC. It is therefore said con- 
cisely, that the area of tlie parallelogram is equal to the length 
multiplied irUo the breadth. 

513. We hence obtain a convenient algebraic expression, 
for the area of a right-angled parallelogram. If two of the 
sides perpendicular to each other are .^/? and BCj the expres- 
sion for the area is ABx^(^ i ^^^^^ i^9 putting a for the area, 

a^ABxBC. 

It must be understood, however, that when JIB stands for 
a Une^ it contains only linear measuring units ; but when it 
enters into the expression for the area^ it is supposed to con- 
tain superjicial units of the same name. Yet as, in a given 
length, the number of one is equal to that of the other, they 
may be represented by the same letters, without leading to 
error in calculation. 

514. The expression for the area may be derived, by a 
luctiiod more simple, but less satisfactory perhaps to some, 
from the principles which have been stated concerning varj- 
able quantities^ in the 13th section. Let a (Fig. 4.) represent 
a sfpiare inch, foot, rod, or other measuring unit ; and let b 
and I be two of its sides. Also, let .5 be the area of any 
right-angled parallelogratn, B its breadth, and L its length. 
Then it is evident, tliat, if the breadth of each w^re the 
same, the areas would be as the lengths ; and, if the length 
of each were the same, the areas would be as the breadths. 

That is, w? : a : : L : /, when the breadth is given ; 
And A ; a:: B : bf when the length is given ; 
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Therefore, (Art. 420.) A: a:: BxL : H when both vary. 
Tliat is, the area is as the product of the length vmd brecidth. 

615. Hence, in quoting the Elements of Euclid, the term 
product is frequently substituted for rectangie. And what- 
ever is there proved concerning the equality of certain rect- 
angles, may be applied to the product of the lines which 
contain the rectangles.* 

516. The area of an oblique parallelogram is also obtained, 
by multiplying the base into the perpendicular height. Thus 
the expression for the area of the parallelogram ABM\f (Fig. 
5.) is MJ>rx^D or JlBxBC. For by Art. 513, ABxBC 
is the area of the right-angled parallelogram ABCD ; and 
by Euclid 36, l,t parallelograms upon equal bases, and be- 
tween the same parallels, are equal ; that is, ABCD is equal 
X.OABKM. 

517. The area of a square is obtained, by multiplying one 
of the sides into itself. Thus the expression for the area of 



.2 



the square JIC^ (Pig* 6,) is •ABy that is^ 

a=AB. 
For the area is eoual to ABxBC. (Art. 613.) 

But AB=zBCy therefore, ABxBC=JlBx*9B=:3B. 

618. The area of a triangle is equal to ha^ the product of 
the base and height. Thus the area of the triangle nSBG^ 
(Fig. 7.) b equal to half •SB into 6/7 or its equal J3C, that is, 

a=z\ABxBC. 

For the area of the parallelogiam ABCD is •iBxBCy 
(Art. 513.) And by Euc. 41, l,t if a parallelogram and a tri- 
angle are upon the same base, and between the same paral- 
lel^ the triangle is half the parallelogram. 

159. Hence, an algebraic expression may be obtained for the 
area of any figure whatever, which is bounded by right lines. 
For every such figure may be divided into triangles. 



 Sec Note W. 

I Legcndre's Geometry, American Edition, Art 166. 

X Le^ndrc, 168. 
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Thus the right-lined figure 

Abode (Fig. 8,) is composed of the triangles 
ABC, ACE, and ECD. 

The area of the triangle ABC=iACxBL, 

That of the triangle ACeJ\ACxEH, 

That of the triangle ECD^\ECxI>G. 

The area of the whole figure is, therefore, equal to 
{\ACxBL)+{\ACxEH)^{\ECxI>G). 

The explanations in the preceding articles contain the 
first principles of the mensuration of superficies. The object of 
introducing the subject in this place, however, is not to make 
a practical application of it, at present ; but merely to show 
the grounds of the method of representing geometrical quan- 
tities in algebraic language. 

520. The expression for the superficies has here, been de- 
rived from that of a line or lines. It is frequently necessary 
to reverse this order ; to find a side of a figure, from knowing 
its area. . 

If the number of square inches in the parallelogram 
ABCD (Fig. 3.) whose breadth BC is 3 irvches., be divided 
by 3 ; the qtiotient will be a parallelogram ABEF^ one inch 
wide, and of the same length with the larger one. But the 
length of the small parallelogram, is the length of its side 
AB. The number of square inches in one is the same, as 
the number of linear inches in the other. (Art* 512.) If 
therefore, the area of the large parallelogram be represented 

Jam 

by a, the side AB^——, that is, the length of a jparc^lehgram 

is found by dividing the area by the breadths 

521. If a be put for the area of a square whose side laAB, 

Then by Art. 517 ar=:AJB 

And extracting both sides ^a=AB. 

That is, tlie Me of the square is found, by extracting the 
square root cf the nunJ)er of measuring units, in its area. 

522. If AB be the base of a triangle and BC its perpen 
dicular height ; 
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Then by Art. 518, a=JJ5PCx«fl5 

And dividing by J J?C, JL^=AB. 

That is, the base of o triangle is founds by dividing the orea 
by half llie height. ' 

523. As a surface is expressed, by the product of its length 
juid breadth ; the contents of a solid may be expressed, by 
the product of its lehgth, breadth and deptli. It is necessary 
to bear in raind, that the measuring unit of sohds, is a cube ; 
and that the side of a cubic inch, is a square inch ; the side 
of a cubic foot, a square foot, &c. 

Let ABCD (Fig. 3.) represent the base of a parallelepi- 
ped, 5 inches long, three inches broad, and one inch deep. 
It is evident there must be as many cubic inches in the solid, 
as tliere are square inches in its base. And, aa the product of 
the lines *S[B and J5C gives the area of this base, it gives, of 
course, the contents of the solid. But suppose that the depth 
of the parallelopiped, instead of being one inch, is four inches. 
Its contents must be four times as great. If, then, the 
length be *4JB, the breadth J5C, and the depth CO^ the ex- 
pression for the solid contents will be, 

JlBxBCxCO. 

624. By means of the algebraic notation, a geometrical 
demonstration may often be rendered much more simple and 
concise, than in ordinary language. The proposition, (Euc. 
4. 2.) thai when a straight line is divided into two parts, the 
square of the whole line is equal to the squares of the two 
parts, together with tv/ice the product of the parts, is demon- 
strated, by involving a binomial. 

Let the side of a square be represented by 5; 
And let it be divided into two parts, a and 6. 

By the supposition, «=a-|-6 

And squaring both sides, s'^=^a^-^%ab-\'b\ 

That is, «* the square of tlie whole lijie, is equal to a' and 
6', the squares of the two parts, together with 2at, twice the 
product of the parts. , / 

525. The algebraic notation may also be applied, with 
great advantage, to the solution of geometrical problems. In 
doing this, it will be necessary, in the lirst place, to raise an 
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algebraic equation, from the geometrical relations of the 
qua.ntitie9 given and required ; and then by the usual reduc- 
tions, to find the value of the unknown quantity in this equa- 
tion. See Art. 192. 

Prob. 1., Given the base^ and the ^um of the hypothenuse 
and perpendicular, of the right angled triangle, .5J5C, (Fig. 
9.) to find the perpendicular. 

Let the base MB=:b 

The perpendicular BC=x 

The sum of hyp. and perp. s-^^SC^a 
Then transposing a?, AC= a-x 

1. By Euclid 47. 1,* BC+Jb^AC 

2. That is, by the notation, af'4:6'=(a-ar)*=a*-2aa?4-ir». 

Here we have a conrunon algebraic equation, containing 
only one unknown quantity. The reduction of this equa- 
tion in the usual manner, will give 

"tf — b* 
»= -— — = J?C, the side required. 

The solution, in letters, will be the same for any right 
angled triangle whatever, and may be expressed in a gene- 
ral theorem, thus ; * In a right angled triangle, the perpendi- 
cular is equal to the square of the sum of the hypothenuse 
and perpendicular, diminished by the square of the base, and 
divided by twice the sum of the hypothenuse and peipendi- 
cular.' 

It is applied to particular cases by substituting numberSy for 
the letters a and b. Thus if the base is 8 feet, and the sum 
of the hypothenuse and perpendicular 16^ the expression 

?Ll-. becomes _Il--6, the perpendicular; and this sub- 
tracted from 16, the sum of the hypothenuse and perpendi- 
cular, leaves 10, the length of the hypothenuse. 

Prob. 2. Given the base and the difference of the hypothe- 
nuse and perpendicular, of a right angled triangle, to find the 
perpendicular. 



 Legendre, 186. 
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Let the base AB (Fig. 10.) =6=20 

The perpeiuiiciilar, BC^x 

The given diflerence, =rf=lO. 

Then will the hypothenuse •flC=a:-f-(/. 

Then 



1. By Euclid 47. 1, AC^AB+BC 

2. That is, by the notation, (ar-}-rf)«=t'+a? 

3. Expanding {x-\-d)\ «'+2dx+d'=fc«+a;' 

4. Therefore x=^z£=z\&. 

2d 

Prob. 3. If the hypothenuse of a right angled triangle is 
30 feet, and the difference of the other two sides 6 feet, what 
is the length of the base ? Ans. 24 fee^ 

Prob. 4. If the hypothenuse of a right angled triangle is 
50 rods, and the base is to the perpendicular as 4 to 3, what 
is the length of the perpendicular % Ans. SO. 

Prob 5. Having the perimeter and the diagonal of a par- 
allelogram JiBCJJy (Fig. 11.) to find the sicUs* 

Let the diagonal AC=h=lO 

The side AS=zX 

Half the perimeter J5C-|-wiB=J?C+ar=6=14 
Then by transposing ar, BC=zh - x 
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By Euclid 47. 1, AB+BC =AC 

That is, a:^4.(6-a:)2=/i» 

Therefore x=lbtVib^+W-ib^=S. 

Here the side AB is found ; and the side BC is equal to 
6-a?=14-8=:6. 

Prob. 6. The area of a right angled triangle ABC (Fig. 
12,) being given, and the sides of a paiallelogram inscribed 
in it, to find the side BC. 

 

Let the given area =a, DE=BFz=h 
EB=^DF=:dy BC=x. 

Then by the figure, CFzizBC - BF=x - fc. 
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1 . By similar triangles, CF:DF:: BC: ^B 

2. That is a? -6: d:: x:\SB 

5. Therefore, \ rfi: = (a? - 6) x -^^ 

4. By Art. 518, ' a=ABxiBC=^Bxl9 

6. Dividing by Jo:, — =:AB 

X 

6. Therefore (fcc=(a;-i) X— =2«- — 

X X 



7. And :r=?+w^?L^?«*=BC. 

Prob. 7. The three sides of a right angled triangle, ABC^ 
^Fig. 13.) being given^ to find the segments niade by a per- 
pendicular, diawn from the riglit angle to the liypothenuse. 

The perpendicular will divide the original triangle, into 
two right angled triangles, BCD and ABD. (Euc. 8 6.')* 

1. By Euc. 47. 1, iBD + CD =5C 

2. By the figure, CD=^C-AD 

8. Squar. both sides, CD= {AC - AD)» 

4. Therefore, BD4-(.4C- AD)=5C 

5. Expanding, BD+^G-2.3C.AD+Ad'==5C 

6. Transposing, BD= 50-^10+2^0. AD -15* 

7. By Euc, 47. 1. BD^^Iff- AD 

8. Mak. 6t1i & 7th eq. BC-A^+2AC.ATy=iAS 

9. Therefore AJ)=:^^gzE€ 

The tmbtou^n lines, to distinguish (hem from tliose which 
are known, are here expressed by Roman letters. 

Prob. 8. Having the area of a parallelogram DKFG (Fig. 
14,) inscribed in a given triangle, ABCy to find the sides of 
the parallelogram. 



* Legendrc,213. 
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Draw CI perpendicular to ^B. By supposition, DO is 
parallel to *SB. Therefore, 

The triangle CHGj is similar to CIB ) . 
And CJD6, toe^i?5 

Lei CI=d DO=xl 

AB=:b The given area =a J 

1. By similar triangles, CB:CG.:AB\DG 

2. And CB: CGi.CIt CH 

3. By equal ratios, (Art. S84.) AB: DG: : CI : CH 

4. Therefore £9^1=zCH 

6. By the figure, CI- CH=IH=DE 

6. Substituting for CH, CI - ^^Ji^'=DE 

•aB 

7. That is, d-^=:DE 

o 

8. ByArt.61S, a=^DGxDE=xx{d'^\ 

9. That is, a=:ifcp-rz 



10. This reduced gives »=^^ / ~- $=1>G 

^ 2-.V (4 rf 

The side DE 13 found, by dividing the area by DG. 

Prob. 9. Through a given point, in a given circle, so to 
draw a right line, that its parts, between :the point and the 
periphery, shall have a given difference. 

In the circle JIQJBR^ (Fig. 15.) let P be a given point, in 
the diameter JIB, 

Let AP=:ay PRr^^x, 

jBP=6, The given difference =d. 

Then will PQ=a?+d. 
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1. ByEuc. 35.3.* PRxP(l=^PxBP 

2. That is, ^xx{x+d)r=axb 

3. Or, s^+dx=:ab 

4. Completing the square, a^-]-dx-^-]^d^=^(P-\-ab. 

5. Extract, and transp. x=-^d±\^^d^-^ab=iJPR. 

With a liltle practice, the learner may very much abridge 
these solutions, and others of a similar nature, by reducing 
several steps to one. 

^Prob 10. If the sum of two of the sides of a triangle be 
1155^ the length of a perpendicular drawn from the angle in- 
cluded between these to the third side be 300, and the differ- 
ence of the segments made by the perpendicular, be 496 ; 
what are the lengths of the three sides ? 

Ans. 945, 375, and 780. 

Prob. 11. If the perimeter of a right angled triangle be 
720, and the perpendicular falling from the right#angle on 
the hypothenuse be 144 ; what are tbe lengths of the sides ? 

Ans. 300, 240, and 180. 

Prob. 1 2. The difference between the diagonal of a square 
and one of its sides being given, to find the length of the 
sides. 

If x=z the side required, and d= the given difTerence ; 

Thenx=zd+dA/2. 

Prob. 14. The base and perpendicular height of any plane 
triangle being given, to find the side of a square inscribed in 
the triangle, and standing on the base, in the ssime manner 
as the parallelogram DEjFG, on the base mSB, (Fig. 14.) 

If 07= a side of the square, i= the base, and &= the 
height of the triangle ; 

Then x=J!L. 
b+h 

Prob. 15. Two sides of a triangle, and a line bisecting the 
included angle being given ; to find the length of tlie base 
or third side, upon which the bisecting line fails. 

* Legendre 2S4. 
97 
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If jr= the base, a= one of the given sides, c= the other, 
and 6= the bisecting line ; 

Tlien ar= {a^c) X^^"^'. 

Prob. 16. If the hypothenuse of a right angled triangle 
be 35, and the side of a square inscribed in it, in the same 
manner as the parallelogram JffEDl'', (Fig. 12.) be 12 ; wKat 
are the lengths of the other two side* of the triangle 1 

Ans. 28, and 21. 

Prob. 17. The number of feet in the perimeter of a right 
angled triangle, is equal to the number of square feet in the 
area ; and the base is to the perpendicidar as 4 to 3. Re- 
quired the length of each of the sides. 

Ans. 6, 8, and 10. 

Prob. 18. A grass plat 12 rods by 18, is surrounded by a 
gravel walk of uniform breadth, whose area is equal to that 
of the grass plat. What is the breadth of the gravel walkl 

Prob. 19. The sides of a rectangular field are in the ratip 
of 6 to 5 ; and one sixth of the area is 125 square rods. 
What are the lengths of the sides 1 

Prob. 20. There is a right angled triangle, the area of 
which is to the area of a given parallelogram as 5 to 8. The 
shorter side of each is 60 rod?, and the other side of the tri- 
ttfigle adjacent to ihe right angle, is equal to the diagonal of 
the parallelogram. Required the area of each % 

Ans. 4800 and 3000 square rods. 

Prob. 21. There are two rectangular vats, the greater of 
which contains 20 cubic feet more than the other. Their 
capacities are in the ratio of 4 to 5 ; and their bases are 
squares, a side of each of which is equal to the depth of the 
other vat. Required the depth of each ] 

Ans. 4 and 5 feet. 

Prob. 22. Given the lengths of three perpendiculars, 
drawn from a certain point in an equilateral triangle, to the 
three sides, to find the length of the sides. 

If a, 6, and c, be the three perpendiculars, and «= half 
the length of one of the sides ; 

Then x= "+^+°. 
V3 
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Prob. 23. A square public groen is snrrQunded by a street 
of uniform breadfh. The sitje of. -the square Is 3 rods less 
than 9 times the breadth of Uie street : and the number of 
squace rods in the street, exceeds tlie number of rods in the 
perimeter of the .square by 228. Wiiat is tlie area of the 
square 1 Ans. 676 rods. 

Prob. 24. Givei>4he lengths of two lines dra.,tvn from the 
acute angles of a right angled triangle, to tlie middle of the 
opposite sides : to find the lengtits of the sidjes. 

If xz~ half the base, y= half the perpendicular, and a 
and 6 equal the two given lines ; 



Then 



46' -a« „_ /4a«-6% 



'V^ 'V 



15 
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SECTION xxn 



EQUATIONS OF CURVES. 



Art 526. IN the preceding section, algebra has been 
apphed to geometrical figures, bounded by ri^ht lines. Its aid 
is required also, in investigating the nature and relations of 
curves. 'The advances which in modern times have been 
made in^his department of geometry, are, in a great measure, 
owing tOT,he method of expressing tlie distinguishing proper- 
ties of the different kinds of lines, in the fai^i of equations. 
To understand the principles on which inquiries of this sort 
are conducted, it is necessary to become familiar with the 
plan of hotation which has been generally agreed upon. 

627. T/tc positions of the several points in a curve drawn on 
a planCy are determined^ by taking the distance of each from tico 
riglU lines perpendicular to each other. 

Let the lines AF and ^G (Fig. 16.) be perpendicular to 
each other. Also, let the lines DB^ iyB\ ly^B^^ be perpen- 
dicular to ^F; and the lines CI), OU, C'iy\ perpendicii- 
lar to ^G, Then the position of the point D is known, by 
the length of the lines BD and CD. In the same manner, 
the point U is known by the hnes B'U and OU ; and the 
point V'\ by the lines B'^D' and 0'iy\ The two lines 
which are thus drawn, from any point in the curve, are, to- 
gether, called ths co-ordinates belonging to that point. 

But, as there is frequent occasion to speak of each of the 
lines separately, one of them for distinction's sake, is called 
an ordinate, and the other, an abscissa. Thus BD is the or- 
dinate of tlie point I>, and CD, or its equal AB, the abscissa 
of the same point. It is, generally, most convenient to take 
the abscissas on the line JIF, as AB is equal to CD, •AB' 
to OD', and AW to a'U'. Euc. 33. 1. The lines Jit 
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/■ 
nxii^Gy to which the co-ordinates are drawn, are called tlie 

axes of the co-ordii^ates. 

528. If co-ordinates could be drawn to every point in a 
curve, and, if the relations of the several abscissas to their 
corresponding ordinates could be expressed by an equation ; 
the position of each point, and consequently, the nature of 
the curve, would be determined. Many important proper- 
ties of the figure might also be discovered, merely by throw- 
ing the equation into different forms, by transposing, dividing, 
involving, &c. But the number of points in a Une is unlim- 
ited. It is impossible, therefore, actually to draw co-ordi- 
nates to every one of them. Still there is a way in wlu'ch an 
equation may be obtained, that shall be applicable to all the 
parts of a curve. This is effected by making the equation 
depend on some property, which is common to every pair ofco^, 
ordinates. In explaining this, it will be proper to begin with 
a straight line^ instead of a curve. 

Let ^H (Fig. 17.) be a line from which co-ordinates are 
drawn, on the axes JlF and «dG perpendicular to each other. 
And let the angle FJIH be such, that the abscissa CD or JlB 
shall be equal to twice the ordinate BD. 

The triangles JlBD, ABiy, AB"Uf &c. are all amilar. 
(Euc. 29. 1.)* Therefore, 

AB\BD\\ AB' : WU : : AB"' : B''iy\ 

And ifAB=z2BD, then^i?'=25'Zy,and j2^'=22y'iy',&c. 

That is, each abscissa is equal to twice the corresponding 
ordinate. But, instead of a separate equation for each pair 
of co-ordinates, one will be sufficient for the whole. Let » . 
represent any one of the abscissas, and y, the ordinate be« 
longing to the same point. Then, 

x=2y, or y=lxi 

This is an equation expressing the ratio of the co-ordinates 
of the line AH to each other. It differs from a common 
equation in this, that x and y have no determinate magni- 
tude. The only condition which limits them is, tluit they 
shall be the abscissa and ordinate of the same point. 

If x-AB, then y=BD 

If x=AB\ y^Biy 

If a?=^^', y==ff'iy', &c. 

^ I 

j^ ^ Legendre, 66. 
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Trom this it is evident, that, if one of the co-ordinates be 
taken of any particular length, the other will be given by the 
equation. If, for instance, the abscissa x be two inches long^ 
the ordinate j/, which is lialf a:, must be one inch. 

If x=Sj then y=4. If a?=30, then y=15, 

If a:=10, y=6. If ar=100, J/=50, &c. 

On the other hand, if y=:2, then ar=4, &c. 

529. If the angle HAF be of any diflferent magnitude, as 
in Fig. 18, the general equation will be the same, except the 
co-efficient of x. Let the ratio of y to a: be expressed by a, 
that is, let y : x::a : 1. Then by converting this into an 
equation, we have 

ax=zy. 

The co-efficient a will be a whole number or a fraction, 
according as y is greater or less than x. 

530. To apply these explanations to curves, let it be re- 
quired to find a general equation of the common parabola. 
(Fig. 19.) It is the distinguishing property of this figure, as 
will be shown under Conic Sections, that the abscissas 
are proportioned to the squares of their ordinates. Let the 
ratio of the square of any one ordinate to its abscissa, be 
expressed by a. As the ratio is the same, between the 
square of any other ordinate of the parabola and its abscissa, 
we have universally y^ : x::a: I; and by converting this 
into an equation, 

axrs:^» 

This is called the equation of the curve. The important 
advantages gained by this general expression, are owing to 
this, that the equation is equally applicable to every point of 
the curve. Any value whatever may be assigned to the ab- 
scissa Xy provided the ordinate y is considered as belonging 
to the same point. But, while x and y vary together, the 
quantity a is supposed to remain constant. 

By the equation of the parabola, ax=y\ and extracting the 
root of both sides, (Art. 297.) 

y = \^ax. If a = 2, then y = V^^« -^ nd 
If x=z 4.5=.a^(Fig.l9.)thcny=V2x4.5=V9 = 3=2?D 
If x=z 8. =AB^ y=V2x8=:Vl6=4=g7/ 

If x=n.o=.iB'^ y=: V2xl2 .5=V25=5=g^/y^ 

If a?=18. =,fl^'' y=V2xJ8 =VS6=:6=JS"'JU"'. 
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531. When ordinates are drawi^ on both sides of the axis 
to which they are applied ; those on one side will be positive^ 
while tljose on the other side w?ll be negative. Thus, in Fig. 
19, if tfie ordinates on the upper side of ^F be considered posi- 
tive, those on the under side will be negative. (Art. 507.) 
The abscissas also are either positive or negative, according 
as they are on one side or the other of the point from which 
they are measured. Thus, in Fig. 20, if the abscissas on the 
right, ^9By AB^y &c. be considered positive, those, on the left, 
•flC, AOj &c. will be negative. And in the solution of a 
problem, if an abscissa or an ordinate is found to be negative, 
it must be set off on the side of the axis opposite to that on 
which the values are positive. 

532. In the preceding instances, the straight line or curve to 
which the ordinates and abscissas are applied, crosses the 
axis, in the point where it is intersected by the other axis. 
Thus the curve (Fig. 19.) and the straight line E^iy(Fig. 
20.) cross the axis AF^ in the point .5, where it is cut by the 
axis JtG. But this is not always the case. The abscissas on 
the axis QF, (Fig. 21.) may be reckoned from the line GN. 

Let X represent any one of the abscissas, MB^ MB\ &c. 
and y the corresponding ordinate. 

Letz=jJJ?, h—MA. 

.And a= the ratio of BD to AB, as before. 

Then 0^=1/, (Art. 629.) that is, z=5? 

But by the figure, .45= JWB - JkM, i. e. t—x-h 

Making the two equations equal, «- t=i 

a 

Therefore «=?+*• 

a 

633. In investigating the properties of curves, it is impor- 
tant to be able to distinguish readily the cases in which the 
abscissa? or ordinates are ponXxoe^ from those in which they 
are negaivoe ; and to determine under what circumstances, 
either of the co-ordinates vanishes: An abscissa vanishes ai 
the point where the curve meets the axis from tohich the abscissas 
are measured. And an ordir^ate vanishes, at the point where 
the curve meets the axis from which the orduiates are 
measured. 
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Thus, in Fig. 19, the ordinates are measured from the line 
AF. The length of each ordinate is the distance of a particu* 
lar point in the curve from the line. As the curve approaches 
the axis, the ordinate diminishes, till it becomes nothing, at 
the point of intersection. For, here, there is no distance 
between I he curve and the axis. 

The abscissas are measured from ihe line •5G. These 
must diminish also, as the curve approaches this line, and 
become nothing at .4. 

634. From this it is evident, that when the two axes meet 
the curve at the same pointy the two co-ordinat:es vanish fo- 
gether. In Pig. 19, the two axes meet the curve at •9, the 
one cutting, and the other touching it. But in Fig. 21, the 
axis MF ^crosses the line vYD at A ; while GwV crosses it at 
JV'. The ordinate, being the distance from MF^ vanishes at 
•S, where the distance is nothing. But the abscissa, being 
the distance from GA", vanishes at JV or •^1/. 

535. An abscissa or an ordinate changes from positive to 
negativcy by passing through the point where it is equal to 0. 
Thus the ordinate y, (Fig. 20.) diminishes as it approaches 
tjie point j9 ; here it is nothing, and on the other side of ^S^ 
it becomes negative, because it is below the axis CF. (Art. 
507.) In the same manner the abscissay on the right of JIO^ 
diminishes, as it approaches this line, becomes at .iS, and 
then negative on the left. 

In this case, the two co-ordinates change from positive to 
negative, at the same point. But in Fig. 21, the ordinates 
change from positive to negative at ,,4 ; while the abscissas 
continue positive to G^y being still on the right of that line. 
On tlie right from .5, the co-ordinates are both positive : be- 
tween •tf and the line GJV, the abscissas are positive : and 
the ordinates negative: and, on the left of GA* both are 
negative. 

536. The most important applications of the principles 
stated in this section, will come under consideration, in suc- 
ceeding branches of the mathematics, particularly in Flux- 
ions. A few examples will be here given to illustrate the 
observations which have now t>een made. 

Prob. 1. To find the equation of the ctrcZe. 
In the circle FGMy (Fig. 22,) let the two diameters CyV 
and FM be perpendicular to each other. Frwn any point 
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in the curve, draw the ordinate DB perpendicular to AF\ 
' and AB will be the corresponding abscissa. 

Let the radius AD=r, *SB=zx, BD=iy. 



Then, by Euc. 47. 1,* BD =JW--^B 

That is, t/»=:r*-ar' 



And by evolution, 2/=±V^ - ^ 

In the same manner, x=:±^r* - y^ 

That is, the ahscissa is equal to the square root of the dif- 
ference between the square of the radius and the Square of 
the ordinate » 

If the radius of the circle be taken for a tim/, (Art. 510) its 
square will also be 1, and the two last equations will become 

=z±\/\ - a;*, and xz=it^i-y\ 

These equations will be the same, in whatever part of the 
arc GDF tlie point D la taken* For the co-ordinates will be 
the legs of a riglit angled triangle, the hjrpothenuse of which 
will be equal to ADy because it is the radius of the circle. 

537. To understand the application to the other quarters 
of the circle, it must be observed, that, in each of the 
equations, the root is ambiguous, . The values of y and of x 
may be either positive or negative. This results from the 
nature of a quadratic equation. (Art. 297.) ' It corresponds 
also with the situation of the diflerent parts of the circle, with 
respect to the two diameters FM and GJ^T. In the first 
quarter CF, the co-ordinates are supposed to be both positive. 
In the second, GJV/, the ordinates are still |X)sitive, but the 
abscissas become negative. (Art. 531 .) In the third, J/JV, 
both are negative, t^nd in the fourth, J^F, the ordinates are 
negative, but the abscissas positive. That is, 

r FG. X is -{-y and y-f-> 

In the quadrant i «j;^' J I,' jt', 

* Legendre, 186. 
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638. In geometry, lines are supposed to be produced by 
the motion of a point. If the pdnt moves uniformly in one 
direction, it procuices a straight line. If it continually varies 
its direction, it produces a curve. The particular nature of 
the curve depends on certain conditions by which Ihe motion 
is regulated. If, for instance, one point moves in such a 
manner, as to keep constantly at the same distance from 
another point which is . fixed, the figure described is a circky 
of which the fixed point is the centre. It is evident from 
the preceding problem, (hat the equation of this curve de- 
pends on the manner of description. For it is derived from 
the property that different parti* of the periphery are equally 
distant from the center. In a similar manner, the equations 
of other curves may be derived from the law by which they 
arc described ; as will be seen in the following examples. 

Prob. 2. To find the equation of the curve called the Cis^ 
8oid of Diocles; (Fig. 23.) 

The description, which may be considered as the definition 
of the figure, is as follows. 

In the diameter AB^ of the semi-circle •dJV!?, let the point 
R be at the same distance from jB, as P is from A. Draw 
jRJV perpendicular to JIB^ to cut the circle in JV*. From jJ, 
through JV, draw a straight line, extending if necessary be- 
yond the circle. And from P, raise a perpendicular, to cut 
this line in J\L The curve parses through the point*/)/. 

By taking P at difierent distances from .5, as in Fig. 24, 
any number of points in the curve may be deternlined. As 
the line PJI/ moves towards B, it becomes longer and longer; 
GO as to extend the Cissoid beyond the semi-circle. 

To find the equation of the curve, let *AII and mSB be the 
axes of the co-ordniates. 

Also, let each of the abscissas t^P, •flP' .flP", &c. =ar, 
each of the ordhiates PM, PM, F'M\ &c.=v, 
and the diameter ^SB =0, 

Then by the construction, PB—AB -•flP= h-x. 

As PM and jRJV are each perpendicular to AB^ the trian- 
gles APM and ARJ^ are sunilar, (Euc. 27 and 29. 1.) 
Therefore, 
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1. By similar triangles, AP : PM: : JtR : ILN" 

%. Or, by putting PB for its equal AR, 

AP: PM::PB:RJ>r 

S. Therefore, ?^}Ij<H^RK 



A 9 



4. Siiuaring both sides, P^fXj'B _^gjy? 



AP 



5, By Euc. 35. 3, and 3. 3,* ARxRB=RJ^ 
6. Or, putting PB for its equal ARy and AP for its equal RB^ 



PBx^P=RJ^ 

s 



7. Making 4th and 6th equal, PBx^P=^^^^ ^ f^ 

AP 



8. Therefore, AP =PM xPB 

9. Or, ar»=y»x(^-a:). 

That is, the cube of the abscissa is equal to the square of 
the ordinate, multiplied by the difference between the diame- 
ter of the circle, and the abscissa. The equation is the same 
for every pair of co-ordinates. 

Prob. 3. To find the equation of the Conchoid of Nico- 
niedes. 

To describe the curve, let AB^ Fig. 25, be a line given in 
position, and C a point v^nthout the line. Al>out this point, let 
the line Ch revolve. From its intersections with •fli?, make 
the distances EM, E'M, E"M\ &c. each equal to AD, 
The curve will pass through the points />, M, JVf , M'\ &c. 

To find its equation, let CD and AB be the axes of the co- 
ordmates. Diaw FM parallel to AP, and PM parallel to CF. 
From the construction, AD is equal to EM. 

Let the abscissa AP^FMzsix^ 

the ordinate PM=:AF=:y, 

the given line - CA=:af 

and ' ADz=EM:=ib, 

Then will C F= CA+AF=: a+y. 

* Lec;endrc, 105, 224 
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As CM cuts the parallels CD and PM, and also the paral- 
lels ^P and FM, the triangles CFM mniiJUPE are similar. 
Then 

1. By similar triangles, CF.x FM: : PM : PE 

2. Therefore, PE=?^><^ 

CF 

3. Squaring both sides, PE =^'^^ ^^^ 

CF 

4. By Euc. 47. 1 TE =EM - TM 

5. Mak. 3d and 4th equal, EM ^ pM"^^^^ ^^ 

CF 

6. That is, ' y-y»= ^\ 

7. Or, (a+yrx(6'-y')=^*. 
539. In these examples, the equation is derived from the 

description of the curve. But this order maybe reversed. 
If the equation is given, the curve may be described. For 
the equation expresses the relation of every abscissa to the 
corresponding ordinate. The curve is described, therefore, 
hy iakins abscissas of differerU lengths^ and applying ordinates to 
ejch. The line required, will pass through the extremities of 
these ordinates. 

Prob. 4. To describe the curve whose equation is 
2x=y\ or j/=\/2ar. 

On the~ hue •AF^ (Fig* 19*) ^^^ abscissas of difiereDt 
lengths : 

\ For instance, ^B=4.S, then the ordinate BD=S, (Art. 530.) 

dR =8. B'ly = 4, 

d9B"=12.6 £"D"=5, 

AB"'=18. B"'JU"'=G, 

&c 
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Apply these several ordinates to their abscissas, and con- 
nect tiie extremities by the line AT>jyiy\ &c. which will be 
the curve required. The description will be moi'e or less 
accurate, according to the niuiiber of points for which ordi- 
nates are found. 

640. If a point is conceived to move in such a manner, as 
to pa^s through the extremities of ail tlie ordinates assigned 
by an equation ; the line which it describes is called thelocii^ 
of the point, that is the path in which it moves, and in wliich 
it may always be found. The line is also called the locva of 
the equation by which the successive positions of the point ere 
determined. Thu^the common parabola (Fig. 19,) is called 
the hcus of the points, D, D^y D'^ &c. or of the equation 
ax=iy\ (Art. 530.) The arc of a circle is the Zoctw of the 

equation x^t^r^-y*. (Art 536.) To find the locus of 
an equation, therefore, is the same thing, as to find the 
straight line or curve to which the equation belongs. 

Probv5. To find the hcus of the equation 

x=iLy or ax=yt 

a 

in which x and y are variable co-ordinates, while a is a deter- 
minate quantity. 

If the abscissa x be taken of different lengths, the ordinate 
y must vary in such a manner as to preserve ax=y ; or con- 
verting the equation into a proportion, y : x:: a : 1. There- 
fore, as a is a determinate quantity, the ratio of a; to y will be 
invariable ; that is, any one abscissa will be to its ordinate as 
any other abscissa to its ordinate. Let two of the abscissas 
be AB and AB\ (Fig. 17.) and their ordinates, BD and 
B'ly; then, 

^BiBDiiAB'iBiy. 

The line ADU is, therefore, a straight line ; (Euc. 32. C.) 
and this is the locus of the equation. 

If the proposed equation is ar=^+6, the additional term b 

a 

makes no difference in the nature of the locus. For the only 
effect of 6, is to lengthen the abscissas, so tliat they must jioi 
be measured from Jly but from some other point, as Jif, 

28 
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(Pig. 21.) The ratio of AB,AB\ &c. to Biy.Wiy, &c. still 
remains the same. See Art. 532. The locva of the equation 
is, therefore, a straight line. 

541. From this it will be easy to prove, that the Iocub of 
every equation in whicli the co-ordinates x and y are in sepa- 
rate terms, and do not rise above the first powery is a straight 
line. For every such equation may be brought to the form 

x=^tb. All the terms may be reduced to three, one con- 
a 

taining x, another y, and a third, the aggregate of the con- 
stant quantities which are not co-efficients of x and y ; as will 
•be seen in the following problem. 

Prob. 6. To find the locus of the equation 

ex - d-^hx - y-\'mz=n. 
By transposition, ca?-|-/ia?=y+n - wi+i 

Dividing by c-f-A x=. ^ 4 — ""^^ - . 

c-f-A c-|-/i 

Here the constant quantities, in each term, may be repre- 
sented by a single letter. (Art. 321.) If, then, we make 

c-|-A=fl, and ^"^^ ' =6; the equationwill become a? =:?-|-fc, 

c-\-h a 

whose locus, by the last article, is a straight line. 

542. But if the ordinates are as the squares, cubes, or 
higher powers of the abscissas, the loctis of Ihe equation, in- 
stead of being a straight line, is a curve. For the ordinates 
applied to a straight line, have the sajne ratio to each other 
which their abscissas have. But quantities have not the 
same ratio to each other, which their squares, cubes, or higher 
ix)wers have. (Art. 354.) Thus, if a;^=y, the ordinates 
will increase more rapidly than the abscissas. If the abscis- 
sas be taken, 1, 2, 3, 4, &c. the ordinates will be equal to 
Uieir squares, 1, 4, 9, 16, &c. 

543. As an unlimited variety of equations may be produ- 
ced, by different combinations and powers of the co-ordi- 
»aies, and as each of these has its appropriate locus ; it is 
evider\t that the forms of curves must be innumerable. They 
ma)% however, be reduced to classes. The modern mode of 
classing them, is from the degree of their equations. TAe 
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different orders of lines are distinguisliedy by the greatest indexy 
or sum of the indices of the co-ordinatesy in any term of the 
equation. 

Thus the equation ax=y belongs to a line of the first or- 
der, because the index of each of the co-ordinates is 1. But 
this order includes no curves. For, by Art. 541, the locus of 
every such equation is a straight line. 

The equation ca;*-aa:y=t/^ belongs to the second order of 
lines, or tlio first kind of curves, because the greatest index 
is 2. Tiie equation ay-\-xy^bx also belongs to the second 
order.* For^ ahhongh there is here no index greater than 
1, yet the s^tm of the indices of x and t/, in the second term, 
is 2. 

The equation y^-Saxy=b3? belongs to the tidrd order of 
lines, or the sec<(md kind of curves, becauee the greatest in- 
dex of y is 3. 

544. In curves of the higher'oi'ders, the ordinate belong- 
ing to a|iy given abscissa may have different values^ and may 
therefore meet the curve in several points. For the length 
of the ordinate is determined by the equation of the cun''e, 
and if the equation is above tlie first degree, it may have two 
or more rootSy (Art. 408.) and may, therefore, give different 
values to the ordinate. 

An equation of the first degree has but one root ; and a 
Ijne of the first order, can be intersected by an ordinate, \a 
one point only. Thus the equation of the line •SII (Fig. 
17.) is axz=yy in which it is evident y has but one vahie, 
while X remains the same. If the abscissa x he taken equal 
to .4^, the ordinate y will be J5Z>, which can meet the line 
AH in D only. 

But the equation of the parabola ^=zaxy (Art. 530.) has 
two roots. For, by^ extracting both sides, y=zt\/ax. (Art, 
297.) It is true, that in this case, the two values of y are 
equal. But one is positivCy and the other negative. This 
shows that the ordinate may extend both ways from the end 
of the abscissa, and may meet the opposite branches of the 
curve. Thus the ordinate of the abscissa .SB (Fig. 19.) may 
be either" BD above the abscissa, or Bd beloio it. 

A cubic equation has three roots ; and an ordinate of the 
curve belonging to this equation, may have three diileren^ 
values, and may meet the curve in three different points 
Thus the ordinate of the abscissa .55 (Fig. 26.) may be BI 
or BD\ or Bd. 
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545. When the curve meets the axis on which the abscis- 
sas are measured, the ordinate, after becoming less and less, 
is reduced to nothing. (Art. 533.) But, in some cases, a 
turve may continually approach a line, without ever meeting 
It Let the distance JIB, BB', B'B", &c. on the line AF, 
(Fig. 27.) be equal; and let the curve DDiy^, &c. be of 
such a nature that of the several ordinates at the points ByB^, 
B'\ &c. each succeeding one shall be halj the preceding, 
that is, B'ly, half BD, B^iy half B'ly, &c. It is evident 
that, however far the straight line be carried, the curve will 
become nearer and nearer to it, and yet will never quit* reach 
it. A line tohich thus ctmtimKiUy approaches a carve vdthout ever 
meeting i/, is called an asymptote of the curve. The axis AF 
is here the asymptote of the curve DiyD'^y &c. As the ab- 
scissa increases, the ordinate diminishes, so that, when the 
abscissa is mathematically infinite, (Art. 447.) the ordinate 
becomes an uifiiiitesimal, and may be expressed by 0. (Art, 

455.)* 

» 

♦SeeNoteY. 
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* . Note A. Page 1. 

As the term quantity ia here used to signify whatever ia 
the object of mathematical inquiry, it will be obvious that 
number is meant to VJirimri^vi#f?_faMf 11^'^°^ as it can be 
the subject of mathematical investigation. Dugald StewarX 
asserts, indeed, that it might be easily shown, that number 
does not fall under the definition of quantity in any sense of 
that word. Philosophy of the Mind, Vol. II. Note G. For 
proof that it is included in the common acceptation of the 
word, it will be sufficient to refer to almost any mathematical 
work in which the term quantity is explained, and particu- 
larly to the familiar distinction between continued quantity or 
magnitude, and discrete quantity or number. 

But does number " fall under the definition of quantity V* 
Mr. Stewart after quoting the observation of Dr. Reid, that 
the object of the mathematics is commonly said to be quan* 
tity, which ought to be defined, that which may be measured^ 
adds, *^ The appropriate objects of this science are such 
things alone as admit not only of being increased and dimin« 
ished, but of being multiplied and divided. In other words, 
the common character which characterizes all of them, is 
their mensurability.^^ That number may be multiplied and 
divided, will not probably be questioned. But it may per- 
haps be doubted, whether it is capable of mensuration. If, 
as Mr. Locke observes, " number is that which the mind 
makes use of, in measuring all things that are measurablc,^^ 
can it measure itself, or be measured ? It is evident that it can 
not be measured geometricallyy by applying to it a measure of 
length or capacity. But by measuring a quantity mathe- 
matically, what else is meant, than determining the ratio 
which it bears to some other quantity of the same kind ; in 
other words finding how often one is contained in the other, 
either exactly or with a certain excess 1 And is not this as 
&{^UcabIe to number as to magnitude 1 The ratio which a 
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given number bears to unity cannot, incleed, be the subject 
of inquiry ; because it is expressed by the number itself. 
But the ratio which it bears to other numbers may be as pro- 
per an object of mathematical investigation, as the ratio of a 
mile to a furlong. 

For proof that nmnber is not quantity, Mr. Stewart refers 
to Barrow's Mathematical Lectures. Dr. Barrow has start- 
ed an etymological objection to the application of the term 
quantity to number, which he intimates might, with mord 
propriety, be called quotity. He observes, " The general ob* 
ject of the mathematics has no proper name, either in Greek 
or Latin." And adds, " It is plain the mathematics is con- 
Tersant about two things especially, quantity strictly taken, 
and quotity ; or magnitude and multitude." There is fre- 
quent occasion for a common name, to express number, dura- 
tion, &c. as well as magnitude ; and the term quantity will 
fMrobaUy be used for this purpose, till some other word is sub- 
stituted in its stead. 

But though Dr. Barrow thus distinguishes between mag- 
oitude and number, he afterwards gives it as his opinion, 
(page 20, 49,) that there is really no quantity in nature dif- 
ferent from what is called magnitude or continued quantity, 
and consequently, that this alone ought to be accounted the 
object of the mathematics. He accordin^y devotes a whole lec- 
ture to the purpose of proving the identity of arithmetic ami 
geometry. (Leet. B.) He is ^convinced that number really 
differs nothing from what is called continued quantity ; but 
is only formed to express and declare it ;" that as " the con^ 
ceptions of magnitude and number could scarcely be separa- 
ted," by the ancients, ^ in the name, they can hardly be so 
in the mmd," and ^^ that number includes in it every conside- 
ration pertaining to geometry." He admits of metaphysicai 
number, which is not the object of geometry, or even of the 
' mathematics. But, in his view, magnitude is always inclu- 
ded in matkematicat number, as the units of which it is conv 
posed are eqxjial. On the other hand, magnitudes are not 
to be considered as mathemotioal quantities, except as they 
are measured by number. In short, qiumtity is magnitude 
measured by number. 

It would seem, then, that according to Dr. Barrow, num- 
ber considered as separate from magnitude, has as fair a 
claim to be called quantity, as magnitude considered as sep»' 
arate from number. If arithmetic and geometry are thci 
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name; quaDtity is as much the object of one, as of the other. 
How far this scheme is applicable to duration^ motion^ &c. it 
is not necessary^ in this place to inquire. 

NoteB. p.l. 

It is to be regretted, that the science of Fluxions has re- 
ceived its name from the particular manner in which its in- 
ventor. Sir Isaac Newton, explained its principlesji rather than 
from the naXwre of the science itself. This has served to 
countenance the opinion, that the doctrine of fluxions, and 
the differential and integral calculus, in which a different lan- 
guage, and different mode of explanation have been adopted, 
are distinct methods of investigation. Whereas the fimda- 
mental laws of calculation are the same in both. These 
nave no necessary diependence on niotiony or even on geo- 
metrical magnitudes. The method of fluxions has been 
greatly enlarged and modified since Newton's day. But it 
is diflicult to change the name, to adapt it to the present 
state of the science, without seeming to derogate from th&;t 
profound regard which is due to the original inventoc. 

Note C. p. 32. 

It is common to define multiplication, by saying that * it is 
finding a product which has the same ratio t« the multipli- 
cand, that the multiplier has to a unit.' Tins is strictly and 
universally true. But the objection to it, as a definition^ is, 
that the idea of ratio, as the term is understood in arithmetic 
and algebra, seems to imply a previous knowledge of multi- 
plication, as well as of division. In this work at least, the 
expression of geometrical ratio is made to depend on division, 
and division on multiplication. Ratio,, therefore, could not 
be properly introducea into the definition of multiplication. 

It is thought, by some^ to be absurd to speak of a unit as 
consisting of parti. But whatever may be true with respect 
to number in the attract, there is certainly no absurdity in 
considering an integer, of one denominatioa, as mode up of 
parts of a different denomination. One rod may contain 
several feet : one foot several inches, &c. And in multipli- 
cation, we may be required to repeat the whole, or a part of 
the multiplicand, as many times as there ai4) inches in ja foot^ 
or part of a foot 
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Note D. p. 66* 

It is perhaps more philosophically exact, to consider aa 
equation as affirming the equivalence of two different expres- 
sions of the same quantity, than to speak of it as expressing 
an equality between one quantity and another. But it is 
doubted whether the former definition is the best adapted to 
the apprehension of the learner ; who in this early part of his 
mathematical course, may be supposed to be very little accus- 
tomed to abstraction. Though he niay see clearly, that the 
area of a triangle is equal to the area of a parallelogram of 
the same base and half the height ; yet he may hesitate in 
pronouncing that the two surfaces are precisely the sanie. 

Note E. p. 86. 

As the direct powers of an integral quantity have 'positive 
indices, while the reciprocal powers have negative indices ; it 
is common to call the former positive powers^ and the latter 
negative powers. But this language is ambiguous, and may 
lead to mistake. For the same terms are applied to powers 
with positive and negative signs prefixed. Thus -|-8a* is 
called a positive powder ; while - 8a* is called a negative one. 
It may occasion perplexity, to speak of the latter as being 
both positive and negative at the same tune ; positive, be- 
cause it has a positive tadex, and negative because it has a 
negative co-efficient. This ambiguity may be avoided, by 
using the terms direct and reciprocal ; meaning, by the for- 
mer, powers with positive exponents, and by the latter, pow- 
ers with negative exponents. 

Note F. p. 109. 

I have been unwilling to admit into the text the rules of 
calculation which are commonly applied to imaginary quan- 
tities.; as mathematicians have not yet settled the logic of 
the principles upon which these rules must be founded. It 
appears to be taken for granted by Euler and others, that the 
product of the unaginary roots of two quantities, is equal to 
t he ro ot of the pro duct of the quantities ; for instance, that 

V-aX'V - 6= V - a X - i. I^ this principle be admitted, 
certain limitations nuist be observed in the application. If 

we make V-axV-a=V-aX -a» and this in confer* 
may with the common rule for possible quantities, z^/^c^i 



NOTES. 325 

yet we are not at liberty to consider/ the latter expression as 
equivalent to a. For though ,\/a\ when taken without re- 
ference to its origin, is ambiguous, and may be either -{-a or 
- a ; yet when we know that it has been produced by mul- 

tiplying-v' - a into itself, we are not permitted to give it any 
other value than -a. (Art. 2&2.) 

On the principle here stated, imaginary expressions may 
be easily prepared for calculation, by resoloing tlie quantity 
under the radical sign into two factors^ one of which w - 1 ; 

thereby reducing the. imaginary part of the expression to V-l . 
As - a='\-ax - !> the expression \/ - a= V^X - 1 = V^X 

V^. So V-o-6=\/^+6xV^. The first of the 
two factors is a real quantity. After the impossible part of 

imaginary expressions is thus reduced to \r^y they may be 
multiplied and divided by the rules already given for other 
radicals. 

T hus i n Multipltcaiion^ 

1. V^xV"^=VaxV^XV*xV"n==Va6X-l = 

2. +V-"ax-V^=-V«frX-l=+V«^- 

3. V~9 X V^= - V36 = - 6. i 

4. (l+VZT)x(l-V~f)=2. 

From these examples it will be seen, that according to the 
principle assumed, the product of two imaginary expressions 
is a real quantity. 

5, V~axV^=V«xV^xV^=V«^xV^. 

6. V^xVi8=6xV'^. 

Hence, the product of a real quantity and an imaginary 
expression, is itself imaginary. 

In Dimsion^ 

1. V^ - V^XV^ ^ /a 2. '^^^=1. 

' \f1b V^XV^ ^^ ' V~a 

Hence, the quotient of one imaginary expression divided 
by another is a real quantity. 

V6 V6 'V 6 
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4. 



V* _ V** — ^ 



V-fl v«xV-i V"^ 



Hence, the quotient of an imaginary quantity divided by a 
real one, or of a real quantity divided by an imaginary one, 
is itself imaginary. 

By multiplying V-l continually into itself, we obtain the 
foUowin g powers. 

(Vj-ll)'= - V^ (V- 1)'= - V*^ 

(V-l)*=+l (VTT)»=+1 

(V^)*=+V- 1 (V^ l)*=+V-l 
^ &c. &c. 

The even powers being alternately - 1 and +1 and the 
odd powers, -V-1 and -f-V-l. 

On the nature and use of imaginary expressions, see Eu- 
ler*8 Algebra, Rees' C)xlopedia, the Edinburgh Review, Vol. 
I. and the London Philosophical Transactions for 1801, 1802 
mi 1800, 

Note G. p. 146. 

Every affected quadratic equation may be reduced to one 
of the three following forms. 

1. 3i^-{-ax= b 
These, when they are resolved, become 



1. ar=-Ja±VK±* 

2. ar= ia±VK+*: 
S. a?= ia+VK-* 

In the two first of these fomis, the roots are never imagi 
nary. For the terms under the radical sign are both posi 
tive. But in the third fonn, whenever b is greater than ^a% 
the expression ia* - 6 is negative, and therefore its root is 
fanpodsible. 
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Note H. p. 175. 

For the sake of keeping clear of the multipUed controver- 
sies, a gi'eat portion of them verbal, respecting the nature of 
ratio, I have chosen to define geometrical ratio to be that 
which is expressed by the quotient of one quantity divided by 
another, rather than to say that it consists in this quotient. 
Every ratio which can be mathematically assigned, may be 
expressed in this way, if we include surd quantities among 
those which are to be admitted into the numerator or denomi- 
nator of the fraction representing the quotient. 

Note I. p. 177. 

This definition of compound ratio is more comprehensive 
than the one which is given in Euclid. That is included in 
this, but is limited to a particular case, which is stated ia 
Art. 353. U may answer the purposes of geometry, but is 
not sufficiently general for algebra. 

Note K. p. 178. 

It is not denied that very respectable witters use these 
terms indiscriminately. But it appears to be without any 
necessity. The ratio of 6 to 2 is 3. There is certainly a 
difference between twice this ratio, and the square of it, that 
is, between twice three, and the square of three. All are 
agreed to call the latter a dvpUcate ratio. What occasion is 
there, then, to apply to it the term double alsol This is 
wanted, to distinguish the other ratio. And if it is confined 
to that, it is used according to the common acceptation of the 
word, in familiar language. 

Note L. p. 185. 

The definition here given is meant to be applicable to 
quantities of every description. The subject of proportion as 
it is treated of in Euclid, is embarrassed by the means which 
are taken to provide for the case of incommensurable quanti- 
ties. But this difficulty is avoided by the algebraic nota- 
tion which may represent the ratio even of incommensur- 
ables. 

Thus the ratio of 1 to \/2 is _. 
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It is impossible, indeed, to express in rational numbers, 
the square root of 2, or the ratio which it bears to 1, But 
this is not necessary, for the purpose of showing its equality 
with another ratio. 

The product 4x2=8. 

And, as equal quantities have equal roots, 

2XV2=V®> therefore, 2 : V^ — 1 • V^- 

Here the ratio of 2 to \/8, is proved to be the same, as 
that of 1 to V^ f JAhhough we are unable to find the exact 
value either of \/8 or \/2. 

It is impossible to determirie, with perfect accuracy, the 
ratio which the side of a square has to its diagonal. Yet it 
is easy to prove, that the side of one square has the same ra- 
tio to its diagonal, which the side of any other square has to 
its diagonal. When incommensurable quantities are once 
reduced to a proportion, they are subject to the same laws as 
other proj)ortionals. Throughout the section on proportion, 
the demonstrations do not imply that we know the valueyof 
the terms, or their ratios ; but only that one of the ratios is 
equal to the other. 

Note M. p. 190. , 

The inversion of the means can be made with strict pro- 
priety in those' cases only in which all the tenns are qu«anti- 
ties of the same kind. For, if the two last be different from 
the two first, the antecedent of each couplet, after the inver- 
sion will be different from the consequent, and therefore, 
there can be no ratio between them. (Art. 355.) 

This distinction, however, is of little importance in prac- 
tice. For, when the several quantities are expressed in nitm- 
bers, there will always be a ratio between the numbers. And 
when two of them are to be multiplied together, it is imma- 
terial which is the multiplier, and which the multiplicand 
Thus in the Rule of Three in arithmetic, a change in the 
order of the two middle tenns will make no difference in the 
result. 

Note N. p. 197. 

The terms composition ana division are derived from ge- 
ometry, and are introduced here, because they are generally 
used l)y writers on pro];K)rtion. But they are calculated rather 
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to perpiex, than to assist the learner. The objection to the 
word cmtvp-)n%von is, that its meaning is liable to be mistaken 
for the composition or compounding of ratios, (Art. 390.) 
The two cases are entirely different, and ought to be carefully 
distinguished. In one, the terms are addedy in the other, 
they are multiplied together. The word compound has a simi-. 
lar ambiguity in other parts of the mathematics. The ex- 
pression a+6, in which a is added to. 6, is called a compound 
quantity. The fraction J of f , or J xf > in which J is multi- 
plied into f , is called a compound fraction. 

The term division, as it is used here, is also exceptionable. 
The alteration to which it is applied, is effected by subtraction, 
and has nothing of the nature of what is called division in 
arithmetic and algebra. But there is another case, (Art. 
392.) totally distinct from this, in which the change in the 
terms of the proportion is actually produced by division. 

Note O. p. 206. 

Th^ principles stated in this section, are not only expressed 
m different language, from the corresponding propositions in 
Euclid, but are in several instances more general. Thus thd 
first proposition in the fifth book of the Elements, is confined 
to equimuUiples. But the article referred to, as containing this 
proposition, is applicable to all cases of equal ratios, whether 
the antecedents are multiples of the consequents or not. 

Note P. p. 222. 

The solution of one of the cases is omitted in the text^ be- 
cause it is performed by logarithms, with which the learner 
is supposed not to be acquainted, in this part of the course. 
When the first term, the last term, and the ratio are given, 
the number of terms may be found by the fomiula 

a 



Note Q. p. 227. 



When it is said that a mathematical quantity may be sup- 
posed to be increased beyond any determinate limits, it is not 
intended that a quantity can be specified so great, that no 
limits gieMer than this can be assigned. The quantity and 

2*9 
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the limits may be alternately extended one beyond the other. 
If a line be conceived to reach to the most distant point in 
the visible heavens, a limit may be mentioned beyond this. 
Tbe line may then be supposed to be extended farther than 
this limit. Another point may be specified still farther. on, 
and yet the line may be conceived to be carried beyond it. 

NqteR. p. 230. 

The apparent contradictions respecting infinity, are owing 
to^the ambiguity of the term. It is often thought that the 
proposition, that quantity is infinitely divisible, involves an 
absurdity. If it can be proved that a line an inch long can 
be divided into an infinite number of parts, it can, by the 
same mode of reasoning, be proved, that a line two inches 
long may be first divided in the middle, arni then each of the 
sections be divided into an infinite number of parts. In this 
way, we shall obtain one infinite tmice a* great as another. 

If by infinity, here is meant that which is beyond any €is- 
signable limits, one of these infinites may be supposed gi*eater 
than the other, without any absurdity. But if it be meant 
that the number of divisions is so great that it cannot be in- 
creased, we do not prove this, concerning either of the lines. 
We make out, therefore no contradiction. The apparent 
absurdity arises from shifting the meaning of the terms. We 
demonstrate that a, quantity is, in one sense infinite; and 
then infer that it is infinite, in a sense widely different. 

Note S. p. 23S. 

Strictly speaking, the inquiiy to be made is, how often the 
whole (Jivisor is contained in as many terms of the dividend. 
But it is easier to divide by a part only of the divisor ; and 
this will lead to no error in the result, as the whole divisor is 
multiplied, in obtaining the several subtrahends. 

NotE T. p. 244. 

The demonstration of this proposition, particularly in its 
application to fractional indices, could not be introduced, with 
advantage, itr this part of the course. It does not appear 
that Newton himself demonstrated his theorem, except by 
induction. And though various demonstrations have since 
been given ; yet they are generally founded upon principles 
and methods of investigation not contained in this introduc- 
tion, such as the ?aws of combination, fluxions, and figurate 
niunbers^ 
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Those who wish to eikmine the inquiries on this subject, 
may consult Simpson's Algebra, Section 15, Euler's Algebra, 
Section 2, Chap-. 11, Vince's Fluxions, Art. 99, Lacroix's 
Algebra, Art. 138, &c. Do. Comp. Art. 71, Rees' Cyclopedia, 
Manning's Algebra, the London Phil. Trans. Vol. xxxv, p. 
298, Woodhouse's Analytical Calculations, Bonnycastle's 
Algebra, and Lagrange's Theory of Analytical Functions. • 

r 

Note U. p. 277. 

The very limited extent of this work would admit of no- 
thing more, thati a few specimens of the Summation of Se- 
ries. For information on this subject, the learner is referred 
to Emerson's Method of Increments, Sterling's Summation 
of Series, Waring's Fluxions, Maclaurin's Fluxions, Art. 828, 
&c. Wood's Algebra, Art. 410, Lacroix's Comp. Alg. Art. 
81, &c. Euler's Anal. Infin. C. xiii, Simpson's Essays and 
Dissertations, De Moivre's Miss. Analyt. p. 72, and the Lon- 
don Philosophical Transactions. 

NoteV. p. 291. 

To those who have made any considerable progress in tlie 
mathematics, this section will doubtless appear very defec- 
tive. But it was impossible to do justice to the subject, 
without occupying more room than could be allotted to it 
here. In going through an elementary course of mathema- 
tics and natural philosophy, the student will rarely have oc- 
casion to solve an equation above the second degree. 

Those who wish to examine particularly the different meth- 
ods of solution, will find them in Newton's Universal Arith- 
metic, Maclaurin's Alg. Part. 2, Euler's Alg. Part 1. Sec. 4, 
Waring's Algebra, Do. Medit. Algeb., WaUis' Algebra, Simp- 
son's Alg. Sec. 12, Fenn's Alg. Ch. 3 and 4., Saunderson's 
Alg. Book X, Simpson's Essays and Dissertations, Journal 
De Physique, Mar. 1807, and the Philosophical Transactions. 

Note W. p. 298. 

It will be thought, perhaps, that it was unnecessary to be 
so particular, in obtaining the expression for the area of a 
parallelogram, for the use of those who read Playfair's edi- 
tion of Euclid, in which "AD.DC is put for the rectangle 
contained by AD and DC." It is to be observed, however; 
that he introduces this, merely as an article of notation, 
(Book n. Def. 1.) And though a point interposed between 
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» 
the letters, is, in Algebra, a sign of multiplication ; yet he 
does not here undertake to show how the sides of a parallelo- 
gram may be multiplied togeth«Ji^ In the first book of the 
Supplementj he has indeed demonstrated, that ** equiangular 
parsdlelograms are to One another, as the products of the 
numbers proportional to their sides,'* But he has not given 
to the expressions the forms most convenient for the suc- 
ceeding parts of this work. In making the transition from 
pure geometry to algebraic solutions and demonstrations, it is 
important to have it cleatly seen that the geometrical princi- 

Elcs ore not altered ; but are only expressed in a different 
mguage. 

Note X. p. 807. 

This section comprises very little of what is commonly 
understood by the application of algebra to geometry. The 
principal object has been, to prepare the way for the other 
parts of the course, by stating the grounds of the algebraic 
notation of geometrical quantities, and rendering it familiar 
by a few examples. 

On the construction and solution of problems. See New- 
ton's Arithmetic, Simpson's Alg. Sec. 18 and appendix, I^- 
croix's App. Alg. Geom., Saunderson's Alg. Book xiii, Ana- 
lyt. Inst, of Maria Agnesi, Book i. Sec. 2, and Emerson's 
Alg Book II, Sec. 6. 

Note Y. p. 320. 

On the equations of curves, the geometrical construction 
of equations, the finding of loci, &c. see Maclauiin's Alg. 
Part III, and appendix, Newton's Arith., Emerson's Alg. 
Book II, Sec. 9, Do. Prob. of Curves, Euler's Anal. Infin., 
Waring's Prob. Alg. and Mansfield's Essaya 

Among the subjects which, for want of roomj are entirely 
omitted in this introduction, one of the most interesting is the 
indeterminate analysis. No part of Algebra, perhaps, is bet 
ter calculated to exercise the powers of invention. But other 
branches of the mathematics are so little dependent on this, 
that it is not absolutely necessary to give it a place in an ele- 
mentary course. 

See, on this subject, Euler's Alg. Vol. ii, with Lagrange's 
additions, Saunderson's Alg. Book vi, Bonnycastle's Algebra, 
and the Edinburgh Phil. Transactions, Vol. ii. 
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